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Pref ace to the Third Edi tion

Stu dents of math e mat ics and com puter sci ence of ten have trou ble the
first time they’re asked to work se ri ously with math e mat i cal proofs, be‐ 
cause they don’t know the “rules of the game.” What is ex pected of you
if you are asked to prove some thing? What dis tin guishes a cor rect proof
from an in cor rect one? This book is in tended to help stu dents learn the
an swers to these ques tions by spell ing out the un der ly ing prin ci ples in‐ 
volved in the con struc tion of proofs.

Many stu dents get their first ex po sure to math e mat i cal proofs in a
high school course on ge om e try. Un for tu nately, stu dents in high school
ge om e try are usu ally taught to think of a proof as a num bered list of
state ments and rea sons, a view of proofs that is too re stric tive to be
very use ful. There is a par al lel with com puter sci ence here that can be
in struc tive. Early pro gram ming lan guages en cour aged a sim i lar re stric‐ 
tive view of com puter pro grams as num bered lists of in struc tions. Now
com puter sci en tists have moved away from such lan guages and teach
pro gram ming by us ing lan guages that en cour age an ap proach called
“struc tured pro gram ming.” The dis cus sion of proofs in this book is in‐ 
spired by the be lief that many of the con sid er a tions that have led com‐ 
puter sci en tists to em brace the struc tured ap proach to pro gram ming ap‐ 
ply to proof writ ing as well. You might say that this book teaches
“struc tured prov ing.”

In struc tured pro gram ming, a com puter pro gram is con structed, not
by list ing in struc tions one af ter an other, but by com bin ing cer tain ba sic
struc tures such as the if-else con struct and do-while loop of the Java
pro gram ming lan guage. These struc tures are com bined, not only by list‐ 
ing them one af ter an other, but also by nest ing one within an other. For
ex am ple, a pro gram con structed by nest ing an if-else con struct within a
do-while loop would look like this:

do
if [con di tion]

[List of in struc tions goes here.]
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else
[Al ter na tive list of in struc tions goes here.]

while [con di tion]

The in dent ing in this pro gram out line is not ab so lutely nec es sary, but it
is a con ve nient method of ten used in com puter sci ence to dis play the
un der ly ing struc ture of a pro gram.

Math e mat i cal proofs are also con structed by com bin ing cer tain ba sic
proof struc tures. For ex am ple, a proof of a state ment of the form “if P
then Q” of ten uses what might be called the “sup pose-un til” struc ture:
we sup pose that P is true un til we are able to reach the con clu sion that
Q is true, at which point we re tract this sup po si tion and con clude that
the state ment “if P then Q” is true. An other ex am ple is the “for ar bi‐ 
trary x prove” struc ture: to prove a state ment of the form “for all x,
P(x),” we de clare x to be an ar bi trary ob ject and then prove P (x). Once
we reach the con clu sion that P(x) is true we re tract the dec la ra tion of x
as ar bi trary and con clude that the state ment “for all x, P(x)” is true.
Fur ther more, to prove more com plex state ments these struc tures are of‐ 
ten com bined, not only by list ing one af ter an other, but also by nest ing
one within an other. For ex am ple, to prove a state ment of the form “for
all x, if P(x) then Q(x)” we would prob a bly nest a “sup pose-un til” struc‐ 
ture within a “for ar bi trary x prove” struc ture, get ting a proof of this
form:

Let x be ar bi trary.
Sup pose P(x) is true.

[Proof of Q(x) goes here.]
Thus, if P(x) then Q(x).

Thus, for all x, if P(x) then Q(x).

As be fore, we have used in dent ing to make the un der ly ing struc ture of
the proof clear.

Of course, math e ma ti cians don’t or di nar ily write their proofs in this
in dented form. Our aim in this book is to teach stu dents to write proofs
in or di nary para graphs, just as math e ma ti cians do, and not in the in‐ 
dented form. Nev er the less, our ap proach is based on the be lief that if
stu dents are to suc ceed at writ ing such proofs, they must un der stand the
un der ly ing struc ture that proofs have. They must learn, for ex am ple,
that sen tences like “Let x be ar bi trary” and “Sup pose P” are not iso lated
steps in proofs, but are used to in tro duce the “for ar bi trary x prove” and
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“sup pose-un til” proof struc tures. It is not un com mon for be gin ning stu‐ 
dents to use these sen tences in ap pro pri ately in other ways. Such mis‐ 
takes are anal o gous to the pro gram ming er ror of us ing a “do” with no
match ing “while.”

Note that in our ex am ples, the choice of proof struc ture is guided by
the log i cal form of the state ment be ing proven. For this rea son, the
book be gins with el e men tary logic to fa mil iar ize stu dents with the var i‐ 
ous forms that math e mat i cal state ments take. Chap ter 1 dis cusses log i‐ 
cal con nec tives, and quan ti fiers are in tro duced in Chap ter 2. These
chap ters also present the ba sics of set the ory, be cause it is an im por tant
sub ject that is used in the rest of the book (and through out math e mat‐ 
ics), and also be cause it serves to il lus trate many of the points of logic
dis cussed in these chap ters.

Chap ter 3 cov ers struc tured prov ing tech niques in a sys tem atic way,
run ning through the var i ous forms that math e mat i cal state ments can
take and dis cussing the proof struc tures ap pro pri ate for each form. The
ex am ples of proofs in this chap ter are for the most part cho sen, not for
their math e mat i cal con tent, but for the proof struc tures they il lus trate.
This is es pe cially true early in the chap ter, when only a few proof tech‐ 
niques have been dis cussed, and as a re sult many of the proofs in this
part of the chap ter are rather triv ial. As the chap ter pro gresses, the
proofs get more so phis ti cated and more in ter est ing, math e mat i cally.

Chap ters 4 and 5, on re la tions and func tions, serve two pur poses.
First, they pro vide sub ject mat ter on which stu dents can prac tice the
proof-writ ing tech niques from Chap ter 3. And sec ond, they in tro duce
stu dents to some fun da men tal con cepts used in all branches of math e‐ 
mat ics.

Chap ter 6 is de voted to a method of proof that is very im por tant in
both math e mat ics and com puter sci ence: math e mat i cal in duc tion. The
pre sen ta tion builds on the tech niques from Chap ter 3, which stu dents
should have mas tered by this point in the book.

Af ter com plet ing Chap ter 6, stu dents should be ready to tackle more
sub stan tial math e mat i cal top ics. Two such top ics are pre sented in Chap‐ 
ters 7 and 8. Chap ter 7, new in this third edi tion, gives an in tro duc tion
to num ber the ory, and Chap ter 8 dis cusses in fi nite car di nal i ties. These
chap ters give stu dents more prac tice with math e mat i cal proofs, and
they also pro vide a glimpse of what more ad vanced math e mat ics is like.

Ev ery sec tion of ev ery chap ter ends with a list of ex er cises. Some ex‐ 
er cises are marked with an as ter isk; so lu tions or hints for these ex er‐ 
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cises are given in the ap pen dix. Ex er cises marked with the sym bol PD
can be done us ing Proof De signer soft ware, which is avail able free on
the in ter net.

The big gest changes in this third edi tion are the ad di tion of a new
chap ter on num ber the ory and also more than 150 ad di tional ex er cises.
The sec tion on re flex ive, sym met ric, and tran si tive clo sures of re la tions
has been deleted from Chap ter 4 (al though these top ics are now in tro‐ 
duced in some ex er cises in Sec tion 4.4); it has been re placed with a new
sec tion in Chap ter 5 on clo sures of sets un der func tions. There are also
nu mer ous small changes through out the text.

I would like to thank all those who sent me com ments about ear lier
edi tions of this book. In par tic u lar, John Cor co ran and Ray mond Boute
made sev eral help ful sug ges tions. I am also grate ful for ad vice from
Jonathan Sands and sev eral anony mous re view ers.
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In tro duc tion

What is math e mat ics? High school math e mat ics is con cerned mostly
with solv ing equa tions and com put ing an swers to nu mer i cal ques tions.
Col lege math e mat ics deals with a wider va ri ety of ques tions, in volv ing
not only num bers, but also sets, func tions, and other math e mat i cal ob‐ 
jects. What ties them to gether is the use of de duc tive rea son ing to find
the an swers to ques tions. When you solve an equa tion for x you are us‐ 
ing the in for ma tion given by the equa tion to de duce what the value of x
must be. Sim i larly, when math e ma ti cians solve other kinds of math e‐ 
mat i cal prob lems, they al ways jus tify their con clu sions with de duc tive
rea son ing.

De duc tive rea son ing in math e mat ics is usu ally pre sented in the form
of a proof. One of the main pur poses of this book is to help you de velop
your math e mat i cal rea son ing abil ity in gen eral, and in par tic u lar your
abil ity to read and write proofs. In later chap ters we’ll study how proofs
are con structed in de tail, but first let’s take a look at a few ex am ples of
proofs.

Don’t worry if you have trou ble un der stand ing these proofs. They’re
just in tended to give you a taste of what math e mat i cal proofs are like.
In some cases you may be able to fol low many of the steps of the proof,
but you may be puz zled about why the steps are com bined in the way
they are, or how any one could have thought of the proof. If so, we ask
you to be pa tient. Many of these ques tions will be an swered later in this
book, par tic u larly in Chap ter 3.

All of our ex am ples of proofs in this in tro duc tion will in volve prime
num bers. Re call that an in te ger larger than 1 is said to be prime if it
can not be writ ten as a prod uct of two smaller pos i tive in te gers. If it can
be writ ten as a prod uct of two smaller pos i tive in te gers, then it is com‐ 
pos ite. For ex am ple, 6 is a com pos ite num ber, since 6 = 2 · 3, but 7 is a
prime num ber.

Be fore we can give an ex am ple of a proof in volv ing prime num bers,
we need to find some thing to prove – some fact about prime num bers
whose cor rect ness can be ver i fied with a proof. Some times you can find
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in ter est ing pat terns in math e mat ics just by try ing out a cal cu la tion on a
few num bers. For ex am ple, con sider the ta ble in Fig ure I.1. For each in‐ 
te ger n from 2 to 10, the ta ble shows whether or not both n and 2n − 1
are prime, and a sur pris ing pat tern emerges. It ap pears that 2n − 1 is
prime in pre cisely those cases in which n is prime!

Fig ure I.1.

Will this pat tern con tinue? It is tempt ing to guess that it will, but this
is only a guess. Math e ma ti cians call such guesses con jec tures. Thus, we
have the fol low ing two con jec tures:

Con jec ture 1. Sup pose n is an in te ger larger than 1 and n is prime.
Then 2n − 1 is prime.

Con jec ture 2. Sup pose n is an in te ger larger than 1 and n is not prime.
Then 2n − 1 is not prime.

Un for tu nately, if we con tinue the ta ble in Fig ure I.1, we im me di ately
find that Con jec ture 1 is in cor rect. It is easy to check that 11 is prime,
but 211 − 1 = 2047 = 23·89, so 211 − 1 is com pos ite. Thus, 11 is a coun‐ 
terex am ple to Con jec ture 1. The ex is tence of even one coun terex am ple
es tab lishes that the con jec ture is in cor rect, but it is in ter est ing to note
that in this case there are many coun terex am ples. If we con tinue check‐ 
ing num bers up to 30, we find two more coun terex am ples to Con jec ture
1: both 23 and 29 are prime, but 223 − 1 = 8,388,607 = 47 · 178,481 and
229 − 1 = 536,870,911 = 2,089 · 256,999. How ever, no num ber up to 30
is a coun terex am ple to Con jec ture 2.

Do you think that Con jec ture 2 is cor rect? Hav ing found coun terex‐ 
am ples to Con jec ture 1, we know that this con jec ture is in cor rect, but
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our fail ure to find a coun terex am ple to Con jec ture 2 does not show that
it is cor rect. Per haps there are coun terex am ples, but the small est one is
larger than 30. Con tin u ing to check ex am ples might un cover a coun‐ 
terex am ple, or, if it doesn’t, it might in crease our con fi dence in the con‐ 
jec ture. But we can never be sure that the con jec ture is cor rect if we
only check ex am ples. No mat ter how many ex am ples we check, there is
al ways the pos si bil ity that the next one will be the first coun terex am ple.
The only way we can be sure that Con jec ture 2 is cor rect is to prove it.

In fact, Con jec ture 2 is cor rect. Here is a proof of the con jec ture:

Proof of Con jec ture 2. Since n is not prime, there are pos i tive in te gers a
and b such that a < n, b < n, and n = ab. Let x = 2b − 1 and y = 1 + 2b +
22b + · · · + 2(a − 1)b. Then

Since b < n, we can con clude that x = 2b − 1 < 2n − 1. Also, since ab
= n > a, it fol lows that b > 1. There fore, x = 2b − 1 > 21 − 1 = 1, so y <
xy = 2n − 1. Thus, we have shown that 2n − 1 can be writ ten as the prod‐ 
uct of two pos i tive in te gers x and y, both of which are smaller than 2n −
1, so 2n − 1 is not prime.

□

Now that the con jec ture has been proven, we can call it a the o rem.
Don’t worry if you find the proof some what mys te ri ous. We’ll re turn to
it again at the end of Chap ter 3 to an a lyze how it was con structed. For
the mo ment, the most im por tant point to un der stand is that if n is any
in te ger larger than 1 that can be writ ten as a prod uct of two smaller pos‐ 
i tive in te gers a and b, then the proof gives a method (ad mit tedly, a
some what mys te ri ous one) of writ ing 2n − 1 as a prod uct of two smaller
pos i tive in te gers x and y. Thus, if n is not prime, then 2n − 1 must also
not be prime. For ex am ple, sup pose n = 12, so 2n − 1 = 4095. Since 12 =
3 · 4, we could take a = 3 and b = 4 in the proof. Then ac cord ing to the
for mu las for x and y given in the proof, we would have x = 2b − 1 = 24 −
1 = 15 and y = 1 + 2b + 22b

 + · · · + 2(a − 1)b = 1 + 24 + 28 = 273. And,
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just as the for mu las in the proof pre dict, we have xy = 15 · 273 = 4095 =
2n − 1. Of course, there are other ways of fac tor ing 12 into a prod uct of
two smaller in te gers, and these might lead to other ways of fac tor ing
4095. For ex am ple, since 12 = 2 · 6, we could use the val ues a = 2 and b
= 6. Try com put ing the cor re spond ing val ues of x and y and make sure
their prod uct is 4095.

Al though we al ready know that Con jec ture 1 is in cor rect, there are
still in ter est ing ques tions we can ask about it. If we con tinue check ing
prime num bers n to see if 2n − 1 is prime, will we con tinue to find
coun terex am ples to the con jec ture – ex am ples for which 2n − 1 is not
prime? Will we con tinue to find ex am ples for which 2n − 1 is prime? If
there were only fi nitely many prime num bers, then we might be able to
in ves ti gate these ques tions by sim ply check ing 2n − 1 for ev ery prime
num ber n. But in fact there are in fin itely many prime num bers. Eu clid
(circa 300 BCE) gave a proof of this fact in Book IX of his El e ments.
His proof is one of the most fa mous in all of math e mat ics:1

The o rem 3. There are in fin itely many prime num bers.

Proof. Sup pose there are only fi nitely many prime num bers. Let p1, p2, .
. . , pn be a list of all prime num bers. Let m = p1p2 · · · pn + 1. Note that
m is not di vis i ble by p1, since di vid ing m by p1 gives a quo tient of p2p3
· · · pn and a re main der of 1. Sim i larly, m is not di vis i ble by any of p2,
p3, . . . , pn.

We now use the fact that ev ery in te ger larger than 1 is ei ther prime or
can be writ ten as a prod uct of two or more primes. (We’ll see a proof of
this fact in Chap ter 6 – see The o rem 6.4.2.) Clearly m is larger than 1,
so m is ei ther prime or a prod uct of primes. Sup pose first that m is
prime. Note that m is larger than all of the num bers in the list p1, p2, . . .
, pn, so we’ve found a prime num ber not in this list. But this con tra dicts
our as sump tion that this was a list of all prime num bers.

Now sup pose m is a prod uct of primes. Let q be one of the primes in
this prod uct. Then m is di vis i ble by q. But we’ve al ready seen that m is
not di vis i ble by any of the num bers in the list p1, p2, . . . , pn, so once
again we have a con tra dic tion with the as sump tion that this list in‐ 
cluded all prime num bers.

Since the as sump tion that there are fi nitely many prime num bers has
led to a con tra dic tion, there must be in fin itely many prime num bers.
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□

Once again, you should not be con cerned if some as pects of this
proof seem mys te ri ous. Af ter you’ve read Chap ter 3 you’ll be bet ter
pre pared to un der stand the proof in de tail. We’ll re turn to this proof
then and an a lyze its struc ture.

We have seen that if n is not prime then 2n − 1 can not be prime, but if
n is prime then 2n − 1 can be ei ther prime or com pos ite. Be cause there
are in fin itely many prime num bers, there are in fin itely many num bers
of the form 2n − 1 that, based on what we know so far, might be prime.
But how many of them are prime?

Prime num bers of the form 2n − 1 are called Mersenne primes, af ter
Fa ther Marin Mersenne (1588–1648), a French monk and scholar who
stud ied these num bers. Al though many Mersenne primes have been
found, it is still not known if there are in fin itely many of them. Many of
the largest known prime num bers are Mersenne primes. As of this writ‐ 
ing (Feb ru ary 2019), the largest known prime num ber is the Mersenne
prime 282,589,933 − 1, a num ber with 24,862,048 dig its.

Mersenne primes are re lated to per fect num bers, the sub ject of an‐ 
other fa mous un solved prob lem of math e mat ics. A pos i tive in te ger n is
said to be per fect if n is equal to the sum of all pos i tive in te gers smaller
than n that di vide n. (For any two in te gers m and n, we say that m di‐ 
vides n if n is di vis i ble by m; in other words, if there is an in te ger q
such that n = qm.) For ex am ple, the only pos i tive in te gers smaller than
6 that di vide 6 are 1, 2, and 3, and 1+ 2+ 3 = 6. Thus, 6 is a per fect num‐ 
ber. The next small est per fect num ber is 28. (You should check for
your self that 28 is per fect by find ing all the pos i tive in te gers smaller
than 28 that di vide 28 and adding them up.)

Eu clid proved that if 2n − 1 is prime, then 2n−1(2n − 1) is per fect.
Thus, ev ery Mersenne prime gives rise to a per fect num ber. Fur ther‐ 
more, about 2000 years af ter Eu clid’s proof, the Swiss math e ma ti cian
Leon hard Eu ler (1707–1783), the most pro lific math e ma ti cian in his‐ 
tory, proved that ev ery even per fect num ber arises in this way. (For ex‐ 
am ple, note that 6 = 21(22 − 1) and 28 = 22(23 − 1).) Be cause it is not
known if there are in fin itely many Mersenne primes, it is also not
known if there are in fin itely many even per fect num bers. It is also not
known if there are any odd per fect num bers. For proofs of the the o rems
of Eu clid and Eu ler, see ex er cises 18 and 19 in Sec tion 7.4.
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Al though there are in fin itely many prime num bers, the primes thin
out as we look at larger and larger num bers. For ex am ple, there are 25
primes be tween 1 and 100, 16 primes be tween 1001 and 1100, and only
six primes be tween 1,000,001 and 1,000,100. As our last in tro duc tory
ex am ple of a proof, we show that there are long stretches of con sec u tive
pos i tive in te gers con tain ing no primes at all. In this proof, we’ll use the
fol low ing ter mi nol ogy: for any pos i tive in te ger n, the prod uct of all in‐ 
te gers from 1 to n is called n fac to rial and is de noted n!. Thus, n! = 1 ·
2 · 3 · · · n. As with our pre vi ous two proofs, we’ll re turn to this proof
at the end of Chap ter 3 to an a lyze its struc ture.

The o rem 4. For ev ery pos i tive in te ger n, there is a se quence of n con‐ 
sec u tive pos i tive in te gers con tain ing no primes.

Proof. Sup pose n is a pos i tive in te ger. Let x = (n + 1)! +2. We will show
that none of the num bers x, x + 1, x + 2, . . . , x + (n − 1) is prime. Since
this is a se quence of n con sec u tive pos i tive in te gers, this will prove the
the o rem.

To see that x is not prime, note that

Thus, x can be writ ten as a prod uct of two smaller pos i tive in te gers, so x
is not prime.

Sim i larly, we have

so x + 1 is also not prime. In gen eral, con sider any num ber x + i, where
0 ≤ i ≤ n − 1. Then we have

so x + i is not prime.
□

The o rem 4 shows that there are some times long stretches be tween
one prime and the next prime. But primes also some times oc cur close
to gether. Since 2 is the only even prime num ber, the only pair of con‐ 
sec u tive in te gers that are both prime is 2 and 3. But there are lots of
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pairs of primes that dif fer by only two, for ex am ple, 5 and 7, 29 and 31,
and 7949 and 7951. Such pairs of primes are called twin primes. It is
not known whether there are in fin itely many twin primes.

Re cently, sig nif i cant progress has been made on the twin primes
ques tion. In 2013, Yi tang Zhang (1955–) proved that there is a pos i tive
in te ger d ≤ 70,000,000 such that there are in fin itely many pairs of
prime num bers that dif fer by d. Work of many other math e ma ti cians in
2013–14 nar rowed down the pos si bil i ties for d to d ≤ 246. Of course, if
the state ment holds with d = 2 then there are in fin itely many twin
primes.

Ex er cises
Note: So lu tions or hints for ex er cises marked with an as ter isk (*) are
given in the ap pen dix.

*1. (a) Fac tor 215 − 1 = 32,767 into a prod uct of two smaller pos i‐ 
tive in te gers.

(b) Find an in te ger x such that 1 < x < 232,767 − 1 and 232,767 − 1 is
di vis i ble by x.

2. Make some con jec tures about the val ues of n for which 3n − 1 is
prime or the val ues of n for which 3n − 2n is prime. (You might
start by mak ing a ta ble sim i lar to Fig ure I.1.)

*3. The proof of The o rem 3 gives a method for find ing a prime
num ber dif fer ent from any in a given list of prime num bers.

(a) Use this method to find a prime dif fer ent from 2, 3, 5, and 7.
(b) Use this method to find a prime dif fer ent from 2, 5, and 11.
4. Find five con sec u tive in te gers that are not prime.
5. Use the ta ble in Fig ure I.1 and the dis cus sion on p. 5 to find two

more per fect num bers.
6. The se quence 3, 5, 7 is a list of three prime num bers such that

each pair of ad ja cent num bers in the list dif fer by two. Are there
any more such “triplet primes”?

7. A pair of dis tinct pos i tive in te gers (m, n) is called am i ca ble if the
sum of all pos i tive in te gers smaller than n that di vide n is m, and
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the sum of all pos i tive in te gers smaller than m that di vide m is n.
Show that (220, 284) is am i ca ble.

1 Eu clid phrased the the o rem and proof some what dif fer ently. We have cho sen to take a
more mod ern ap proach in our pre sen ta tion.
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1

Sen ten tial Logic

1.1 De duc tive Rea son ing and Log i cal Con nec ‐
tives
As we saw in the in tro duc tion, proofs play a cen tral role in math e mat‐ 
ics, and de duc tive rea son ing is the foun da tion on which proofs are
based. There fore, we be gin our study of math e mat i cal rea son ing and
proofs by ex am in ing how de duc tive rea son ing works.

Ex am ple 1.1.1. Here are three ex am ples of de duc tive rea son ing:

1. It will ei ther rain or snow to mor row.
It’s too warm for snow.
There fore, it will rain.

2. If to day is Sun day, then I don’t have to go to work to day.
To day is Sun day.
There fore, I don’t have to go to work to day.

3. I will go to work ei ther to mor row or to day.
I’m go ing to stay home to day.
There fore, I will go to work to mor row.

In each case, we have ar rived at a con clu sion from the as sump tion
that some other state ments, called premises, are true. For ex am ple, the
premises in ar gu ment 3 are the state ments “I will go to work ei ther to‐ 
mor row or to day” and “I’m go ing to stay home to day.” The con clu sion
is “I will go to work to mor row,” and it seems to be forced on us some‐ 
how by the premises.

But is this con clu sion re ally cor rect? Af ter all, isn’t it pos si ble that
I’ll stay home to day, and then wake up sick to mor row and end up stay‐ 
ing home again? If that hap pened, the con clu sion would turn out to be
false. But no tice that in that case the first premise, which said that I
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would go to work ei ther to mor row or to day, would be false as well! Al‐ 
though we have no guar an tee that the con clu sion is true, it can only be
false if at least one of the premises is also false. If both premises are
true, we can be sure that the con clu sion is also true. This is the sense in
which the con clu sion is forced on us by the premises, and this is the
stan dard we will use to judge the cor rect ness of de duc tive rea son ing.
We will say that an ar gu ment is valid if the premises can not all be true
with out the con clu sion be ing true as well. All three of the ar gu ments in
our ex am ple are valid ar gu ments.

Here’s an ex am ple of an in valid de duc tive ar gu ment:

Ei ther the but ler is guilty or the maid is guilty.
Ei ther the maid is guilty or the cook is guilty.
There fore, ei ther the but ler is guilty or the cook is guilty.

The ar gu ment is in valid be cause the con clu sion could be false even if
both premises are true. For ex am ple, if the maid were guilty, but the
but ler and the cook were both in no cent, then both premises would be
true and the con clu sion would be false.

We can learn some thing about what makes an ar gu ment valid by
com par ing the three ar gu ments in Ex am ple 1.1.1. On the sur face it
might seem that ar gu ments 2 and 3 have the most in com mon, be cause
they’re both about the same sub ject: at ten dance at work. But in terms of
the rea son ing used, ar gu ments 1 and 3 are the most sim i lar. They both
in tro duce two pos si bil i ties in the first premise, rule out the sec ond one
with the sec ond premise, and then con clude that the first pos si bil ity
must be the case. In other words, both ar gu ments have the form:

P or Q.
Not Q.
There fore, P.

It is this form, and not the sub ject mat ter, that makes these ar gu ments
valid. You can see that ar gu ment 1 has this form by think ing of the let‐ 
ter P as stand ing for the state ment “It will rain to mor row,” and Q as
stand ing for “It will snow to mor row.” For ar gu ment 3, P would be “I
will go to work to mor row,” and Q would be “I will go to work to day.”

Re plac ing cer tain state ments in each ar gu ment with let ters, as we
have in stat ing the form of ar gu ments 1 and 3, has two ad van tages.
First, it keeps us from be ing dis tracted by as pects of the ar gu ments that
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don’t af fect their va lid ity. You don’t need to know any thing about
weather fore cast ing or work habits to rec og nize that ar gu ments 1 and 3
are valid. That’s be cause both ar gu ments have the form shown ear lier,
and you can tell that this ar gu ment form is valid with out even know ing
what P and Q stand for. If you don’t be lieve this, con sider the fol low ing
ar gu ment:

Ei ther the framger wid get is mis fir ing, or the wrompal mech a nism is
out of align ment.
I’ve checked the align ment of the wrompal mech a nism, and it’s fine.
There fore, the framger wid get is mis fir ing.

If a me chanic gave this ex pla na tion af ter ex am in ing your car, you might
still be mys ti fied about why the car won’t start, but you’d have no trou‐ 
ble fol low ing his logic!

Per haps more im por tant, our anal y sis of the forms of ar gu ments 1
and 3 makes clear what is im por tant in de ter min ing their va lid ity: the
words or and not. In most de duc tive rea son ing, and in par tic u lar in
math e mat i cal rea son ing, the mean ings of just a few words give us the
key to un der stand ing what makes a piece of rea son ing valid or in valid.
(Which are the im por tant words in ar gu ment 2 in Ex am ple 1.1.1?) The
first few chap ters of this book are de voted to study ing those words and
how they are used in math e mat i cal writ ing and rea son ing.

In this chap ter, we’ll con cen trate on words used to com bine state‐ 
ments to form more com plex state ments. We’ll con tinue to use let ters
to stand for state ments, but only for un am bigu ous state ments that are
ei ther true or false. Ques tions, ex cla ma tions, and vague state ments will
not be al lowed. It will also be use ful to use sym bols, some times called
con nec tive sym bols, to stand for some of the words used to com bine
state ments. Here are our first three con nec tive sym bols and the words
they stand for:

Thus, if P and Q stand for two state ments, then we’ll write P ∨ Q to
stand for the state ment “P or Q,” P ∧ Q for “P and Q,” and ¬P for “not
P “or “P is false.” The state ment P ∨ Q is some times called the dis‐ 
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junc tion of P and Q, P ∧ Q is called the con junc tion of P and Q, and ¬
P is called the nega tion of P.

Ex am ple 1.1.2. An a lyze the log i cal forms of the fol low ing state ments:

1. Ei ther John went to the store, or we’re out of eggs.
2. Joe is go ing to leave home and not come back.
3. Ei ther Bill is at work and Jane isn’t, or Jane is at work and Bill

isn’t.

So lu tions

1. If we let P stand for the state ment “John went to the store” and Q
stand for “We’re out of eggs,” then this state ment could be rep re‐ 
sented sym bol i cally as P ∨ Q.

2. If we let P stand for the state ment “Joe is go ing to leave home”
and Q stand for “Joe is not go ing to come back,” then we could
rep re sent this state ment sym bol i cally as P ∧ Q. But this anal y sis
misses an im por tant fea ture of the state ment, be cause it doesn’t
in di cate that Q is a neg a tive state ment. We could get a bet ter anal‐ 
y sis by let ting R stand for the state ment “Joe is go ing to come
back” and then writ ing the state ment Q as ¬R. Plug ging this into
our first anal y sis of the orig i nal state ment, we get the im proved
anal y sis P ∧ ¬R.

3. Let B stand for the state ment “Bill is at work” and J for the state‐ 
ment “Jane is at work.” Then the first half of the state ment, “Bill
is at work and Jane isn’t,” can be rep re sented as B ∧ ¬J. Sim i‐ 
larly, the sec ond half is J ∧ ¬B. To rep re sent the en tire state ment,
we must com bine these two with or, form ing their dis junc tion, so
the so lu tion is (B ∧ ¬J) ∨ (J ∧ ¬B).

No tice that in an a lyz ing the third state ment in the pre ced ing ex am‐ 
ple, we added paren the ses when we formed the dis junc tion of B ∧ ¬J
and J ∧ ¬B to in di cate un am bigu ously which state ments were be ing
com bined. This is like the use of paren the ses in al ge bra, in which, for
ex am ple, the prod uct of a + b and a − b would be writ ten (a + b) · (a −
b), with the paren the ses serv ing to in di cate un am bigu ously which quan‐ 
ti ties are to be mul ti plied. As in al ge bra, it is con ve nient in logic to
omit some paren the ses to make our ex pres sions shorter and eas ier to
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read. How ever, we must agree on some con ven tions about how to read
such ex pres sions so that they are still un am bigu ous. One con ven tion is
that the sym bol ¬ al ways ap plies only to the state ment that comes im‐ 
me di ately af ter it. For ex am ple, ¬P ∧ Q means (¬P) ∧ Q rather than
¬(P ∧ Q). We’ll see some other con ven tions about paren the ses later.

Ex am ple 1.1.3. What Eng lish sen tences are rep re sented by the fol low‐ 
ing ex pres sions?

1. (¬S ∧ L) ∨ S, where S stands for “John is smart” and L stands
for “John is lucky.”

2. ¬S ∧ (L ∨ S), where S and L have the same mean ings as be fore.

3. ¬(S ∧ L) ∨ S, with S and L still as be fore.

So lu tions

1. Ei ther John isn’t smart and he is lucky, or he’s smart.
2. John isn’t smart, and ei ther he’s lucky or he’s smart. No tice how

the place ment of the word ei ther in Eng lish changes ac cord ing to
where the paren the ses are.

3. Ei ther John isn’t both smart and lucky, or John is smart. The word
both in Eng lish also helps dis tin guish the dif fer ent pos si ble po si‐ 
tions of paren the ses.

It is im por tant to keep in mind that the sym bols ∧, ∨, and ¬ don’t
re ally cor re spond to all uses of the words and, or, and not in Eng lish.
For ex am ple, the sym bol ∧ could not be used to rep re sent the use of
the word and in the sen tence “John and Bill are friends,” be cause in this
sen tence the word and is not be ing used to com bine two state ments. The
sym bols ∧ and ∨ can only be used be tween two state ments, to form
their con junc tion or dis junc tion, and the sym bol ¬ can only be used be‐ 
fore a state ment, to negate it. This means that cer tain strings of let ters
and sym bols are sim ply mean ing less. For ex am ple, P ¬ ∧ Q, P ∧ ∨
Q, and P ¬ Q are all “un gram mat i cal” ex pres sions in the lan guage of
logic. “Gram mat i cal” ex pres sions, such as those in Ex am ples 1.1.2 and
1.1.3, are some times called well-formed for mu las or just for mu las.
Once again, it may be help ful to think of an anal ogy with al ge bra, in
which the sym bols +, −, ·, and ÷ can be used be tween two num bers, as
op er a tors, and the sym bol − can also be used be fore a num ber, to negate
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it. These are the only ways that these sym bols can be used in al ge bra, so
ex pres sions such as x − ÷ y are mean ing less.

Some times, words other than and, or, and not are used to ex press the
mean ings rep re sented by ∧, ∨, and ¬. For ex am ple, con sider the first
state ment in Ex am ple 1.1.3. Al though we gave the Eng lish trans la tion
“Ei ther John isn’t smart and he is lucky, or he’s smart,” an al ter na tive
way of con vey ing the same in for ma tion would be to say “Ei ther John
isn’t smart but he is lucky, or he’s smart.” Of ten, the word but is used in
Eng lish to mean and, es pe cially when there is some con trast or con flict
be tween the state ments be ing com bined. For a more strik ing ex am ple,
imag ine a weather fore caster end ing his fore cast with the state ment
“Rain and snow are the only two pos si bil i ties for to mor row’s weather.”
This is just a round about way of say ing that it will ei ther rain or snow
to mor row. Thus, even though the fore caster has used the word and, the
mean ing ex pressed by his state ment is a dis junc tion. The les son of
these ex am ples is that to de ter mine the log i cal form of a state ment you
must think about what the state ment means, rather than just trans lat ing
word by word into sym bols.

Some times log i cal words are hid den within math e mat i cal no ta tion.
For ex am ple, con sider the state ment 3 ≤ π. Al though it ap pears to be a
sim ple state ment that con tains no words of logic, if you read it out loud
you will hear the word or. If we let P stand for the state ment 3 < π and
Q for the state ment 3 = π, then the state ment 3 ≤ π would be writ ten P
∨ Q. In this ex am ple the state ments rep re sented by the let ters P and Q
are so short that it hardly seems worth while to ab bre vi ate them with
sin gle let ters. In cases like this we will some times not bother to re place
the state ments with let ters, so we might also write this state ment as (3
< π) ∨ (3 = π).

For a slightly more com pli cated ex am ple, con sider the state ment 3 ≤
π < 4. This state ment means 3 ≤ π and π < 4, so once again a word of
logic has been hid den in math e mat i cal no ta tion. Fill ing in the mean ing
that we just worked out for 3 ≤ π, we can write the whole state ment as
[(3 < π) ∨ (3 = π)] ∧ (π < 4). Know ing that the state ment has this log‐ 
i cal form might be im por tant in un der stand ing a piece of math e mat i cal
rea son ing in volv ing this state ment.

Ex er cises
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*1. An a lyze the log i cal forms of the fol low ing state ments:
(a) We’ll have ei ther a read ing as sign ment or home work prob lems,

but we won’t have both home work prob lems and a test.
(b) You won’t go ski ing, or you will and there won’t be any snow.
(c)
2. An a lyze the log i cal forms of the fol low ing state ments:

(a) Ei ther John and Bill are both telling the truth, or nei ther of them
is.

(b) I’ll have ei ther fish or chicken, but I won’t have both fish and
mashed pota toes.

(c) 3 is a com mon di vi sor of 6, 9, and 15.
3. An a lyze the log i cal forms of the fol low ing state ments:

(a) Al ice and Bob are not both in the room.
(b) Al ice and Bob are both not in the room.
(c) Ei ther Al ice or Bob is not in the room.
(d) Nei ther Al ice nor Bob is in the room.
4. An a lyze the log i cal forms of the fol low ing state ments:

(a) Ei ther both Ralph and Ed are tall, or both of them are hand some.
(b) Both Ralph and Ed are ei ther tall or hand some.
(c) Both Ralph and Ed are nei ther tall nor hand some.
(d) Nei ther Ralph nor Ed is both tall and hand some.
5. Which of the fol low ing ex pres sions are well-formed for mu las?

(a) ¬(¬P ∨ ¬¬R).
(b) ¬(P, Q, ∧ R).
(c) P ∧ ¬ P.
(d) (P ∧ Q)(P ∨ R).
*6. Let P stand for the state ment “I will buy the pants” and S for the

state ment “I will buy the shirt.” What Eng lish sen tences are rep‐ 
re sented by the fol low ing for mu las?

(a) ¬(P ∧ ¬S).
(b) ¬P ∧ ¬S.
(c) ¬P ∨ ¬S.

7. Let S stand for the state ment “Steve is happy” and G for “George
is happy.” What Eng lish sen tences are rep re sented by the fol low‐ 
ing for mu las?
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(a) (S ∨ G) ∧ (¬ S ∨ ¬G).
(b) [S ∨ (G ∧ ¬S)] ∨ ¬G.
(c) S ∨ [G ∧ (¬ S ∨ ¬G)].

8. Let T stand for the state ment “Taxes will go up” and D for “The
deficit will go up.” What Eng lish sen tences are rep re sented by the
fol low ing for mu las?

(a) T ∨ D.
(b) ¬(T ∧ D) ∧ ¬(¬T ∧ ¬D).
(c) (T ∧ ¬ D)∨ (D ∧ ¬T).

9. Iden tify the premises and con clu sions of the fol low ing de duc tive
ar gu ments and an a lyze their log i cal forms. Do you think the rea‐ 
son ing is valid? (Al though you will have only your in tu ition to
guide you in an swer ing this last ques tion, in the next sec tion we
will de velop some tech niques for de ter min ing the va lid ity of ar‐ 
gu ments.)

(a) Jane and Pete won’t both win the math prize. Pete will win ei ther
the math prize or the chem istry prize. Jane will win the math
prize. There fore, Pete will win the chem istry prize.

(b) The main course will be ei ther beef or fish. The veg etable will be
ei ther peas or corn. We will not have both fish as a main course
and corn as a veg etable. There fore, we will not have both beef as
a main course and peas as a veg etable.

(c) Ei ther John or Bill is telling the truth. Ei ther Sam or Bill is ly ing.
There fore, ei ther John is telling the truth or Sam is ly ing.

(d) Ei ther sales will go up and the boss will be happy, or ex penses
will go up and the boss won’t be happy. There fore, sales and ex‐ 
penses will not both go up.

1.2 Truth Ta bles
We saw in Sec tion 1.1 that an ar gu ment is valid if the premises can not
all be true with out the con clu sion be ing true as well. Thus, to un der‐ 
stand how words such as and, or, and not af fect the va lid ity of ar gu‐ 
ments, we must see how they con trib ute to the truth or fal sity of state‐ 
ments con tain ing them.

When we eval u ate the truth or fal sity of a state ment, we as sign to it
one of the la bels true or false, and this la bel is called its truth value. It
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is clear how the word and con trib utes to the truth value of a state ment
con tain ing it. A state ment of the form P ∧ Q can be true only if both P
and Q are true; if ei ther P or Q is false, then P ∧ Q will be false too.
Be cause we have as sumed that P and Q both stand for state ments that
are ei ther true or false, we can sum ma rize all the pos si bil i ties with the
ta ble shown in Fig ure 1.1. This is called a truth ta ble for the for mula P
∧ Q. Each row in the truth ta ble rep re sents one of the four pos si ble
com bi na tions of truth val ues for the state ments P and Q. Al though these
four pos si bil i ties can ap pear in the ta ble in any or der, it is best to list
them sys tem at i cally so we can be sure that no pos si bil i ties have been
skipped. The truth ta ble for ¬P is also quite easy to con struct be cause
for ¬P to be true, P must be false. The ta ble is shown in Fig ure 1.2.

Fig ure 1.1.

Fig ure 1.2.

The truth ta ble for P ∨ Q is a lit tle trick ier. The first three lines
should cer tainly be filled in as shown in Fig ure 1.3, but there may be
some ques tion about the last line. Should P ∨ Q be true or false in the
case in which P and Q are both true? In other words, does P ∨ Q mean
“P or Q, or both” or does it mean “P or Q but not both”? The first way
of in ter pret ing the word or is called the in clu sive or (be cause it in cludes
the pos si bil ity of both state ments be ing true), and the sec ond is called
the ex clu sive or. In math e mat ics, or al ways means in clu sive or, un less
spec i fied oth er wise, so we will in ter pret ∨ as in clu sive or. We there‐ 
fore com plete the truth ta ble for P ∨ Q as shown in Fig ure 1.4. See ex‐ 
er cise 3 for more about the ex clu sive or.
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Fig ure 1.3.

Fig ure 1.4.

Us ing the rules sum ma rized in these truth ta bles, we can now work
out truth ta bles for more com plex for mu las. All we have to do is work
out the truth val ues of the com po nent parts of a for mula, start ing with
the in di vid ual let ters and work ing up to more com plex for mu las a step
at a time.

Ex am ple 1.2.1. Make a truth ta ble for the for mula ¬(P ∨ ¬Q).

So lu tion

The first two col umns of this ta ble list the four pos si ble com bi na tions
of truth val ues of P and Q. The third col umn, list ing truth val ues for the
for mula ¬Q, is found by sim ply negat ing the truth val ues for Q in the
sec ond col umn. The fourth col umn, for the for mula P ∨¬Q, is found by
com bin ing the truth val ues for P and ¬Q listed in the first and third col‐ 
umns, ac cord ing to the truth value rule for ∨ sum ma rized in Fig ure
1.4. Ac cord ing to this rule, P ∨ ¬Q will be false only if both P and ¬Q
are false. Look ing in the first and third col umns, we see that this hap‐ 
pens only in row two of the ta ble, so the fourth col umn con tains an F in
the sec ond row and T’s in all other rows. Fi nally, the truth val ues for the
for mula ¬(P ∨ ¬Q) are listed in the fifth col umn, which is found by
negat ing the truth val ues in the fourth col umn. (Note that these col umns
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had to be worked out in or der, be cause each was used in com put ing the
next.)

Ex am ple 1.2.2. Make a truth ta ble for the for mula ¬(P ∧ Q) ∨ ¬R.

So lu tion

Note that be cause this for mula con tains three let ters, it takes eight lines
to list all pos si ble com bi na tions of truth val ues for these let ters. (If a
for mula con tains n dif fer ent let ters, how many lines will its truth ta ble
have?)

Here’s a way of mak ing truth ta bles more com pactly. In stead of us ing
sep a rate col umns to list the truth val ues for the com po nent parts of a
for mula, just list those truth val ues be low the cor re spond ing con nec tive
sym bol in the orig i nal for mula. This is il lus trated in Fig ure 1.5, for the
for mula from Ex am ple 1.2.1. In the first step, we have listed the truth
val ues for P and Q be low these let ters where they ap pear in the for mula.
In step two, the truth val ues for ¬Q have been added un der the ¬ sym bol
for ¬Q. In the third step, we have com bined the truth val ues for P and
¬Q to get the truth val ues for P ∨ ¬Q, which are listed un der the ∨
sym bol. Fi nally, in the last step, these truth val ues are negated and
listed un der the ini tial ¬ sym bol. The truth val ues added in the last step
give the truth value for the en tire for mula, so we will call the sym bol
un der which they are listed (the first ¬ sym bol in this case) the main
con nec tive of the for mula. No tice that the truth val ues listed un der the
main con nec tive in this case agree with the val ues we found in Ex am ple
1.2.1.
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Fig ure 1.5.

Now that we know how to make truth ta bles for com plex for mu las,
we’re ready to re turn to the anal y sis of the va lid ity of ar gu ments. Con‐ 
sider again our first ex am ple of a de duc tive ar gu ment:

It will ei ther rain or snow to mor row.
It’s too warm for snow.
There fore, it will rain.

As we have seen, if we let P stand for the state ment “It will rain to mor‐ 
row” and Q for the state ment “It will snow to mor row,” then we can rep‐ 
re sent the ar gu ment sym bol i cally as fol lows:

We can now see how truth ta bles can be used to ver ify the va lid ity of
this ar gu ment. Fig ure 1.6 shows a truth ta ble for both premises and the
con clu sion of the ar gu ment. Re call that we de cided to call an ar gu ment
valid if the premises can not all be true with out the con clu sion be ing
true as well. Look ing at Fig ure 1.6 we see that the only row of the ta ble
in which both premises come out true is row three, and in this row the
con clu sion is also true. Thus, the truth ta ble con firms that if the
premises are all true, the con clu sion must also be true, so the ar gu ment
is valid.
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Fig ure 1.6.

Ex am ple 1.2.3. De ter mine whether the fol low ing ar gu ments are valid.

1. Ei ther John isn’t smart and he is lucky, or he’s smart.
John is smart.
There fore, John isn’t lucky.

2. The but ler and the cook are not both in no cent.
Ei ther the but ler is ly ing or the cook is in no cent.
There fore, the but ler is ei ther ly ing or guilty.

So lu tions

1. As in Ex am ple 1.1.3, we let S stand for the state ment “John is
smart” and L stand for “John is lucky.” Then the ar gu ment has the
form:

Now we make a truth ta ble for both premises and the con clu‐ 
sion. (You should work out the in ter me di ate steps in de riv ing col‐ 
umn three of this ta ble to con firm that it is cor rect.)

Both premises are true in lines three and four of this ta ble. The
con clu sion is also true in line three, but it is false in line four.
Thus, it is pos si ble for both premises to be true and the con clu‐ 
sion false, so the ar gu ment is in valid. In fact, the ta ble shows us
ex actly why the ar gu ment is in valid. The prob lem oc curs in the
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fourth line of the ta ble, in which S and L are both true – in other
words, John is both smart and lucky. Thus, if John is both smart
and lucky, then both premises will be true but the con clu sion will
be false, so it would be a mis take to in fer that the con clu sion must
be true from the as sump tion that the premises are true.

2. Let B stand for the state ment “The but ler is in no cent,” C for the
state ment “The cook is in no cent,” and L for the state ment “The
but ler is ly ing.” Then the ar gu ment has the form:

Here is the truth ta ble for the premises and con clu sion:

The premises are both true only in lines two, three, four, and six,
and in each of these cases the con clu sion is true as well. There‐ 
fore, the ar gu ment is valid.

If you ex pected the first ar gu ment in Ex am ple 1.2.3 to turn out to be
valid, it’s prob a bly be cause the first premise con fused you. It’s a rather
com pli cated state ment, which we rep re sented sym bol i cally with the
for mula (¬S ∧ L) ∨ S. Ac cord ing to our truth ta ble, this for mula is
false if S and L are both false, and true oth er wise. But no tice that this is
ex actly the same as the truth ta ble for the sim pler for mula L ∨ S! Be‐ 
cause of this, we say that the for mu las (¬S ∧ L) ∨ S and L ∨ S are
equiv a lent. Equiv a lent for mu las al ways have the same truth value no
mat ter what state ments the let ters in them stand for and no mat ter what
the truth val ues of those state ments are. The equiv a lence of the premise
(¬ S ∧ L) ∨ S and the sim pler for mula L ∨ S may help you un der stand
why the ar gu ment is in valid. Trans lat ing the for mula L ∨ S back into
Eng lish, we see that the first premise could have been stated more sim‐ 
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ply as “John is ei ther lucky or smart (or both).” But from this premise
and the sec ond premise (that John is smart), it clearly doesn’t fol low
that he’s not lucky, be cause he might be both smart and lucky.

Ex am ple 1.2.4. Which of these for mu las are equiv a lent?

¬(P ∧ Q), ¬P ∧ ¬Q, ¬P ∨ ¬Q.

So lu tion

Here’s a truth ta ble for all three state ments. (You should check it your‐ 
self!)

The third and fifth col umns in this ta ble are iden ti cal, but they are
dif fer ent from the fourth col umn. There fore, the for mu las ¬(P ∧ Q)
and ¬P ∨ ¬Q are equiv a lent, but nei ther is equiv a lent to the for mula
¬P ∧ ¬Q. This should make sense if you think about what all the sym‐ 
bols mean. For ex am ple, sup pose P stands for the state ment “The Yan‐ 
kees won last night” and Q stands for “The Red Sox won last night.”
Then ¬(P ∧ Q) would rep re sent the state ment “The Yan kees and the
Red Sox did not both win last night,” and ¬P ∨ ¬Q would rep re sent
“Ei ther the Yan kees or the Red Sox lost last night”; these state ments
clearly con vey the same in for ma tion. On the other hand, ¬P ∧ ¬Q
would rep re sent “The Yan kees and the Red Sox both lost last night,”
which means some thing en tirely dif fer ent.

You can check for your self by mak ing a truth ta ble that the for mula
¬P ∧ ¬Q from Ex am ple 1.2.4 is equiv a lent to the for mula ¬(P ∨ Q).
(To see that this equiv a lence makes sense, no tice that the state ments
“Both the Yan kees and the Red Sox lost last night” and “It is not the
case that ei ther the Yan kees or the Red Sox won last night” mean the
same thing.) This equiv a lence and the one dis cov ered in Ex am ple 1.2.4
are called De Mor gan’s laws. They are named for the British math e ma‐ 
ti cian Au gus tus De Mor gan (1806–1871).

In an a lyz ing de duc tive ar gu ments and the state ments that oc cur in
them, it is help ful to be fa mil iar with a num ber of equiv a lences that
come up of ten. Ver ify the equiv a lences in the fol low ing list your self by



35

mak ing truth ta bles, and check that they make sense by trans lat ing the
for mu las into Eng lish, as we did in Ex am ple 1.2.4.

De Mor gan’s laws

Com mu ta tive laws

As so cia tive laws

Idem po tent laws

Dis tribu tive laws

Ab sorp tion laws

Dou ble Nega tion law

No tice that be cause of the as so cia tive laws we can leave out paren‐ 
the ses in for mu las of the forms P ∧ Q ∧ R and P ∨ Q ∨ R with out
wor ry ing that the re sult ing for mula will be am bigu ous, be cause the two
pos si ble ways of fill ing in the paren the ses lead to equiv a lent for mu las.

Many of the equiv a lences in the list should re mind you of sim i lar
rules in volv ing +, ·, and − in al ge bra. As in al ge bra, these rules can be
ap plied to more com plex for mu las, and they can be com bined to work
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out more com pli cated equiv a lences. Any of the let ters in these equiv a‐ 
lences can be re placed by more com pli cated for mu las, and the re sult ing
equiv a lence will still be true. For ex am ple, by re plac ing P in the dou ble
nega tion law with the for mula Q ∨ ¬R, you can see that ¬¬(Q ∨ ¬R) is
equiv a lent to Q ∨ ¬R. Also, if two for mu las are equiv a lent, you can al‐ 
ways sub sti tute one for the other in any ex pres sion and the re sults will
be equiv a lent. For ex am ple, since ¬¬P is equiv a lent to P, if ¬¬P oc curs
in any for mula, you can al ways re place it with P and the re sult ing for‐ 
mula will be equiv a lent to the orig i nal.

Ex am ple 1.2.5. Find sim pler for mu las equiv a lent to these for mu las:

1. ¬(P ∨ ¬Q).

2. ¬(Q ∧ ¬P) ∨ P.

So lu tions

1. ¬(P ∨ ¬Q)

You can check that this equiv a lence is right by mak ing a truth ta‐ 
ble for ¬P ∧ Q and see ing that it is the same as the truth ta ble for
¬(P ∨ ¬Q) found in Ex am ple 1.2.1.

2. ¬(Q ∧ ¬P) ∨ P

Some equiv a lences are based on the fact that cer tain for mu las are ei‐ 
ther al ways true or al ways false. For ex am ple, you can ver ify by mak ing
a truth ta ble that the for mula Q ∧ (P ∨ ¬P) is equiv a lent to just Q. But
even be fore you make the truth ta ble, you can prob a bly see why they
are equiv a lent. In ev ery line of the truth ta ble, P ∨ ¬P will come out
true, and there fore Q ∧ (P ∨ ¬ P) will come out true when Q is also
true, and false when Q is false. For mu las that are al ways true, such as P
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∨ ¬P, are called tau tolo gies. Sim i larly, for mu las that are al ways false
are called con tra dic tions. For ex am ple, P ∧ ¬P is a con tra dic tion.

Ex am ple 1.2.6. Are these for mu las tau tolo gies, con tra dic tions, or nei‐ 
ther?

P ∨ (Q ∨ ¬P), P ∧ ¬ (Q ∨ ¬Q), P ∨ ¬ (Q ∨ ¬Q).

So lu tion

First we make a truth ta ble for all three for mu las.

From the truth ta ble it is clear that the first for mula is a tau tol ogy, the
sec ond a con tra dic tion, and the third nei ther. In fact, since the last col‐ 
umn is iden ti cal to the first, the third for mula is equiv a lent to P.

We can now state a few more use ful laws in volv ing tau tolo gies and
con tra dic tions. You should be able to con vince your self that all of these
laws are cor rect by think ing about what the truth ta bles for the state‐ 
ments in volved would look like.

Tau tol ogy laws

P ∧ (a tau tol ogy) is equiv a lent to P.
P ∨ (a tau tol ogy) is a tau tol ogy.
¬(a tau tol ogy) is a con tra dic tion.

Con tra dic tion laws

P ∧ (a con tra dic tion) is a con tra dic tion.
P ∨ (a con tra dic tion) is equiv a lent to P.

¬(a con tra dic tion) is a tau tol ogy.

Ex am ple 1.2.7. Find sim pler for mu las equiv a lent to these for mu las:

1. P ∨ (Q ∧ ¬P).

2. ¬(P ∨ (Q ∧ ¬R)) ∧ Q.
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So lu tions

1. P ∨ (Q ∧ ¬P)

The last step uses the fact that P ∨ ¬P is a tau tol ogy.

2. ¬(P ∨ (Q ∧ ¬R)) ∧ Q

The last step uses the fact that Q ∧ ¬Q is a con tra dic tion. Fi nally,
by the as so cia tive law for ∧ we can re move the paren the ses with‐ 
out mak ing the for mula am bigu ous, so the orig i nal for mula is
equiv a lent to the for mula ¬P ∧ Q ∧ R.

Ex er cises
*1. Make truth ta bles for the fol low ing for mu las:
(a) ¬P ∨ Q.
(b) (S ∨ G) ∧ (¬ S ∨ ¬G).

2. Make truth ta bles for the fol low ing for mu las:
(a) ¬[P ∧ (Q ∨ ¬P)].
(b) (P ∨ Q) ∧ (¬ P ∨ R).

3. In this ex er cise we will use the sym bol + to mean ex clu sive or. In
other words, P + Q means “P or Q, but not both.”

(a) Make a truth ta ble for P + Q.
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(b) Find a for mula us ing only the con nec tives ∧, ∨, and ¬ that is
equiv a lent to P + Q. Jus tify your an swer with a truth ta ble.

4. Find a for mula us ing only the con nec tives ∧ and ¬ that is equiv a‐ 
lent to P ∨ Q. Jus tify your an swer with a truth ta ble.

*5. Some math e ma ti cians use the sym bol ↓ to mean nor. In other
words, P ↓ Q means “nei ther P nor Q.”

(a) Make a truth ta ble for P ↓ Q.
(b) Find a for mula us ing only the con nec tives ∧, ∨, and ¬ that is

equiv a lent to P ↓ Q.
(c) Find for mu las us ing only the con nec tive ↓ that are equiv a lent to

¬P, P ∨ Q, and P ∧ Q.

6. Some math e ma ti cians write P | Q to mean “P and Q are not both
true.” (This con nec tive is called nand, and is used in the study of
cir cuits in com puter sci ence.)

(a) Make a truth ta ble for P | Q.
(b) Find a for mula us ing only the con nec tives ∧, ∨, and ¬ that is

equiv a lent to P | Q.
(c) Find for mu las us ing only the con nec tive | that are equiv a lent to

¬P, P ∨ Q, and P ∧ Q.
*7. Use truth ta bles to de ter mine whether or not the ar gu ments in ex er‐ 

cise 9 of Sec tion 1.1 are valid.
8. Use truth ta bles to de ter mine which of the fol low ing for mu las are

equiv a lent to each other:
(a) (P ∧ Q) ∨ (¬ P ∧ ¬Q).
(b) ¬P ∨ Q.
(c) (P ∨ ¬ Q) ∧ (Q ∨ ¬P).
(d) ¬(P ∨ Q).
(e) (Q ∧ P) ∨ ¬ P.
*9. Use truth ta bles to de ter mine which of these state ments are tau‐ 

tolo gies, which are con tra dic tions, and which are nei ther:
(a) (P ∨ Q) ∧ (¬ P ∨ ¬Q).
(b) (P ∨ Q) ∧ (¬ P ∧ ¬Q).
(c) (P ∨ Q) ∨ (¬ P ∨ ¬Q).
(d) [P ∧ (Q ∨ ¬R)] ∨ (¬P ∨ R).
10. Use truth ta bles to check these laws:
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(a) The sec ond De Mor gan’s law. (The first was checked in the text.)
(b) The dis tribu tive laws.

*11. Use the laws stated in the text to find sim pler for mu las equiv a lent
to these for mu las. (See Ex am ples 1.2.5 and 1.2.7.)

(a) ¬(¬P ∧ ¬Q).
(b) (P ∧ Q) ∨ (P ∧ ¬Q).
(c) ¬(P ∧ ¬Q) ∨ (¬P ∧ Q).
12. Use the laws stated in the text to find sim pler for mu las equiv a lent

to these for mu las. (See Ex am ples 1.2.5 and 1.2.7.)
(a) ¬(¬P ∨ Q) ∨ (P ∧ ¬R).
(b) ¬(¬P ∧ Q) ∨ (P ∧ ¬R).
(c) (P ∧ R) ∨ [¬ R ∧ (P ∨ Q)].
13. Use the first De Mor gan’s law and the dou ble nega tion law to de‐ 

rive the sec ond De Mor gan’s law.
*14. Note that the as so cia tive laws say only that paren the ses are un‐ 

nec es sary when com bin ing three state ments with ∧ or ∨. In fact,
these laws can be used to jus tify leav ing paren the ses out when
more than three state ments are com bined. Use as so cia tive laws to
show that [P ∧ (Q ∧ R)] ∧ S is equiv a lent to (P ∧ Q) ∧ (R ∧
S).

15. How many lines will there be in the truth ta ble for a state ment
con tain ing n let ters?

*16. Find a for mula in volv ing the con nec tives ∧, ∨, and ¬ that has
the fol low ing truth ta ble:

17. Find a for mula in volv ing the con nec tives ∧, ∨, and ¬ that has
the fol low ing truth ta ble:
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18. Sup pose the con clu sion of an ar gu ment is a tau tol ogy. What can
you con clude about the va lid ity of the ar gu ment? What if the con‐ 
clu sion is a con tra dic tion? What if one of the premises is ei ther a
tau tol ogy or a con tra dic tion?

1.3 Vari ables and Sets
In math e mat i cal rea son ing it is of ten nec es sary to make state ments
about ob jects that are rep re sented by let ters called vari ables. For ex am‐ 
ple, if the vari able x is used to stand for a num ber in some prob lem, we
might be in ter ested in the state ment “x is a prime num ber.” Al though
we may some times use a sin gle let ter, say P, to stand for this state ment,
at other times we will re vise this no ta tion slightly and write P(x), to
stress that this is a state ment about x. The lat ter no ta tion makes it easy
to talk about as sign ing a value to x in the state ment. For ex am ple, P(7)
would rep re sent the state ment “7 is a prime num ber,” and P(a + b)
would mean “a + b is a prime num ber.” If a state ment con tains more
than one vari able, our ab bre vi a tion for the state ment will in clude a list
of all the vari ables in volved. For ex am ple, we might rep re sent the state‐ 
ment “p is di vis i ble by q” by D(p, q). In this case, D(12, 4) would mean
“12 is di vis i ble by 4.”

Al though you have prob a bly seen vari ables used most of ten to stand
for num bers, they can stand for any thing at all. For ex am ple, we could
let M(x) stand for the state ment “x is a man,” and W(x) for “x is a
woman.” In this case, we are us ing the vari able x to stand for a per son.
A state ment might even con tain sev eral vari ables that stand for dif fer‐ 
ent kinds of ob jects. For ex am ple, in the state ment “x has y chil dren,”
the vari able x stands for a per son, and y stands for a num ber.

State ments in volv ing vari ables can be com bined us ing con nec tives,
just like state ments with out vari ables.

Ex am ple 1.3.1. An a lyze the log i cal forms of the fol low ing state ments:

1. x is a prime num ber, and ei ther y or z is di vis i ble by x.
2. x is a man and y is a woman and x likes y, but y doesn’t like x.

So lu tions
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1. We could let P stand for the state ment “x is a prime num ber,” D
for “y is di vis i ble by x,” and E for “z is di vis i ble by x.” The en tire
state ment would then be rep re sented by the for mula P ∧ (D ∨
E). But this anal y sis, though not in cor rect, fails to cap ture the re‐ 
la tion ship be tween the state ments D and E. A bet ter anal y sis
would be to let P(x) stand for “x is a prime num ber” and D(y, x)
for “y is di vis i ble by x.” Then D(z, x) would mean “z is di vis i ble
by x,” so the en tire state ment would be P(x)∧(D(y, x)∨D(z, x)).

2. Let M(x) stand for “x is a man,” W(y) for “y is a woman,” and L(x,
y) for “x likes y.” Then L(y, x) would mean “y likes x.” (No tice
that the or der of the vari ables af ter the L makes a dif fer ence!) The
en tire state ment would then be rep re sented by the for mula M(x)
∧ W(y) ∧ L(x, y) ∧ ¬L(y, x).

In the last sec tion, we in tro duced the idea of as sign ing truth val ues to
state ments. This idea is un prob lem atic for state ments that do not con‐ 
tain vari ables, since such state ments are ei ther true or false. But if a
state ment con tains vari ables, we can no longer de scribe the state ment
as be ing sim ply true or false. Its truth value might de pend on the val ues
of the vari ables in volved. For ex am ple, if P(x) stands for the state ment
“x is a prime num ber,” then P(x) would be true if x = 23, but false if x =
22. To deal with this com pli ca tion, we will de fine truth sets for state‐ 
ments con tain ing vari ables. Be fore giv ing this def i ni tion, though, it
might be help ful to re view some ba sic def i ni tions from set the ory.

A set is a col lec tion of ob jects. The ob jects in the col lec tion are
called the el e ments of the set. The sim plest way to spec ify a par tic u lar
set is to list its el e ments be tween braces. For ex am ple, {3, 7, 14} is the
set whose el e ments are the three num bers 3, 7, and 14. We use the sym‐ 
bol ∈ to mean is an el e ment of. For ex am ple, if we let A stand for the
set {3, 7, 14}, then we could write 7 ∈ A to say that 7 is an el e ment of
A. To say that 11 is not an el e ment of A, we write 11 ∉ A.

A set is com pletely de ter mined once its el e ments have been spec i‐ 
fied. Thus, two sets that have ex actly the same el e ments are al ways
equal. Also, when a set is de fined by list ing its el e ments, all that mat‐ 
ters is which ob jects are in the list of el e ments, not the or der in which
they are listed. An el e ment can even ap pear more than once in the list.
Thus, {3, 7, 14}, {14, 3, 7}, and {3, 7, 14, 7} are three dif fer ent names
for the same set.
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It may be im prac ti cal to de fine a set that con tains a very large num‐ 
ber of el e ments by list ing all of its el e ments, and it would be im pos si‐ 
ble to give such a def i ni tion for a set that con tains in fin itely many el e‐ 
ments. Of ten this prob lem can be over come by list ing a few el e ments
with an el lip sis (…) af ter them, if it is clear how the list should be con‐ 
tin ued. For ex am ple, sup pose we de fine a set B by say ing that B = {2, 3,
5, 7, 11, 13, 17, …}. Once you rec og nize that the num bers listed in the
def i ni tion of B are the prime num bers, then you know that, for ex am ple,
23 ∈ B, even though it wasn’t listed ex plic itly when we de fined B. But
this method re quires recog ni tion of the pat tern in the list of num bers in
the def i ni tion of B, and this re quire ment in tro duces an el e ment of am bi‐ 
gu ity and sub jec tiv ity into our no ta tion that is best avoided in math e‐ 
mat i cal writ ing. It is there fore usu ally bet ter to de fine such a set by
spell ing out the pat tern that de ter mines the el e ments of the set.

In this case we could be ex plicit by defin ing B as fol lows:

B = {x | x is a prime num ber}.

This is read “B is equal to the set of all x such that x is a prime num‐ 
ber,” and it means that the el e ments of B are the val ues of x that make
the state ment “x is a prime num ber” come out true. You should think of
the state ment “x is a prime num ber” as an el e ment hood test for the set.
Any value of x that makes this state ment come out true passes the test
and is an el e ment of the set. Any thing else fails the test and is not an el‐ 
e ment. Of course, in this case the val ues of x that make the state ment
true are pre cisely the prime num bers, so this def i ni tion says that B is
the set whose el e ments are the prime num bers, ex actly as be fore.

Ex am ple 1.3.2. Re write these set def i ni tions us ing el e ment hood tests:

1. E = {2, 4, 6, 8,…}.
2. P = {George Wash ing ton, John Adams, Thomas Jef fer son, James

Madi son, …}.

So lu tions

Al though there might be other ways of con tin u ing these lists of el e‐ 
ments, prob a bly the most nat u ral ones are given by the fol low ing def i‐ 
ni tions:

1. E = {n | n is a pos i tive even in te ger}.
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2. P = {z | z was a pres i dent of the United States}.

If a set has been de fined us ing an el e ment hood test, then that test can
be used to de ter mine whether or not some thing is an el e ment of the set.
For ex am ple, con sider the set {x | x2 < 9}. If we want to know if 5 is an
el e ment of this set, we sim ply ap ply the el e ment hood test in the def i ni‐ 
tion of the set – in other words, we check whether or not 52 < 9. Since
52 = 25 > 9, it fails the test, so 5 ∉ {x | x2 < 9}. On the other hand,
(−2)2 = 4 < 9, so −2 ∈ {x | x2 < 9}. The same rea son ing would ap ply to
any other num ber. For any num ber y, to de ter mine whether or not y ∈
{x | x2 < 9}, we just check whether or not y2 < 9. In fact, we could think
of the state ment y ∈ {x | x2 < 9} as just a round about way of say ing y2

< 9.
No tice that be cause the state ment y ∈ {x | x2 < 9} means the same

thing as y2 < 9, it is a state ment about y, but not x! To de ter mine
whether or not y ∈ {x | x2 < 9} you need to know what y is (so you can
com pare its square to 9), but not what x is. We say that in the state ment
y ∈ {x | x2 < 9}, y is a free vari able, whereas x is a bound vari able (or a
dummy vari able). The free vari ables in a state ment stand for ob jects that
the state ment says some thing about. Plug ging in dif fer ent val ues for a
free vari able af fects the mean ing of a state ment and may change its
truth value. The fact that you can plug in dif fer ent val ues for a free
vari able means that it is free to stand for any thing. Bound vari ables, on
the other hand, are sim ply let ters that are used as a con ve nience to help
ex press an idea and should not be thought of as stand ing for any par tic‐ 
u lar ob ject. A bound vari able can al ways be re placed by a new vari able
with out chang ing the mean ing of the state ment, and of ten the state ment
can be re phrased so that the bound vari ables are elim i nated al to gether.
For ex am ple, the state ments y ∈ {x | x2 < 9} and y ∈ {w | w2 < 9}
mean the same thing, be cause they both mean “y is an el e ment of the
set of all num bers whose squares are less than 9.” In this last state ment,
all bound vari ables have been elim i nated, and the only vari able that ap‐ 
pears in the state ment is the free vari able y.

Note that x is a bound vari able in the state ment y ∈ {x | x2 < 9} even
though it is a free vari able in the state ment x2 < 9. This last state ment is
a state ment about x that would be true for some val ues of x and false for
oth ers. It is only when this state ment is used in side the el e ment hood
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test no ta tion that x be comes a bound vari able. We could say that the no‐ 
ta tion {x | …} binds the vari able x.

Ev ery thing we have said about the set {x | x2 < 9} would ap ply to any
set de fined by an el e ment hood test. In gen eral, the state ment y ∈ {x |
P(x)} means the same thing as P(y), which is a state ment about y but
not x. Sim i larly, y ∉ {x | P(x)} means the same thing as ¬P(y). Of
course, the ex pres sion {x | P(x)} is not a state ment at all; it is a name
for a set. As you learn more math e mat i cal no ta tion, it will be come in‐ 
creas ingly im por tant to make sure you are care ful to dis tin guish be‐ 
tween ex pres sions that are math e mat i cal state ments and ex pres sions
that are names for math e mat i cal ob jects.

Ex am ple 1.3.3. What do these state ments mean? What are the free
vari ables in each state ment?

1. a + b ∉ {x | x is an even num ber}.

2. y ∈ {x | x is di vis i ble by w}.

3. 2 ∈ {w | 6 ∉ {x | x is di vis i ble by w}}.

So lu tions

1. This state ment says that a + b is not an el e ment of the set of all
even num bers, or in other words, a + b is not an even num ber.
Both a and b are free vari ables, but x is a bound vari able. The
state ment will be true for some val ues of a and b and false for
oth ers.

2. This state ment says that y is di vis i ble by w. Both y and w are free
vari ables, but x is a bound vari able. The state ment is true for
some val ues of y and w and false for oth ers.

3. This looks quite com pli cated, but if we go a step at a time, we can
de ci pher it. First, note that the state ment 6 ∉ {x | x is di vis i ble by
w}, which ap pears in side the given state ment, means the same
thing as “6 is not di vis i ble by w.” Sub sti tut ing this into the given
state ment, we find that the orig i nal state ment is equiv a lent to the
sim pler state ment 2 ∈ {w | 6 is not di vis i ble by w}. But this just
means the same thing as “6 is not di vis i ble by 2.” Thus, the state‐ 
ment has no free vari ables, and both x and w are bound vari ables.
Be cause there are no free vari ables, the truth value of the state‐ 
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ment doesn’t de pend on the val ues of any vari ables. In fact, since
6 is di vis i ble by 2, the state ment is false.

Per haps you have guessed by now how we can use set the ory to help
us un der stand truth val ues of state ments con tain ing free vari ables. As
we have seen, a state ment, say P(x), con tain ing a free vari able x, may
be true for some val ues of x and false for oth ers. To dis tin guish the val‐ 
ues of x that make P(x) true from those that make it false, we could
form the set of val ues of x for which P(x) is true. We will call this set
the truth set of P(x).

Def i ni tion 1.3.4. The truth set of a state ment P(x) is the set of all val‐ 
ues of x that make the state ment P(x) true. In other words, it is the set
de fined by us ing the state ment P(x) as an el e ment hood test: {x | P(x)}.

Note that we have de fined truth sets only for state ments con tain ing
one free vari able. We will dis cuss truth sets for state ments with more
than one free vari able in Chap ter 4.

Ex am ple 1.3.5. What are the truth sets of the fol low ing state ments?

1. Shake speare wrote x.
2. n is an even prime num ber.

So lu tions

1. {x | Shake speare wrote x} = {Ham let, Mac beth, Twelfth Night,
…}.

2. {n | n is an even prime num ber}. Be cause the only even prime
num ber is 2, this is the set {2}. Note that 2 and {2} are not the
same thing! The first is a num ber, and the sec ond is a set whose
only el e ment is a num ber. Thus, 2 ∈ {2}, but 2 = {2}.

Sup pose A is the truth set of a state ment P(x). Ac cord ing to the def i‐ 
ni tion of truth set, this means that A = {x | P(x)}. We’ve al ready seen
that for any ob ject y, the state ment y ∈ {x | P(x)} means the same thing
as P(y). Sub sti tut ing in A for {x | P(x)}, it fol lows that y ∈ A means the
same thing as P(y). Thus, we see that in gen eral, if A is the truth set of
P(x), then to say that y ∈ A means the same thing as say ing P(y).

When a state ment con tains free vari ables, it is of ten clear from con‐ 
text that these vari ables stand for ob jects of a par tic u lar kind. The set of
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all ob jects of this kind – in other words, the set of all pos si ble val ues
for the vari ables – is called the uni verse of dis course for the state ment,
and we say that the vari ables range over this uni verse. For ex am ple, in
most con texts the uni verse for the state ment x2 < 9 would be the set of
all real num bers; the uni verse for the state ment “x is a man” might be
the set of all peo ple.

Cer tain sets come up of ten in math e mat ics as uni verses of dis course,
and it is con ve nient to have fixed names for them. Here are a few of the
most im por tant ones:
R = {x | x is a real num ber}.
Q = {x | x is a ra tio nal num ber}.
(Re call that a real num ber is any num ber on the num ber line, and a ra‐ 
tio nal num ber is a num ber that can be writ ten as a frac tion p/q, where p
and q are in te gers.)
Z = {x | x is an in te ger} = {…, −3, −2, −1, 0, 1, 2, 3, …}.
N = {x | x is a nat u ral num ber} = {0, 1, 2, 3, …}.
(Some books in clude 0 as a nat u ral num ber and some don’t. In this
book, we con sider 0 to be a nat u ral num ber.)
The let ters R, Q, and Z can be fol lowed by a su per script + or − to in di‐ 
cate that only pos i tive or neg a tive num bers are to be in cluded in the set.
For ex am ple, R+ = {x | x is a pos i tive real num ber}, and Z− = {x | x is a
neg a tive in te ger}.

Al though the uni verse of dis course can usu ally be de ter mined from
con text, it is some times use ful to iden tify it ex plic itly. Con sider a state‐ 
ment P(x) with a free vari able x that ranges over a uni verse U. Al though
we have writ ten the truth set of P(x) as {x | P(x)}, if there were any pos‐ 
si bil ity of con fu sion about what the uni verse was, we could spec ify it
ex plic itly by writ ing {x ∈ U | P(x)}; this is read “the set of all x in U
such that P(x).” This no ta tion in di cates that only el e ments of U are to
be con sid ered for el e ment hood in this truth set, and among el e ments of
U, only those that pass the el e ment hood test P(x) will ac tu ally be in the
truth set. For ex am ple, con sider again the state ment x2 < 9. If the uni‐ 
verse of dis course for this state ment were the set of all real num bers,
then its truth set would be {x ∈ R | x2 < 9}, or in other words, the set of
all real num bers be tween −3 and 3. But if the uni verse were the set of
all in te gers, then the truth set would be {x ∈ Z | x2 < 9} = {−2, −1, 0, 1,
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2}. Thus, for ex am ple, 1.58 ∈ {x ∈ R | x2 < 9} but 1.58 ∉ {x ∈ Z | x2

< 9}. Clearly, the choice of uni verse can some times make a dif fer ence!
Some times this ex plicit no ta tion is used not to spec ify the uni verse

of dis course but to re strict at ten tion to just a part of the uni verse. For
ex am ple, in the case of the state ment x2 < 9, we might want to con sider
the uni verse of dis course to be the set of all real num bers, but in the
course of some rea son ing in volv ing this state ment we might want to
tem po rar ily re strict our at ten tion to only pos i tive real num bers. We
might then be in ter ested in the set {x ∈ R+ | x2 < 9}. As be fore, this no‐ 
ta tion in di cates that only pos i tive real num bers will be con sid ered for
el e ment hood in this set, and among pos i tive real num bers, only those
whose square is less than 9 will be in the set. Thus, for a num ber to be
an el e ment of this set, it must pass two tests: it must be a pos i tive real
num ber, and its square must be less than 9. In other words, the state‐ 
ment y ∈ {x ∈ R+ | x2 < 9} means the same thing as y ∈ R+ ∧ y2 < 9.
In gen eral, y ∈ {x ∈ A | P(x)} means the same thing as y ∈ A ∧ P(y).

When a new math e mat i cal con cept has been de fined, math e ma ti cians
are usu ally in ter ested in study ing any pos si ble ex tremes of this con cept.
For ex am ple, when we dis cussed truth ta bles, the ex tremes we stud ied
were state ments whose truth ta bles con tained only T’s (tau tolo gies) or
only F’s (con tra dic tions). For the con cept of the truth set of a state ment
con tain ing a free vari able, the cor re spond ing ex tremes would be the
truth sets of state ments that are al ways true or al ways false. Sup pose
P(x) is a state ment con tain ing a free vari able x that ranges over a uni‐ 
verse U. It should be clear that if P(x) comes out true for ev ery value of
x in U, then the truth set of P(x) will be the whole uni verse U. For ex‐ 
am ple, since the state ment x2 ≥ 0 is true for ev ery real num ber x, the
truth set of this state ment is {x ∈ R | x2 ≥ 0} = R. Of course, this is not
un re lated to the con cept of a tau tol ogy. For ex am ple, since P ∨ ¬P is a
tau tol ogy, the state ment P(x) ∨ ¬P(x) will be true for ev ery x ∈ U, no
mat ter what state ment P(x) stands for or what the uni verse U is, and
there fore the truth set of the state ment P(x) ∨ ¬P(x) will be U.

For a state ment P(x) that is false for ev ery pos si ble value of x, noth‐ 
ing in the uni verse can pass the el e ment hood test for the truth set of
P(x), and so this truth set must have no el e ments. The idea of a set with
no el e ments may sound strange, but it arises nat u rally when we con‐ 
sider truth sets for state ments that are al ways false. Be cause a set is
com pletely de ter mined once its el e ments have been spec i fied, there is
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only one set that has no el e ments. It is called the empty set, or the null
set, and is of ten de noted ∅. For ex am ple, {x ∈ Z | x = x} = ∅. Since
the empty set has no el e ments, the state ment x ∈ ∅ is an ex am ple of a
state ment that is al ways false, no mat ter what x is.

An other com mon no ta tion for the empty set is based on the fact that
any set can be named by list ing its el e ments be tween braces. Since the
empty set has no el e ments, we write noth ing be tween the braces, like
this: ∅ = {}. Note that {∅} is not cor rect no ta tion for the empty set.
Just as we saw ear lier that 2 and {2} are not the same thing, ∅ is not
the same as {∅}. The first is a set with no el e ments, whereas the sec‐ 
ond is a set with one el e ment, that one el e ment be ing ∅, the empty set.

Ex er cises
*1. An a lyze the log i cal forms of the fol low ing state ments:
(a) 3 is a com mon di vi sor of 6, 9, and 15. (Note: You did this in ex er‐ 

cise 2 of Sec tion 1.1, but you should be able to give a bet ter an‐ 
swer now.)

(b) x is di vis i ble by both 2 and 3 but not 4.
(c) x and y are nat u ral num bers, and ex actly one of them is prime.
2. An a lyze the log i cal forms of the fol low ing state ments:

(a) x and y are men, and ei ther x is taller than y or y is taller than x.
(b) Ei ther x or y has brown eyes, and ei ther x or y has red hair.
(c) Ei ther x or y has both brown eyes and red hair.
*3. Write def i ni tions us ing el e ment hood tests for the fol low ing sets:
(a) {Mer cury, Venus, Earth, Mars, Jupiter, Sat urn, Uranus, Nep tune}.
(b) {Brown, Co lum bia, Cor nell, Dart mouth, Har vard, Prince ton, Uni‐ 

ver sity of Penn syl va nia, Yale}.
(c) {Al abama, Alaska, Ari zona, . . . , Wis con sin, Wyoming}.
(d) {Al berta, British Co lum bia, Man i toba, New Bruns wick, New‐ 

found land and Labrador, North west Ter ri to ries, Nova Sco tia,
Nunavut, On tario, Prince Ed ward Is land, Que bec, Saskatchewan,
Yukon}.

4. Write def i ni tions us ing el e ment hood tests for the fol low ing sets:
(a) {1, 4, 9, 16, 25, 36, 49, …}.
(b) {1, 2, 4, 8, 16, 32, 64, …}.
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(c) {10, 11, 12, 13, 14, 15, 16, 17, 18, 19}.
*5. Sim plify the fol low ing state ments. Which vari ables are free and

which are bound? If the state ment has no free vari ables, say
whether it is true or false.

(a) −3 ∈ {x ∈ R | 13 − 2x > 1}.
(b) 4 ∈ {x ∈ R− | 13 − 2x > 1}.
(c) 5 ∉ {x ∈ R | 13 − 2x > c}.

6. Sim plify the fol low ing state ments. Which vari ables are free and
which are bound? If the state ment has no free vari ables, say
whether it is true or false.

(a) w ∈ {x ∈ R | 13 − 2x > c}.
(b) 4 ∈ {x ∈ R | 13 − 2x ∈ {y | y is a prime num ber}}. (It might

make this state ment eas ier to read if we let P = {y | y is a prime
num ber}; us ing this no ta tion, we could re write the state ment as 4
∈ {x ∈ R | 13 − 2x ∈ P}.)

(c) 4 ∈ {x ∈ {y | y is a prime num ber} | 13 − 2x > 1}. (Us ing the
same no ta tion as in part (b), we could write this as 4 ∈ {x ∈ P |
13 − 2x > 1}.)

7. List the el e ments of the fol low ing sets:
(a) {x ∈ R | 2x2 + x − 1 = 0}.
(b) {x ∈ R+ | 2x2 + x − 1 = 0}.
(c) {x ∈ Z | 2x2 + x − 1 = 0}.
(d) {x ∈ N | 2x2 + x − 1 = 0}.

*8. What are the truth sets of the fol low ing state ments? List a few el‐ 
e ments of the truth set if you can.

(a) Eliz a beth Tay lor was once mar ried to x.
(b) x is a log i cal con nec tive stud ied in Sec tion 1.1.
(c) x is the au thor of this book.
9. What are the truth sets of the fol low ing state ments? List a few el‐ 

e ments of the truth set if you can.
(a) x is a real num ber and x2 − 4 x + 3 = 0.
(b) x is a real num ber and x2 − 2 x + 3 = 0.
(c) x is a real num ber and 5 ∈ {y ∈ R | x2 + y2 < 50}.
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1.4 Op er a tions on Sets
Sup pose A is the truth set of a state ment P(x) and B is the truth set of
Q(x). What are the truth sets of the state ments P(x) ∧ Q(x), P(x) ∨
Q(x), and ¬P(x)? To an swer these ques tions, we in tro duce some ba sic
op er a tions on sets.

Def i ni tion 1.4.1. The in ter sec tion of two sets A and B is the set A ∩ B
de fined as fol lows:

The union of A and B is the set A ∪ B de fined as fol lows:

The dif fer ence of A and B is the set A \ B de fined as fol lows:

Re mem ber that the state ments that ap pear in these def i ni tions are el‐ 
e ment-hood tests. Thus, for ex am ple, the def i ni tion of A ∩ B says that
for an ob ject to be an el e ment of A ∩ B, it must be an el e ment of both A
and B. In other words, A ∩ B is the set con sist ing of the el e ments that A
and B have in com mon. Be cause the word or is al ways in ter preted as in‐ 
clu sive or in math e mat ics, any thing that is an el e ment of ei ther A or B,
or both, will be an el e ment of A ∪ B. Thus, we can think of A ∪ B as the
set re sult ing from throw ing all the el e ments of A and B to gether into
one set. A\ B is the set you would get if you started with the set A and
re moved from it any el e ments that were also in B.

Ex am ple 1.4.2. Sup pose A = {1, 2, 3, 4, 5} and B = {2, 4, 6, 8, 10}.
List the el e ments of the fol low ing sets:

1. A ∩ B.
2. A ∪ B.

3. A \ B.
4. (A ∪ B) \ (A ∩ B).

5. (A \ B) ∪ (B \ A).
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So lu tions

1. A ∩ B = {2, 4}.
2. A ∪ B = {1, 2, 3, 4, 5, 6, 8, 10}.

3. A \ B = {1, 3, 5}.
4. We have just com puted A ∪ B and A ∩ B in so lu tions 1 and 2, so

all we need to do is start with the set A ∪ B from so lu tion 2 and
re move from it any el e ments that are also in A ∩ B. The an swer is
(A ∪ B) \ (A ∩ B) = {1, 3, 5, 6, 8, 10}.

5. We al ready have the el e ments of A \ B listed in so lu tion 3, and B \
A = {6, 8, 10}. Thus, their union is (A \ B) ∪ (B \ A) = {1, 3, 5, 6,
8, 10}. Is it just a co in ci dence that this is the same as the an swer
to part 4?

Ex am ple 1.4.3. Sup pose A = {x | x is a man} and B = {x | x has brown
hair}. What are A ∩ B, A ∪ B, and A \ B?

So lu tion

By def i ni tion, A ∩ B = {x | x ∈ A and x ∈ B}. As we saw in the last
sec tion, the def i ni tions of A and B tell us that x ∈ A means the same
thing as “x is a man,” and x ∈ B means the same thing as “x has brown
hair.” Plug ging this into the def i ni tion of A ∩ B, we find that

A ∩ B = {x | x is a man and x has brown hair}.

Sim i lar rea son ing shows that

A ∪ B = {x | ei ther x is a man or x has brown hair}

and

A \ B = {x | x is a man and x does not have brown hair}.

Some times it is help ful when work ing with op er a tions on sets to draw
pic tures of the re sults of these op er a tions. One way to do this is with di‐ 
a grams like that in Fig ure 1.7. This is called a Venn di a gram. The in te‐ 
rior of the rec tan gle en clos ing the di a gram rep re sents the uni verse of
dis course U, and the in te ri ors of the two cir cles rep re sent the two sets A
and B. Other sets formed by com bin ing these sets would be rep re sented
by dif fer ent re gions in the di a gram. For ex am ple, the shaded re gion in
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Fig ure 1.8 is the re gion com mon to the in te ri ors of the cir cles rep re‐ 
sent ing A and B, and so it rep re sents the set A ∩ B. Fig ures 1.9 and 1.10
show the re gions rep re sent ing A ∪ B and A \ B, re spec tively.

Fig ure 1.7.

Fig ure 1.8. A ∩ B.

Fig ure 1.9. A ∪ B.

Fig ure 1.10. A \ B.
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Here’s an ex am ple of how Venn di a grams can help us un der stand op‐ 
er a tions on sets. In Ex am ple 1.4.2 the sets (A ∪ B) \ (A ∩ B) and (A \ B)
∪ (B \ A) turned out to be equal, for a par tic u lar choice of A and B. You
can see by mak ing Venn di a grams for both sets that this was not a co in‐ 
ci dence. You’ll find that both Venn di a grams look like Fig ure 1.11.
Thus, these sets will al ways be equal, no mat ter what the sets A and B
are, be cause both sets will al ways be the set of ob jects that are el e ments
of ei ther A or B but not both. This set is called the sym met ric dif fer ence
of A and B and is writ ten A Δ B. In other words, A Δ B = (A \ B) ∪ (B \
A) = (A ∪ B) \ (A ∩ B). Later in this sec tion we’ll see an other ex pla na‐ 
tion of why these sets are al ways equal.

Fig ure 1.11. (A ∪ B) \ (A ∩ B) = (A \ B) ∪ (B \ A).

Let’s re turn now to the ques tion with which we be gan this sec tion. If
A is the truth set of a state ment P(x) and B is the truth set of Q(x), then,
as we saw in the last sec tion, x ∈ A means the same thing as P(x) and x
∈ B means the same thing as Q(x). Thus, the truth set of P(x) ∧ Q(x) is
{x | P(x) ∧ Q(x)} = {x | x ∈ A ∧ x ∈ B} = A ∩ B. This should make
sense. It just says that the truth set of P(x) ∧ Q(x) con sists of those el e‐ 
ments that the truth sets of P(x) and Q(x) have in com mon – in other
words, the val ues of x that make both P(x) and Q(x) come out true. We
have al ready seen an ex am ple of this. In Ex am ple 1.4.3 the sets A and B
were the truth sets of the state ments “x is a man” and “x has brown
hair,” and A ∩ B turned out to be the truth set of “x is a man and x has
brown hair.”

Sim i lar rea son ing shows that the truth set of P(x) ∨ Q(x) is A ∪ B.
To find the truth set of ¬P(x), we need to talk about the uni verse of dis‐ 
course U. The truth set of ¬P(x) will con sist of those el e ments of the
uni verse for which P(x) is false, and we can find this set by start ing
with U and re mov ing from it those el e ments for which P(x) is true.
Thus, the truth set of ¬P(x) is U \ A.
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These ob ser va tions about truth sets il lus trate the fact that the set the‐ 
ory op er a tions ∩, ∪, and \ are re lated to the log i cal con nec tives ∧, ∨,
and ¬. This shouldn’t be sur pris ing, since af ter all the words and, or,
and not ap pear in their def i ni tions. (The word not doesn’t ap pear ex plic‐ 
itly, but it’s there, hid den in the math e mat i cal sym bol ∉ in the def i ni‐ 
tion of the dif fer ence of two sets.) It is im por tant to re mem ber, though,
that al though the set the ory op er a tions and log i cal con nec tives are re‐ 
lated, they are not in ter change able. The log i cal con nec tives can only be
used to com bine state ments, whereas the set the ory op er a tions must be
used to com bine sets. For ex am ple, if A is the truth set of P(x) and B is
the truth set of Q(x), then we can say that A ∩ B is the truth set of P(x)
∧ Q(x), but ex pres sions such as A ∧ B or P(x) ∩ Q(x) are com pletely
mean ing less and should never be used.

The re la tion ship be tween set the ory op er a tions and log i cal con nec‐ 
tives also be comes ap par ent when we an a lyze the log i cal forms of state‐ 
ments about in ter sec tions, unions, and dif fer ences of sets. For ex am ple,
ac cord ing to the def i ni tion of in ter sec tion, to say that x ∈ A ∩ B means
that x ∈ A ∧ x ∈ B. Sim i larly, to say that x ∈ A ∪ B means that x ∈
A ∨ x ∈ B, and x ∈ A \ B means x ∈ A ∧ x ∉ B, or in other words x
∈ A ∧ ¬(x ∈ B). We can com bine these rules when an a lyz ing state‐ 
ments about more com plex sets.

Ex am ple 1.4.4. An a lyze the log i cal forms of the fol low ing state ments:

1. x ∈ A ∩ (B ∪ C).

2. x ∈ A \ (B ∩ C).

3. x ∈ (A ∩ B) ∪ (A ∩ C).

So lu tions

1. x ∈ A ∩ (B ∪ C)

2. x ∈ A \ (B ∩ C)
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3. x ∈ (A ∩ B) ∪ (A ∩ C)

Look again at the so lu tions to parts 1 and 3 of Ex am ple 1.4.4. You
should rec og nize that the state ments we ended up with in these two
parts are equiv a lent. (If you don’t, look back at the dis tribu tive laws in
Sec tion 1.2.) This equiv a lence means that the state ments x ∈ A ∩ (B ∪
C) and x ∈ (A ∩ B) ∪ (A ∩ C) are equiv a lent. In other words, the ob‐ 
jects that are el e ments of the set A∩(B ∪ C) will be pre cisely the same
as the ob jects that are el e ments of (A ∩ B) ∪ (A ∩ C), no mat ter what
the sets A, B, and C are. But re call that sets with the same el e ments are
equal, so it fol lows that for any sets A, B, and C, A ∩ (B ∪ C) = (A ∩ B)
∪ (A ∩ C). An other way to see this is with the Venn di a gram in Fig ure
1.12. Our ear lier Venn di a grams had two cir cles, be cause in pre vi ous
ex am ples only two sets were be ing com bined. This Venn di a gram has
three cir cles, which rep re sent the three sets A, B, and C that are be ing
com bined in this case. Al though it is pos si ble to cre ate Venn di a grams
for more than three sets, it is rarely done, be cause it can not be done
with over lap ping cir cles. For more on Venn di a grams for more than
three sets, see ex er cise 12.

Fig ure 1.12. A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C).

Thus, we see that a dis tribu tive law for log i cal con nec tives has led to
a dis tribu tive law for set the ory op er a tions. You might guess that be‐ 
cause there were two dis tribu tive laws for the log i cal con nec tives, with
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∧ and ∨ play ing op po site roles in the two laws, there might be two
dis tribu tive laws for set the ory op er a tions too. The sec ond dis tribu tive
law for sets should say that for any sets A, B, and C, A ∪ (B ∩ C) = (A ∪
B) ∩ (A ∪ C). You can ver ify this for your self by writ ing out the state‐ 
ments x ∈ A ∪ (B ∩ C) and x ∈ (A ∪ B) ∩ (A ∪ C) us ing log i cal con‐ 
nec tives and ver i fy ing that they are equiv a lent, us ing the sec ond dis‐ 
tribu tive law for the log i cal con nec tives ∧ and ∨. An other way to see
it is to make a Venn di a gram.

We can de rive an other set the ory iden tity by find ing a state ment
equiv a lent to the state ment we ended up with in part 2 of Ex am ple
1.4.4:

x ∈ A \ (B ∩ C)  

is equiv a lent to x ∈ A
¬(x ∈ B ∧ x ∈ C)

(Ex am ple 1.4.4),

which is equiv a lent to x ∈
A ∧(x ∉ B ∨ x ∉ C)

(De Mor gan’s law),

which is equiv a lent to (x ∈
A ∧ x ∉ B) ∨ (x ∈ A ∧
x ∉ C)

(dis tribu tive law),

which is equiv a lent to (x ∈
A \ B) ∨ (x ∈ A \ C)

(def i ni tion of \),

which is equiv a lent to x ∈
(A \ B) ∪ (A \ C)

(def i ni tion of ∪).

Thus, we have shown that for any sets A, B, and C, we have A \ (B ∩ C)
= (A\ B) ∪ (A \ C). Once again, you can ver ify this with a Venn di a gram
as well.

Ear lier we promised an al ter na tive way to check the iden tity (A ∪ B)
\ (A ∩ B)= (A \ B) ∪ (B \ A). You should see now how this can be done.
First, we write out the log i cal forms of the state ments x ∈ (A ∪ B) \ (A
∩ B) and x ∈ (A \ B) ∪ (B \ A):
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You can now check, us ing equiv a lences from Sec tion 1.2, that these
state ments are equiv a lent. An al ter na tive way to check the equiv a lence
is with a truth ta ble. To sim plify the truth ta ble, let’s use P and Q as ab‐ 
bre vi a tions for the state ments x ∈ A and x ∈ B. Then we must check
that the for mu las (P ∨ Q) ∧ ¬(P ∧ Q) and (P ∧ ¬Q) ∨ (Q ∧ ¬P) are
equiv a lent. The truth ta ble in Fig ure 1.13 shows this.

Fig ure 1.13.

Def i ni tion 1.4.5. Sup pose A and B are sets. We will say that A is a sub‐ 
set of B if ev ery el e ment of A is also an el e ment of B. We write A ⊆ B
to mean that A is a sub set of B. A and B are said to be dis joint if they
have no el e ments in com mon. Note that this is the same as say ing that
the set of el e ments they have in com mon is the empty set, or in other
words A ∩ B = ∅.

Ex am ple 1.4.6. Sup pose A = {red, green}, B = {red, yel low, green,
pur ple}, and C = {blue, pur ple}. Then the two el e ments of A, red and
green, are both also in B, and there fore A ⊆ B. Also, A ∩ C = ∅, so A
and C are dis joint.

If we know that A ⊆ B, or that A and B are dis joint, then we might
draw a Venn di a gram for A and B dif fer ently to re flect this. Fig ures 1.14
and 1.15 il lus trate this.

Fig ure 1.14. A ⊆ B.
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Fig ure 1.15. A ∩ B = ∅.

Just as we ear lier de rived iden ti ties show ing that cer tain sets are al‐ 
ways equal, it is also some times pos si ble to show that cer tain sets are
al ways dis joint, or that one set is al ways a sub set of an other. For ex am‐ 
ple, you can see in a Venn di a gram that the sets A ∩ B and A \ B do not
over lap, and there fore they will al ways be dis joint for any sets A and B.
An other way to see this would be to write out what it means to say that
x ∈ (A ∩ B) ∩ (A \ B):

But this last state ment is clearly a con tra dic tion, so the state ment x ∈
(A∩B)∩(A\B) will al ways be false, no mat ter what x is. In other words,
noth ing can be an el e ment of (A∩B)∩(A\B), so it must be the case that
(A ∩ B)∩(A\B) = ∅. There fore, A ∩ B and A \ B are dis joint.

The next the o rem gives an other ex am ple of a gen eral fact about set
op er a tions. The proof of this the o rem il lus trates that the prin ci ples of
de duc tive rea son ing we have been study ing are ac tu ally used in math e‐ 
mat i cal proofs.

The o rem 1.4.7. For any sets A and B, (A ∪ B) \ B ⊆ A.

Proof. We must show that if some thing is an el e ment of (A ∪ B) \ B,
then it must also be an el e ment of A, so sup pose that x ∈ (A ∪ B) \ B.
This means that x ∈ A ∪ B and x ∉ B, or in other words x ∈ A ∨ x ∈
B and x ∉ B. But no tice that these state ments have the log i cal form P
∨ Q and ¬Q, and this is pre cisely the form of the premises of our very
first ex am ple of a de duc tive ar gu ment in Sec tion 1.1! As we saw in that
ex am ple, from these premises we can con clude that x ∈ A must be true.
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Thus, any thing that is an el e ment of (A ∪ B) \ B must also be an el e‐ 
ment of A, so (A ∪ B) \ B ⊆ A.

□
You might think that such a care ful ap pli ca tion of log i cal laws is not

needed to un der stand why The o rem 1.4.7 is cor rect. The set (A ∪ B) \ B
could be thought of as the re sult of start ing with the set A, adding in the
el e ments of B, and then re mov ing them again. Com mon sense sug gests
that the re sult will just be the orig i nal set A; in other words, it ap pears
that (A ∪ B) \ B = A. How ever, as you are asked to show in ex er cise 10,
this con clu sion is in cor rect. This il lus trates that in math e mat ics, you
must not al low im pre cise rea son ing to lead you to jump to con clu sions.
Ap ply ing laws of logic care fully, as we did in our proof of The o rem
1.4.7, may help you to avoid jump ing to un war ranted con clu sions.

Ex er cises
*1. Let A = {1, 3, 12, 35}, B = {3, 7, 12, 20}, and C = {x | x is a prime

num ber}. List the el e ments of the fol low ing sets. Are any of the
sets be low dis joint from any of the oth ers? Are any of the sets be‐ 
low sub sets of any oth ers?

(a) A ∩ B.
(b) (A ∪ B) \ C.
(c) A ∪ (B \ C).

2. Let A = {United States, Ger many, China, Aus tralia}, B = {Ger‐ 
many, France, In dia, Brazil}, and C = {x | x is a coun try in Eu‐ 
rope}. List the el e ments of the fol low ing sets. Are any of the sets
be low dis joint from any of the oth ers? Are any of the sets be low
sub sets of any oth ers?

(a) A ∪ B.
(b) (A ∩ B) \ C.
(c) (B ∩ C) \ A.
3. Ver ify that the Venn di a grams for (A ∪ B) \ (A ∩ B) and (A \ B) ∪

(B \ A) both look like Fig ure 1.11, as stated in this sec tion.
*4. Use Venn di a grams to ver ify the fol low ing iden ti ties:
(a) A\ (A ∩ B) = A \ B.
(b) A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C).
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5. Ver ify the iden ti ties in ex er cise 4 by writ ing out (us ing log i cal
sym bols) what it means for an ob ject x to be an el e ment of each
set and then us ing log i cal equiv a lences.

6. Use Venn di a grams to ver ify the fol low ing iden ti ties:
(a) (A ∪ B) \ C = (A \ C) ∪ (B \ C).
(b) A ∪ (B \ C) = (A ∪ B) \ (C \ A).

7. Ver ify the iden ti ties in ex er cise 6 by writ ing out (us ing log i cal
sym bols) what it means for an ob ject x to be an el e ment of each
set and then us ing log i cal equiv a lences.

8. Use any method you wish to ver ify the fol low ing iden ti ties:
(a) (A\ B) ∩ C = (A ∩ C) \ B.
(b) (A ∩ B) \ B = ∅.
(c) A\ (A \ B) = A ∩ B.
*9. For each of the fol low ing sets, write out (us ing log i cal sym bols)

what it means for an ob ject x to be an el e ment of the set. Then de‐ 
ter mine which of these sets must be equal to each other by de ter‐ 
min ing which state ments are equiv a lent.

(a) (A\ B) \ C.
(b) A\ (B \ C).
(c) (A\ B) ∪ (A ∩ C).
(d) (A\ B) ∩ (A \ C).
(e) A\ (B ∪ C).
10. It was shown in this sec tion that for any sets A and B, (A ∪ B) \ B

⊆ A.
(a) Give an ex am ple of two sets A and B for which (A ∪ B) \ B = A.
(b) Show that for all sets A and B, (A ∪ B) \ B = A \ B.
11. Sup pose A and B are sets. Is it nec es sar ily true that (A \ B) ∪ B =

A? If not, is one of these sets nec es sar ily a sub set of the other? Is
(A \ B) ∪ B al ways equal to ei ther A \ B or A ∪ B?

*12. It is claimed in this sec tion that you can not make a Venn di a gram
for four sets us ing over lap ping cir cles.

(a) What’s wrong with the fol low ing di a gram? (Hint: Where’s the set
(A ∩ D) \ (B ∪ C) ?)
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(b) Can you make a Venn di a gram for four sets us ing shapes other
than cir cles?

13. (a) Make Venn di a grams for the sets (A ∪ B) \ C and A ∪ (B \ C).
What can you con clude about whether one of these sets is
nec es sar ily a sub set of the other?

(b) Give an ex am ple of sets A, B, and C for which (A ∪ B) \ C ≠ A ∪
(B \ C).

*14. Use Venn di a grams to show that the as so cia tive law holds for
sym met ric dif fer ence; that is, for any sets A, B, and C, A(B Δ C) =
(A Δ B) C.

15. Use any method you wish to ver ify the fol low ing iden ti ties:
(a)
(b)
(c)
16. Use any method you wish to ver ify the fol low ing iden ti ties:
(a)
(b)
(c)
17. Fill in the blanks to make true iden ti ties:
(a)
(b)
(c)

1.5 The Con di tional and Bi con di tional Con nec ‐
tives
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It is time now to re turn to a ques tion we left unan swered in Sec tion 1.1.
We have seen how the rea son ing in the first and third ar gu ments in Ex‐ 
am ple 1.1.1 can be un der stood by an a lyz ing the con nec tives ∨ and ¬.
But what about the rea son ing in the sec ond ar gu ment? Re call that the
ar gu ment went like this:

If to day is Sun day, then I don’t have to go to work to day.
To day is Sun day.
There fore, I don’t have to go to work to day.

What makes this rea son ing valid?
It ap pears that the cru cial words here are if and then, which oc cur in

the first premise. We there fore in tro duce a new log i cal con nec tive, →,
and write P → Q to rep re sent the state ment “If P then Q.” This state‐ 
ment is some times called a con di tional state ment, with P as its an‐ 
tecedent and Q as its con se quent. If we let P stand for the state ment
“To day is Sun day” and Q for the state ment “I don’t have to go to work
to day,” then the log i cal form of the ar gu ment would be

Our anal y sis of the new con nec tive → should lead to the con clu sion
that this ar gu ment is valid.

Ex am ple 1.5.1. An a lyze the log i cal forms of the fol low ing state ments:

1. If it’s rain ing and I don’t have my um brella, then I’ll get wet.
2. If Mary did her home work, then the teacher won’t col lect it, and

if she didn’t, then he’ll ask her to do it on the board.

So lu tions

1. Let R stand for the state ment “It’s rain ing,” U for “I have my um‐ 
brella,” and W for “I’ll get wet.” Then state ment 1 would be rep‐ 
re sented by the for mula (R ∧ ¬U) → W.

2. Let H stand for “Mary did her home work,” C for “The teacher
will col lect it,” and B for “The teacher will ask Mary to do the
home work on the board.” Then the given state ment means (H →
¬C) ∧ (¬H → B).
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To an a lyze ar gu ments con tain ing the con nec tive → we must work out
the truth ta ble for the for mula P → Q. Be cause P → Q is sup posed to
mean that if P is true then Q is also true, we cer tainly want to say that if
P is true and Q is false then P → Q is false. If P is true and Q is also
true, then it seems rea son able to say that P → Q is true. This gives us
the last two lines of the truth ta ble in Fig ure 1.16. The re main ing two
lines of the truth ta ble are harder to fill in, al though prob a bly most peo‐ 
ple would say that if P and Q are both false then P → Q should be con‐ 
sid ered true. Thus, we can sum up our con clu sions so far with the ta ble
in Fig ure 1.16.

Fig ure 1.16.

To help us fill in the un de ter mined lines in this truth ta ble, let’s look
at an ex am ple. Con sider the state ment “If x > 2 then x2 > 4,” which we
could rep re sent with the for mula P(x) → Q(x), where P(x) stands for the
state ment x > 2 and Q(x) stands for x2 > 4. Of course, the state ments
P(x) and Q(x) con tain x as a free vari able, and each will be true for
some val ues of x and false for oth ers. But surely, no mat ter what the
value of x is, we would say it is true that if x > 2 then x2 > 4, so the con‐ 
di tional state ment P(x) → Q(x) should be true. Thus, the truth ta ble
should be com pleted in such a way that no mat ter what value we plug in
for x, this con di tional state ment comes out true.

For ex am ple, sup pose x = 3. In this case x > 2 and x2 = 9 > 4, so P(x)
and Q(x) are both true. This cor re sponds to line four of the truth ta ble in
Fig ure 1.16, and we’ve al ready de cided that the state ment P(x) → Q(x)
should come out true in this case. But now con sider the case x = 1. Then
x < 2 and x2 = 1 < 4, so P(x) and Q(x) are both false, cor re spond ing to
line one in the truth ta ble. We have ten ta tively placed a T in this line of
the truth ta ble, and now we see that this ten ta tive choice must be right.
If we put an F there, then the state ment P(x) → Q(x) would come out
false in the case x = 1, and we’ve al ready de cided that it should be true
for all val ues of x.
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Fi nally, con sider the case x = −5. Then x < 2, so P(x) is false, but x2 =
25 > 4, so Q(x) is true. Thus, in this case we find our selves in the sec‐ 
ond line of the truth ta ble, and once again, if the con di tional state ment
P(x) → Q(x) is to be true in this case, we must put a T in this line. So it
ap pears that all the ques tion able lines in the truth ta ble in Fig ure 1.16
must be filled in with T’s, and the com pleted truth ta ble for the con nec‐ 
tive → must be as shown in Fig ure 1.17.

Fig ure 1.17.

Of course, there are many other val ues of x that could be plugged into
our state ment “If x > 2 then x2 > 4”; but if you try them, you’ll find that
they all lead to line one, two, or four of the truth ta ble, as our ex am ples
x = 1, −5, and 3 did. No value of x will lead to line three, be cause you
could never have x > 2 but x2 ≤ 4. Af ter all, that’s why we said that the
state ment “If x > 2 then x2 > 4” was al ways true, no mat ter what x was!
The point of say ing that this con di tional state ment is al ways true is
sim ply to say that you will never find a value of x such that x > 2 and x2

≤ 4 – in other words, there is no value of x for which P(x) is true but
Q(x) is false. Thus, it should make sense that in the truth ta ble for P →
Q, the only line that is false is the line in which P is true and Q is false.

As the truth ta ble in Fig ure 1.18 shows, the for mula ¬P ∨ Q is also
true in ev ery case ex cept when P is true and Q is false. Thus, if we ac‐ 
cept the truth ta ble in Fig ure 1.17 as the cor rect truth ta ble for the for‐ 
mula P → Q, then we will be forced to ac cept the con clu sion that the
for mu las P → Q and ¬P ∨ Q are equiv a lent. Is this con sis tent with the
way the words if and then are used in or di nary lan guage? It may not
seem to be at first, but, at least for some uses of the words if and then, it
is.



66

Fig ure 1.18.

For ex am ple, imag ine a teacher say ing to a class, in a threat en ing
tone of voice, “You won’t ne glect your home work, or you’ll fail the
course.” Gram mat i cally, this state ment has the form ¬P ∨ Q, where P
is the state ment “You will ne glect your home work” and Q is “You’ll fail
the course.” But what mes sage is the teacher try ing to con vey with this
state ment? Clearly the in tended mes sage is “If you ne glect your home‐ 
work, then you’ll fail the course,” or in other words P → Q. Thus, in
this ex am ple, the for mu las ¬P ∨ Q and P → Q seem to mean the same
thing.

There is a sim i lar idea at work in the first state ment from Ex am ple
1.1.2, “Ei ther John went to the store, or we’re out of eggs.” In Sec tion
1.1 we rep re sented this state ment by the for mula P ∨ Q, with P stand‐ 
ing for “John went to the store” and Q for “We’re out of eggs.” But
some one who made this state ment would prob a bly be try ing to ex press
the idea that if John didn’t go to the store, then we’re out of eggs, or in
other words ¬P → Q. Thus, this ex am ple sug gests that ¬P → Q means
the same thing as P ∨ Q. In fact, we can de rive this equiv a lence from
the pre vi ous one by sub sti tut ing ¬P for P. Be cause P → Q is equiv a lent
to ¬P ∨ Q, it fol lows that ¬P → Q is equiv a lent to ¬¬P ∨ Q, which is
equiv a lent to P ∨ Q by the dou ble nega tion law.

We can de rive an other use ful equiv a lence as fol lows:

Thus, P → Q is also equiv a lent to ¬(P ∧ ¬Q). In fact, this is pre cisely
the con clu sion we reached ear lier when dis cussing the state ment “If x >
2 then x2 > 4.” We de cided then that the rea son this state ment is true for
ev ery value of x is that there is no value of x for which x > 2 and x2 ≤ 4.
In other words, the state ment P(x) ∧ ¬Q(x) is never true, where as be‐ 
fore P(x) stands for x > 2 and Q(x) for x2 > 4. But that’s the same as
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say ing that the state ment ¬(P(x) ∧ ¬Q(x)) is al ways true. Thus, to say
that P(x) → Q(x) is al ways true means the same thing as say ing that
¬(P(x) ∧ ¬Q(x)) is al ways true.

For an other ex am ple of this equiv a lence, con sider the state ment “If
it’s go ing to rain, then I’ll take my um brella.” Of course, this state ment
has the form P → Q, where P stands for the state ment “It’s go ing to
rain” and Q stands for “I’ll take my um brella.” But we could also think
of this state ment as a dec la ra tion that I won’t be caught in the rain with‐ 
out my um brella – in other words, ¬(P ∧ ¬Q).

To sum ma rize, so far we have dis cov ered the fol low ing equiv a lences
in volv ing con di tional state ments:

Con di tional laws

In case you’re still not con vinced that the truth ta ble in Fig ure 1.17 is
right, we give one more rea son. We know that, us ing this truth ta ble, we
can now an a lyze the va lid ity of de duc tive ar gu ments in volv ing the
words if and then. We’ll find, when we an a lyze a few sim ple ar gu ments,
that the truth ta ble in Fig ure 1.17 leads to rea son able con clu sions about
the va lid ity of these ar gu ments. But if we were to make any changes in
the truth ta ble, we would end up with con clu sions that are clearly in cor‐ 
rect. For ex am ple, let’s re turn to the ar gu ment form with which we
started this sec tion:

We have al ready de cided that this form of ar gu ment should be valid,
and the truth ta ble in Fig ure 1.19 con firms this. The premises are both
true only in line four of the ta ble, and in this line the con clu sion is true
as well.
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Fig ure 1.19.

You can also see from Fig ure 1.19 that both premises are needed to
make this ar gu ment valid. But if we were to change the truth ta ble for
the con di tional state ment to make P → Q false in the first line of the ta‐ 
ble, then the sec ond premise of this ar gu ment would no longer be
needed. We would end up with the con clu sion that, just from the sin gle
premise P → Q, we could in fer that Q must be true, since in the two
lines of the truth ta ble in which the premise P → Q would still be true,
lines two and four, the con clu sion Q is true too. But this doesn’t seem
right. Just know ing that if P is true then Q is true, but not know ing that
P is true, it doesn’t seem rea son able that we should be able to con clude
that Q is true. For ex am ple, sup pose we know that the state ment “If
John didn’t go to the store then we’re out of eggs” is true. Un less we
also know whether or not John has gone to the store, we can’t reach any
con clu sion about whether or not we’re out of eggs. Thus, chang ing the
first line of the truth ta ble for P → Q would lead to an in cor rect con clu‐ 
sion about the va lid ity of an ar gu ment.

Chang ing the sec ond line of the truth ta ble would also lead to un ac‐ 
cept able con clu sions about the va lid ity of ar gu ments. To see this, con‐ 
sider the ar gu ment form:

This should not be con sid ered a valid form of rea son ing. For ex am ple,
con sider the fol low ing ar gu ment, which has this form:

If Jones was con victed of mur der ing Smith, then he will go to jail.
Jones will go to jail.
There fore, Jones was con victed of mur der ing Smith.

Even if the premises of this ar gu ment are true, the con clu sion that Jones
was con victed of mur der ing Smith doesn’t fol low. Maybe the rea son he
will go to jail is that he robbed a bank or cheated on his in come tax.
Thus, the con clu sion of this ar gu ment could be false even if the
premises were true, so the ar gu ment isn’t valid.

The truth ta ble anal y sis in Fig ure 1.20 agrees with this con clu sion. In
line two of the ta ble, the con clu sion P is false, but both premises are
true, so the ar gu ment is in valid. But no tice that if we were to change the
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truth ta ble for P → Q and make it false in line two, then the truth ta ble
anal y sis would say that the ar gu ment is valid. Thus, the anal y sis of this
ar gu ment seems to sup port our de ci sion to put a T in the sec ond line of
the truth ta ble for P → Q.

Fig ure 1.20.

The last ex am ple shows that from the premises P → Q and Q it is in‐ 
cor rect to in fer P. But it would cer tainly be cor rect to in fer P from the
premises Q → P and Q. This shows that the for mu las P → Q and Q →
P do not mean the same thing. You can check this by mak ing a truth ta‐ 
ble for both and ver i fy ing that they are not equiv a lent. For ex am ple, a
per son might be lieve that, in gen eral, the state ment “If you are a con‐ 
victed mur derer then you are un trust wor thy” is true, with out be liev ing
that the state ment “If you are un trust wor thy then you are a con victed
mur derer” is gen er ally true. The for mula Q → P is called the con verse
of P → Q. It is very im por tant to make sure you never con fuse a con di‐ 
tional state ment with its con verse.

The con tra pos i tive of P → Q is the for mula ¬Q → ¬P, and it is
equiv a lent to P → Q. This may not be ob vi ous at first, but you can ver‐ 
ify it with a truth ta ble. For ex am ple, the state ments “If John cashed the
check I wrote then my bank ac count is over drawn” and “If my bank ac‐ 
count isn’t over drawn then John hasn’t cashed the check I wrote” are
equiv a lent. I would be in clined to as sert both in ex actly the same cir‐ 
cum stances – namely, if the check I wrote was for more money than I
had in my ac count. The equiv a lence of con di tional state ments and their
con tra pos i tives is used of ten in math e mat i cal rea son ing. We add it to
our list of im por tant equiv a lences:

Con tra pos i tive law

P → Q is equiv a lent to ¬Q → ¬P.

Ex am ple 1.5.2. Which of the fol low ing state ments are equiv a lent?
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1. If it’s ei ther rain ing or snow ing, then the game has been can celed.
2. If the game hasn’t been can celed, then it’s not rain ing and it’s not

snow ing.
3. If the game has been can celed, then it’s ei ther rain ing or snow ing.
4. If it’s rain ing then the game has been can celed, and if it’s snow ing

then the game has been can celed.
5. If it’s nei ther rain ing nor snow ing, then the game hasn’t been can‐ 

celed.

So lu tion

We trans late all of the state ments into the no ta tion of logic, us ing the
fol low ing ab bre vi a tions: R stands for the state ment “It’s rain ing,” S
stands for “It’s snow ing,” and C stands for “The game has been can‐ 
celed.”

1. (R ∨ S) → C.

2. ¬C → (¬R ∧ ¬S). By one of De Mor gan’s laws, this is equiv a lent
to ¬C → ¬(R ∨ S). This is the con tra pos i tive of state ment 1, so
they are equiv a lent.

3. C → (R ∨ S). This is the con verse of state ment 1, which is not
equiv a lent to it. You can ver ify this with a truth ta ble, or just think
about what the state ments mean. State ment 1 says that rain or
snow would re sult in can ce la tion of the game. State ment 3 says
that these are the only cir cum stances in which the game will be
can celed.

4. (R → C) ∧ (S → C). This is also equiv a lent to state ment 1, as the
fol low ing rea son ing shows:

You should read state ments 1 and 4 again and see if it makes
sense to you that they’re equiv a lent.
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5. ¬(R ∨ S) → ¬C. This is the con tra pos i tive of state ment 3, so they
are equiv a lent. It is not equiv a lent to state ments 1, 2, and 4.

State ments that mean P → Q come up very of ten in math e mat ics, but
some times they are not writ ten in the form “If P then Q.” Here are a
few other ways of ex press ing the idea P → Q that are used of ten in
math e mat ics:

P im plies Q.
Q, if P.
P only if Q.
P is a suf fi cient con di tion for Q.
Q is a nec es sary con di tion for P.

Some of these may re quire fur ther ex pla na tion. The sec ond ex pres‐ 
sion, “Q, if P,” is just a slight re arrange ment of the state ment “If P then
Q,” so it should make sense that it means P → Q. As an ex am ple of a
state ment of the form “P only if Q,” con sider the sen tence “You can run
for pres i dent only if you are a cit i zen.” In this case, P is “You can run
for pres i dent” and Q is “You are a cit i zen.” What the state ment means
is that if you’re not a cit i zen, then you can’t run for pres i dent, or in
other words ¬Q → ¬P. But by the con tra pos i tive law, this is equiv a lent
to P → Q.

Think of “P is a suf fi cient con di tion for Q” as mean ing “The truth of
P suf fices to guar an tee the truth of Q,” and it should make sense that
this should be rep re sented by P → Q. Fi nally, “Q is a nec es sary con di‐ 
tion for P “means that in or der for P to be true, it is nec es sary for Q to
be true also. This means that if Q isn’t true, then P can’t be true ei ther,
or in other words, ¬Q → ¬P. Once again, by the con tra pos i tive law we
get P → Q.

Ex am ple 1.5.3. An a lyze the log i cal forms of the fol low ing state ments:

1. If at least ten peo ple are there, then the lec ture will be given.
2. The lec ture will be given only if at least ten peo ple are there.
3. The lec ture will be given if at least ten peo ple are there.
4. Hav ing at least ten peo ple there is a suf fi cient con di tion for the

lec ture be ing given.
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5. Hav ing at least ten peo ple there is a nec es sary con di tion for the
lec ture be ing given.

So lu tions

Let T stand for the state ment “At least ten peo ple are there” and L for
“The lec ture will be given.”

1. T → L.
2. L → T. The given state ment means that if there are not at least ten

peo ple there, then the lec ture will not be given, or in other words
¬T → ¬L. By the con tra pos i tive law, this is equiv a lent to L → T.

3. T → L. This is just a rephras ing of state ment 1.
4. T → L. The state ment says that hav ing at least ten peo ple there

suf fices to guar an tee that the lec ture will be given, and this means
that if there are at least ten peo ple there, then the lec ture will be
given.

5. L → T. This state ment means the same thing as state ment 2: If
there are not at least ten peo ple there, then the lec ture will not be
given.

We have al ready seen that a con di tional state ment P → Q and its con‐ 
verse Q → P are not equiv a lent. Of ten in math e mat ics we want to say
that both P → Q and Q → P are true, and it is there fore con ve nient to
in tro duce a new con nec tive sym bol, ↔, to ex press this. You can think
of P ↔ Q as just an ab bre vi a tion for the for mula (P → Q) ∧ (Q → P).
A state ment of the form P ↔ Q is called a bi con di tional state ment, be‐ 
cause it rep re sents two condi-tional state ments. By mak ing a truth ta ble
for (P → Q) ∧ (Q → P) you can ver ify that the truth ta ble for P ↔ Q is
as shown in Fig ure 1.21. Note that, by the con tra pos i tive law, P ↔ Q is
also equiv a lent to (P → Q) ∧(¬P → ¬Q).

Fig ure 1.21.
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Be cause Q → P can be writ ten “P if Q” and P → Q can be writ ten “P
only if Q,” P ↔ Q means “P if Q and P only if Q,” and this is of ten
writ ten “P if and only if Q.” The phrase if and only if oc curs so of ten in
math e mat ics that there is a com mon ab bre vi a tion for it, iff. Thus, P ↔
Q is of ten writ ten “P iff Q.” An other state ment that means P ↔ Q is “P
is a nec es sary and suf fi cient con di tion for Q.”

Ex am ple 1.5.4. An a lyze the log i cal forms of the fol low ing state ments:

1. The game will be can celed iff it’s ei ther rain ing or snow ing.
2. Hav ing at least ten peo ple there is a nec es sary and suf fi cient con‐ 

di tion for the lec ture be ing given.
3. If John went to the store then we have some eggs, and if he didn’t

then we don’t.

So lu tions

1. Let C stand for “The game will be can celed,” R for “It’s rain ing,”
and S for “It’s snow ing.” Then the state ment would be rep re sented
by the for mula C↔ (R ∨ S).

2. Let T stand for “There are at least ten peo ple there” and L for
“The lec ture will be given.” Then the state ment means T ↔ L.

3. Let S stand for “John went to the store” and E for “We have some
eggs.” Then a lit eral trans la tion of the given state ment would be
(S → E) ∧ (¬ S → ¬E). This is equiv a lent to S ↔E.

One of the rea sons it’s so easy to con fuse a con di tional state ment
with its con verse is that in ev ery day speech we some times use a con di‐ 
tional state ment when what we mean to con vey is ac tu ally a bi con di‐ 
tional. For ex am ple, you prob a bly wouldn’t say “The lec ture will be
given if at least ten peo ple are there” un less it was also the case that if
there were fewer than ten peo ple, the lec ture wouldn’t be given. Af ter
all, why men tion the num ber ten at all if it’s not the min i mum num ber
of peo ple re quired? Thus, the state ment ac tu ally sug gests that the lec‐ 
ture will be given iff there are at least ten peo ple there. For an other ex‐ 
am ple, sup pose a child is told by his par ents, “If you don’t eat your din‐ 
ner, you won’t get any dessert.” The child cer tainly ex pects that if he
does eat his din ner, he will get dessert, al though that’s not lit er ally what
his par ents said. In other words, the child in ter prets the state ment as
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mean ing “Eat ing your din ner is a nec es sary and suf fi cient con di tion for
get ting dessert.”

Such a blur ring of the dis tinc tion be tween if and iff is never ac cept‐ 
able in math e mat ics. Math e ma ti cians al ways use a phrase such as iff or
nec es sary and suf fi cient con di tion when they want to ex press a bi con di‐ 
tional state ment. You should never in ter pret an if-then state ment in
math e mat ics as a bi con di tional state ment, the way you might in ev ery‐ 
day speech.

Ex er cises
*1. An a lyze the log i cal forms of the fol low ing state ments:
(a) If this gas ei ther has an un pleas ant smell or is not ex plo sive, then

it isn’t hy dro gen.
(b) Hav ing both a fever and a headache is a suf fi cient con di tion for

George to go to the doc tor.
(c) Both hav ing a fever and hav ing a headache are suf fi cient con di‐ 

tions for George to go to the doc tor.
(d) If x ≠ 2, then a nec es sary con di tion for x to be prime is that x be

odd.
2. An a lyze the log i cal forms of the fol low ing state ments:

(a) Mary will sell her house only if she can get a good price and find
a nice apart ment.

(b) Hav ing both a good credit his tory and an ad e quate down pay ment
is a nec es sary con di tion for get ting a mort gage.

(c) John will drop out of school, un less some one stops him. (Hint:
First try to re phrase this us ing the words if and then in stead of
un less.)

(d) If x is di vis i ble by ei ther 4 or 6, then it isn’t prime.
3. An a lyze the log i cal form of the fol low ing state ment:

(a) If it is rain ing, then it is windy and the sun is not shin ing. Now
an a lyze the fol low ing state ments. Also, for each state ment de ter‐ 
mine whether the state ment is equiv a lent to ei ther state ment (a)
or its con verse.

(b) It is windy and not sunny only if it is rain ing.
(c) Rain is a suf fi cient con di tion for wind with no sun shine.
(d) Rain is a nec es sary con di tion for wind with no sun shine.
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(e) It’s not rain ing, if ei ther the sun is shin ing or it’s not windy.
(f) Wind is a nec es sary con di tion for it to be rainy, and so is a lack of

sun shine.
(g) Ei ther it is windy only if it is rain ing, or it is not sunny only if it

is rain ing.
*4. Use truth ta bles to de ter mine whether or not the fol low ing ar gu‐ 

ments are valid:
(a) Ei ther sales or ex penses will go up. If sales go up, then the boss

will be happy. If ex penses go up, then the boss will be un happy.
There fore, sales and ex penses will not both go up.

(b) If the tax rate and the un em ploy ment rate both go up, then there
will be a re ces sion. If the GDP goes up, then there will not be a
re ces sion. The GDP and taxes are both go ing up. There fore, the
un em ploy ment rate is not go ing up.

(c) The warn ing light will come on if and only if the pres sure is too
high and the re lief valve is clogged. The re lief valve is not
clogged. There fore, the warn ing light will come on if and only if
the pres sure is too high.

5. Use truth ta bles to de ter mine whether or not the fol low ing ar gu‐ 
ments are valid:

(a) If Jones is con victed then he will go to prison. Jones will be con‐ 
victed only if Smith tes ti fies against him. There fore, Jones won’t
go to prison un less Smith tes ti fies against him.

(b) Ei ther the Democrats or the Re pub li cans will have a ma jor ity in
the Sen ate, but not both. Hav ing a Demo cratic ma jor ity is a nec‐ 
es sary con di tion for the bill to pass. There fore, if the Re pub li cans
have a ma jor ity in the Sen ate then the bill won’t pass.

6. (a) Show that P ↔ Q is equiv a lent to (P ∧ Q) ∨ (¬P ∧ ¬Q).
(b) Show that (P → Q) ∨ (P → R) is equiv a lent to P → (Q ∨ R).
*7. (a) Show that (P → R) ∧ (Q → R) is equiv a lent to (P ∨ Q) →

R.
(b) For mu late and ver ify a sim i lar equiv a lence in volv ing (P → R) ∨

(Q → R).
8. (a) Show that (P → Q) ∧ (Q → R) is equiv a lent to (P → R) ∧

[(P ↔ Q)∨ (R ↔Q)].
(b) Show that (P → Q) ∨ (Q → R) is a tau tol ogy.
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*9. Find a for mula in volv ing only the con nec tives ¬ and → that is
equiv a lent to P ∧ Q.

10. Find a for mula in volv ing only the con nec tives ¬ and → that is
equiv a lent to P ↔ Q.

11. (a) Show that (P ∨ Q) ↔ Q is equiv a lent to P → Q.
(b) Show that (P ∧ Q) ↔ Q is equiv a lent to Q → P.
12. Which of the fol low ing for mu las are equiv a lent?
(a) P → (Q → R).
(b) Q → (P → R).
(c) (P → Q) ∧ (P → R).
(d) (P ∧ Q) → R.
(e) P → (Q ∧ R).
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2

Quan tifi ca tional Logic

2.1 Quan ti fiers
We have seen that a state ment P(x) con tain ing a free vari able x may be
true for some val ues of x and false for oth ers. Some times we want to
say some thing about how many val ues of x make P(x) come out true. In
par tic u lar, we of ten want to say ei ther that P(x) is true for ev ery value
of x or that it is true for at least one value of x. We there fore in tro duce
two more sym bols, called quan ti fiers, to help us ex press these ideas.

To say that P(x) is true for ev ery value of x in the uni verse of dis‐ 
course U, we will write ∀xP(x). This is read “For all x, P(x).” Think of
the up side down A as stand ing for the word all. The sym bol ∀ is called
the uni ver sal quan ti fier, be cause the state ment ∀xP(x) says that P(x) is
uni ver sally true. As we dis cussed in Sec tion 1.3, to say that P(x) is true
for ev ery value of x in the uni verse means that the truth set of P(x) will
be the whole uni verse U. Thus, you could also think of the state ment
∀xP(x) as say ing that the truth set of P(x) is equal to U.

We write ∃xP(x) to say that there is at least one value of x in the uni‐ 
verse for which P(x) is true. This is read “There ex ists an x such that
P(x).” The back ward E comes from the word ex ists and is called the ex‐ 
is ten tial quan ti fier. Once again, you can in ter pret this state ment as say‐ 
ing some thing about the truth set of P(x). To say that P(x) is true for at
least one value of x means that there is at least one el e ment in the truth
set of P(x), or in other words, the truth set is not equal to ∅.

For ex am ple, in Sec tion 1.5 we dis cussed the state ment “If x > 2 then
x2 > 4,” where x ranges over the set of all real num bers, and we claimed
that this state ment was true for all val ues of x. We can now write this
claim sym bol i cally as ∀x(x > 2 → x2 > 4).

Ex am ple 2.1.1. What do the fol low ing for mu las mean? Are they true
or false?
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1. ∀x(x2 ≥ 0), where the uni verse of dis course is R, the set of all real
num bers.

2. ∃x(x2 − 2x + 3 = 0), with uni verse R again.

3. ∃x(M(x) ∧ B(x)), where the uni verse of dis course is the set of all
peo ple, M(x) stands for the state ment “x is a man,” and B(x)
means “x has brown hair.”

4. ∀x(M(x) → B(x)), with the same uni verse and the same mean ings
for M(x) and B(x).

5. ∀xL(x, y), where the uni verse is the set of all peo ple, and L(x, y)
means “x likes y.”

So lu tions

1. This means that for ev ery real num ber x, x2 ≥ 0. This is true.
2. This means that there is at least one real num ber x that makes the

equa tion x2 − 2x + 3 = 0 come out true. In other words, the equa‐ 
tion has at least one real so lu tion. If you solve the equa tion, you’ll
find that this state ment is false; the equa tion has no real so lu tions.
(Try ei ther com plet ing the square or us ing the qua dratic for mula.)

3. There is at least one per son x such that x is a man and x has brown
hair. In other words, there is at least one man who has brown hair.
Of course, this is true.

4. For ev ery per son x, if x is a man then x has brown hair. In other
words, all men have brown hair. If you’re not con vinced that this
is what the for mula means, it might help to look back at the truth
ta ble for the con di tional con nec tive. Ac cord ing to this truth ta ble,
the state ment M(x) → B(x) will be false only if M(x) is true and
B(x) is false; that is, x is a man and x doesn’t have brown hair.
Thus, to say that M(x) → B(x) is true for ev ery per son x means
that this sit u a tion never oc curs, or in other words, that there are
no men who don’t have brown hair. But that’s ex actly what it
means to say that all men have brown hair. Of course, this state‐ 
ment is false.

5. For ev ery per son x, x likes y. In other words, ev ery one likes y. We
can’t tell if this is true or false un less we know who y is.
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No tice that in the fifth state ment in this ex am ple, we needed to know
who y was to de ter mine if the state ment was true or false, but not who x
was. The state ment says that ev ery one likes y, and this is a state ment
about y, but not x. This means that y is a free vari able in this state ment
but x is a bound vari able.

Sim i larly, al though all the other state ments con tain the let ter x, we
didn’t need to know the value of x to de ter mine their truth val ues, so x
is a bound vari able in ev ery case. In gen eral, even if x is a free vari able
in some state ment P(x), it is a bound vari able in the state ments ∀xP(x)
and ∃xP(x). For this rea son, we say that the quan ti fiers bind a vari able.
As in Sec tion 1.3, this means that a vari able that is bound by a quan ti‐ 
fier can al ways be re placed with a new vari able with out chang ing the
mean ing of the state ment, and it is of ten pos si ble to para phrase the
state ment with out men tion ing the bound vari able at all. For ex am ple,
the state ment ∀xL(x, y) from Ex am ple 2.1.1 is equiv a lent to ∀wL(w, y),
be cause both mean the same thing as “Ev ery one likes y.” Words such as
ev ery one, some one, ev ery thing, or some thing are of ten used to ex press
the mean ings of state ments con tain ing quan ti fiers. If you are trans lat ing
an Eng lish state ment into sym bols, these words will of ten tip you off
that a quan ti fier will be needed.

As with the sym bol ¬, we fol low the con ven tion that the ex pres sions
∀x and ∃x ap ply only to the state ments that come im me di ately af ter
them. For ex am ple, ∀xP(x) → Q(x) means (∀xP(x)) → Q(x), not
∀x(P(x) → Q(x)).

Ex am ple 2.1.2. An a lyze the log i cal forms of the fol low ing state ments.

1. Some one didn’t do the home work.
2. Ev ery thing in that store is ei ther over priced or poorly made.
3. No body’s per fect.
4. Su san likes ev ery one who dis likes Joe.
5. A ⊆ B.

6. A ∩ B ⊆ B \ C.

So lu tions

1. The word some one tips us off that we should use an ex is ten tial
quan ti fier. As a first step, we write ∃x(x didn’t do the home work).
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Now if we let H(x) stand for the state ment “x did the home work,”
then we can re write this as ∃x¬H(x).

2. Think of this state ment as say ing “If it’s in that store, then it’s ei‐ 
ther over priced or poorly made (no mat ter what it is).” Thus, we
start by writ ing ∀x(if x is in that store then x is ei ther over priced
or poorly made). To write the part in paren the ses sym bol i cally, we
let S(x) stand for “x is in that store,” O(x) for “x is over priced,”
and P(x) for “x is poorly made.” Then our fi nal an swer is ∀x[S(x)
→ (O(x) ∨ P(x))].

Note that, like state ment 4 in Ex am ple 2.1.1, this state ment has
the form of a uni ver sal quan ti fier ap plied to a con di tional state‐ 
ment. This form oc curs quite of ten, and it is im por tant to learn to
rec og nize what it means and when it should be used. We can
check our an swer to this prob lem as we did be fore, by us ing the
truth ta ble for the con di tional con nec tive. The only way that the
state ment S(x) → (O(x) ∨ P(x)) can be false is if x is in that
store, but is nei ther over priced nor poorly made. Thus, to say that
the state ment is true for all val ues of x means that this never hap‐ 
pens, which is ex actly what it means to say that ev ery thing in that
store is ei ther over priced or poorly made.

3. This means ¬(some body is per fect), or in other words ¬∃xP(x),
where P(x) stands for “x is per fect.”

4. As in state ment 2 in this ex am ple, we could think of this as mean‐ 
ing “If a per son dis likes Joe then Su san likes that per son (no mat‐ 
ter who the per son is).” Thus, we can start by rewrit ing the given
state ment as ∀x(if x dis likes Joe then Su san likes x). Let L(x, y)
stand for “x likes y.” In state ments that talk about spe cific el e‐ 
ments of the uni verse of dis course it is some times con ve nient to
in tro duce let ters to stand for those spe cific el e ments. In this case
we need to talk about Joe and Su san, so let’s let j stand for Joe and
s for Su san. Thus, we can write L(s, x) to mean “Su san likes x,”
and ¬L(x, j) for “x dis likes Joe.” Fill ing these in, we end up with
the an swer ∀x(¬L(x, j) → L(s, x)). No tice that, once again, we
have a uni ver sal quan ti fier ap plied to a con di tional state ment. As
be fore, you can check this an swer us ing the truth ta ble for the
con di tional con nec tive.

5. Ac cord ing to Def i ni tion 1.4.5, to say that A is a sub set of B means
that ev ery thing in A is in B. If you’ve caught on to the pat tern of
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how uni ver sal quan ti fiers and con di tion als are com bined, you
should rec og nize that this would be writ ten sym bol i cally as ∀x(x
∈ A → x ∈ B).

6. As in the pre vi ous state ment, we first write this as ∀x(x ∈ A ∩ B
→ x ∈ B \ C). Now us ing the def i ni tions of in ter sec tion and dif‐ 
fer ence, we can ex pand this fur ther to get ∀x[(x ∈ A ∧ x ∈ B) →
(x ∈ B ∧ x ∉ C)].

Al though all of our ex am ples so far have con tained only one quan ti‐ 
fier, there’s no rea son why a state ment can’t have more than one quan ti‐ 
fier. For ex am ple, con sider the state ment “Some stu dents are mar ried.”
The word some in di cates that this state ment should be writ ten us ing an
ex is ten tial quan ti fier, so we can think of it as hav ing the form ∃x(x is a
stu dent and x is mar ried). Let S(x) stand for “x is a stu dent.” We could
sim i larly choose a let ter to stand for “x is mar ried,” but per haps a bet ter
anal y sis would be to rec og nize that to be mar ried means to be mar ried
to some one. Thus, if we let M(x, y) stand for “x is mar ried to y,” then we
can write “x is mar ried” as ∃yM(x, y). We can there fore rep re sent the en‐ 
tire state ment by the for mula ∃x(S(x) ∧ ∃yM(x, y)), a for mula con tain‐ 
ing two ex is ten tial quan ti fiers.

As an other ex am ple, let’s an a lyze the state ment “All par ents are mar‐ 
ried.” We start by writ ing it as ∀x(if x is a par ent then x is mar ried).
Par ent hood, like mar riage, is a re la tion ship be tween two peo ple; to be a
par ent means to be a par ent of some one. Thus, it might be best to rep re‐ 
sent the state ment “x is a par ent” by the for mula ∃yP(x, y), where P(x, y)
means “x is a par ent of y.” If we again rep re sent “x is mar ried” by the
for mula ∃yM(x, y), then our anal y sis of the orig i nal state ment will be
∀x(∃yP(x, y) → ∃yM(x, y)). Al though this isn’t wrong, the dou ble use of
the vari able y could cause con fu sion. Per haps a bet ter so lu tion would be
to re place the for mula ∃yM(x, y) with the equiv a lent for mula ∃zM(x, z).
(Re call that these are equiv a lent be cause a bound vari able in any state‐ 
ment can be re placed by an other with out chang ing the mean ing of the
state ment.) Our im proved anal y sis of the state ment would then be
∀x(∃yP(x, y) → ∃zM(x,z)).

A com mon mis take made by be gin ners is to leave out quan ti fiers. For
ex am ple, you might be tempted to rep re sent the state ment “All par ents
are mar ried” in cor rectly by the for mula ∀x(P(x, y) → M(x, z)), leav ing
out ∃y and ∃z. A good way to catch such mis takes is to pay at ten tion to
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free and bound vari ables. In the in cor rect for mula, there are no quan ti‐ 
fiers bind ing the vari ables y and z, so y and z are free vari ables. But the
orig i nal state ment, “All par ents are mar ried,” is not a state ment about y
and z, so these vari ables should not be free in the an swer. This is a tip-
off that quan ti fiers on y and z are miss ing. Note that if we trans late the
in cor rect for mula ∀x(P(x, y) → M(x, z)) back into Eng lish, we get a
state ment about y and z: “Ev ery one who is a par ent of y is mar ried to z.”

Ex am ple 2.1.3. An a lyze the log i cal forms of the fol low ing state ments.

1. Ev ery body in the dorm has a room mate he or she doesn’t like.
2. No body likes a sore loser.
3. Any one who has a friend who has the measles will have to be

quar an tined.
4. If any one in the dorm has a friend who has the measles, then ev‐ 

ery one in the dorm will have to be quar an tined.
5. If A ⊆ B, then A and C \ B are dis joint.

So lu tions

1. This means ∀x(if x lives in the dorm then x has a room mate he or
she doesn’t like). To say that x has a room mate he or she doesn’t
like, we could write ∃y(x and y are room mates and x doesn’t like
y). If we let R(x, y) stand for “x and y are room mates” and L(x, y)
for “x likes y,” then this be comes ∃y(R(x, y) ∧ ¬L(x, y)). Fi nally,
if we let D(x) mean “x lives in the dorm,” then the com plete anal‐ 
y sis of the orig i nal state ment would be ∀x[D(x) → ∃y(R(x, y) ∧
¬L(x, y))].

2. This is tricky, be cause the phrase a sore loser doesn’t re fer to a
par tic u lar sore loser, it refers to all sore losers. The state ment
means that all sore losers are dis liked, or in other words ∀x(if x is
a sore loser then no body likes x). To say no body likes x we write
¬(some body likes x), which means ¬∃yL(y, x), where L(y, x)
means “y likes x.” If we let S(x) mean “x is a sore loser,” then the
whole state ment would be writ ten ∀x(S(x) → ¬∃yL(y, x)).

3. You have prob a bly re al ized by now that it is usu ally eas i est to
trans late from Eng lish into sym bols in sev eral steps, trans lat ing
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only a lit tle bit at a time. Here are the steps we might use to trans‐ 
late this state ment:

(i) ∀x(if x has a friend who has the measles then x will have to be
quar an tined).

(ii) ∀x[∃y(y is a friend of x and y has the measles) → x will have to
be quar an tined].

Now, let ting F(y, x) stand for “y is a friend of x,” M(y) for “y has
the measles,” and Q(x) for “x will have to be quar an tined,” we
get:

(iii) ∀x[∃y(F(y, x) ∧ M(y)) → Q(x)].

4. The word any one is dif fi cult to in ter pret, be cause in dif fer ent
state ments it means dif fer ent things. In state ment 3 it meant ev‐ 
ery one, but in this state ment it means some one. Here are the steps
of our anal y sis:

(i) (Some one in the dorm has a friend who has the measles) → (ev‐ 
ery one in the dorm will have to be quar an tined).

(ii) ∃x(x lives in the dorm and x has a friend who has the measles) →
∀z(if z lives in the dorm then z will have to be quar an tined).

Us ing the same ab bre vi a tions as in the last state ment and let ting
D(x) stand for “x lives in the dorm,” we end up with the fol low ing
for mula:

(iii) ∃x[D(x) ∧ ∃y(F(y, x) ∧ M(y))] → ∀z(D(z) → Q(z)).

5. Clearly the an swer will have the form of a con di tional state ment,
(A ⊆ B) → (A and C \ B are dis joint). We have al ready writ ten A
⊆ B sym bol i cally in Ex am ple 2.1.2. To say that A and C \ B are
dis joint means that they have no el e ments in com mon, or in other
words ¬∃x(x ∈ A ∧ x ∈ C \ B). Putting this all to gether, and fill‐ 
ing in the def i ni tion of C \ B, we end up with ∀x(x ∈ A → x ∈ B)
→ ¬∃x(x ∈ A ∧ x ∈ C ∧ x ∉ B).

When a state ment con tains more than one quan ti fier it is some times
dif fi cult to fig ure out what it means and whether it is true or false. It
may be best in this case to think about the quan ti fiers one at a time, in
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or der. For ex am ple, con sider the state ment ∀x∃y(x + y = 5), where the
uni verse of dis course is the set of all real num bers. Think ing first about
just the first quan ti fier ex pres sion ∀x, we see that the state ment means
that for ev ery real num ber x, the state ment ∃y(x + y = 5) is true. We can
worry later about what ∃y(x + y = 5) means; think ing about two quan ti‐ 
fiers at once is too con fus ing.

If we want to fig ure out whether or not the state ment ∃y(x + y = 5) is
true for ev ery value of x, it might help to try out a few val ues of x. For
ex am ple, sup pose x = 2. Then we must de ter mine whether or not the
state ment ∃y(2 + y = 5) is true. Now it’s time to think about the next
quan ti fier, ∃y. This state ment says that there is at least one value of y
for which the equa tion 2 + y = 5 holds. In other words, the equa tion 2 +
y = 5 has at least one so lu tion. Of course, this is true, be cause the equa‐ 
tion has the so lu tion y = 5 − 2 = 3. Thus, the state ment ∃y(2 + y = 5) is
true.

Let’s try one more value of x. If x = 7, then we are in ter ested in the
state ment ∃y(7 + y = 5), which says that the equa tion 7 + y = 5 has at
least one so lu tion. Once again, this is true, since the so lu tion is y = 5 −
7 = −2. In fact, you have prob a bly re al ized by now that no mat ter what
value we plug in for x, the equa tion x + y = 5 will al ways have the so lu‐ 
tion y = 5 − x, so the state ment ∃y(x + y = 5) will be true. Thus, the orig‐ 
i nal state ment ∀x∃y(x + y = 5) is true.

On the other hand, the state ment ∃y∀x(x + y = 5) means some thing
en tirely dif fer ent. This state ment means that there is at least one value
of y for which the state ment ∀x(x + y = 5) is true. Can we find such a
value of y? Sup pose, for ex am ple, we try y = 4. Then we must de ter mine
whether or not the state ment ∀x(x + 4 = 5) is true. This state ment says
that no mat ter what value we plug in for x, the equa tion x + 4 = 5 holds,
and this is clearly false. In fact, no value of x other than x = 1 works in
this equa tion. Thus, the state ment ∀x(x + 4 = 5) is false.

We have seen that when y = 4 the state ment ∀x(x + y = 5) is false, but
maybe some other value of y will work. Re mem ber, we are try ing to de‐ 
ter mine whether or not there is at least one value of y that works. Let’s
try one more, say, y = 9. Then we must con sider the state ment ∀x(x + 9
= 5), which says that no mat ter what x is, the equa tion x + 9 = 5 holds.
Once again this is clearly false, since only x = −4 works in this equa‐ 
tion. In fact, it should be clear by now that no mat ter what value we
plug in for y, the equa tion x + y = 5 will be true for only one value of x,



85

namely x = 5 − y, so the state ment ∀x(x + y = 5) will be false. Thus
there are no val ues of y for which ∀x(x + y = 5) is true, so the state ment
∃y∀x(x + y = 5) is false.

No tice that we found that the state ment ∀x∃y(x + y = 5) is true, but
∃y∀x(x + y = 5) is false. Ap par ently, the or der of the quan ti fiers makes a
dif fer ence! What is re spon si ble for this dif fer ence? The first state ment
says that for ev ery real num ber x, there is a real num ber y such that x +
y = 5. For ex am ple, when we tried x = 2 we found that y = 3 worked in
the equa tion x + y = 5, and with x = 7, y = −2 worked. Note that for dif‐ 
fer ent val ues of x, we had to use dif fer ent val ues of y to make the equa‐ 
tion come out true. You might think of this state ment as say ing that for
each real num ber x there is a cor re spond ing real num ber y such that x +
y = 5. On the other hand, when we were an a lyz ing the state ment ∃y∀x(x
+ y = 5) we found our selves search ing for a sin gle value of y that made
the equa tion x + y = 5 true for all val ues of x, and this turned out to be
im pos si ble. For each value of x there is a cor re spond ing value of y that
makes the equa tion true, but no sin gle value of y works for ev ery x.

For an other ex am ple, con sider the state ment ∀x∃yL(x, y), where the
uni verse of dis course is the set of all peo ple and L(x, y) means “x likes
y.” This state ment says that for ev ery per son x, the state ment ∃yL(x, y)
is true. Now ∃yL(x, y) could be writ ten as “x likes some one,” so the
orig i nal state ment means that for ev ery per son x, x likes some one. In
other words, ev ery one likes some one. On the other hand, ∃y∀xL(x, y)
means that there is some per son y such that ∀xL(x, y) is true. As we saw
in Ex am ple 2.1.1, ∀xL(x, y) means “Ev ery one likes y,” so ∃y∀xL(x, y)
means that there is some per son y such that ev ery one likes y. In other
words, there is some one who is uni ver sally liked. These state ments
don’t mean the same thing. It might be the case that ev ery one likes
some one, but no one is uni ver sally liked.

Ex am ple 2.1.4. What do the fol low ing state ments mean? Are they true
or false? The uni verse of dis course in each case is N, the set of all nat u‐ 
ral num bers.

1. ∀x∃y(x < y).

2. ∃y∀x(x < y).

3. ∃x∀y(x < y).
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4. ∀y∃x(x < y).

5. ∃x∃y(x < y).

6. ∀x∀y(x < y).

So lu tions

1. This means that for ev ery nat u ral num ber x, the state ment ∃y(x <
y) is true. In other words, for ev ery nat u ral num ber x, there is a
nat u ral num ber big ger than x. This is true. For ex am ple, x + 1 is
al ways big ger than x.

2. This means that there is some nat u ral num ber y such that the
state ment ∀x(x < y) is true. In other words, there is some nat u ral
num ber y such that all nat u ral num bers are smaller than y. This is
false. No mat ter what nat u ral num ber y we pick, there will al ways
be larger nat u ral num bers.

3. This means that there is a nat u ral num ber x such that the state‐ 
ment ∀y(x < y) is true. You might be tempted to say that this state‐ 
ment will be true if x = 0, but this isn’t right. Since 0 is the small‐ 
est nat u ral num ber, the state ment 0 < y is true for all val ues of y
ex cept y = 0, but if y = 0, then the state ment 0 < y is false, and
there fore ∀y(0 < y) is false. Sim i lar rea son ing shows that for ev‐ 
ery value of x the state ment ∀y(x < y) is false, so ∃x∀y(x < y) is
false.

4. This means that for ev ery nat u ral num ber y, there is a nat u ral
num ber smaller than y. This is true for ev ery nat u ral num ber y ex‐ 
cept y = 0, but there is no nat u ral num ber smaller than 0. There‐ 
fore this state ment is false.

5. This means that there is a nat u ral num ber x such that ∃y(x < y) is
true. But as we saw in the first state ment, this is ac tu ally true for
ev ery nat u ral num ber x, so it is cer tainly true for at least one.
Thus, ∃x∃y(x < y) is true.

6. This means that for ev ery nat u ral num ber x, the state ment ∀y(x <
y) is true. But as we saw in the third state ment, there isn’t even
one value of x for which this state ment is true. Thus, ∀x∀y(x < y)
is false.
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Ex er cises
*1. An a lyze the log i cal forms of the fol low ing state ments.
(a) Any one who has for given at least one per son is a saint.
(b) No body in the cal cu lus class is smarter than ev ery body in the dis‐ 

crete math class.
(c) Ev ery one likes Mary, ex cept Mary her self.
(d) Jane saw a po lice of fi cer, and Roger saw one too.
(e) Jane saw a po lice of fi cer, and Roger saw him too.
2. An a lyze the log i cal forms of the fol low ing state ments.

(a) Any one who has bought a Rolls Royce with cash must have a rich
un cle.

(b) If any one in the dorm has the measles, then ev ery one who has a
friend in the dorm will have to be quar an tined.

(c) If no body failed the test, then ev ery body who got an A will tu tor
some one who got a D.

(d) If any one can do it, Jones can.
(e) If Jones can do it, any one can.
3. An a lyze the log i cal forms of the fol low ing state ments. The uni‐ 

verse of dis course is R. What are the free vari ables in each state‐ 
ment?

(a) Ev ery num ber that is larger than x is larger than y.
(b) For ev ery num ber a, the equa tion ax2 + 4x − 2 = 0 has at least one

so lu tion iff a ≥ −2.
(c) All so lu tions of the in equal ity x3 − 3x < 3 are smaller than 10.
(d) If there is a num ber x such that x2 + 5x = w and there is a num ber

y such that 4 − y2 = w, then w is strictly be tween −10 and 10.
*4. Trans late the fol low ing state ments into id iomatic Eng lish.
(a) ∀x[(H(x) ∧ ¬∃yM(x, y)) → U(x)], where H(x) means “x is a

man,” M(x, y) means “x is mar ried to y,” and U(x) means “x is
un happy.”

(b) ∃z(P(z, x) ∧ S(z, y) ∧ W(y)), where P(z, x) means “z is a par ent
of x,” S(z, y) means “z and y are sib lings,” and W(y) means “y is a
woman.”

5. Trans late the fol low ing state ments into id iomatic math e mat i cal
Eng lish.
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(a) ∀x[(P(x) ∧ ¬(x= 2)) → O(x)], where P(x) means “x is a prime
num ber” and O(x) means “x is odd.”

(b) ∃x[P(x) ∧ ∀y(P(y) → y ≤ x)], where P(x) means “x is a per fect
num ber.”

6. Trans late the fol low ing state ments into id iomatic math e mat i cal
Eng lish. Are they true or false? The uni verse of dis course is R.

(a) ¬∃x(x2 + 2x + 3 = 0 ∧ x2 + 2x − 3 = 0).
(b) ¬[∃x(x2 + 2x + 3 = 0) ∧ ∃x(x2 + 2x − 3 = 0)].
(c) ¬∃x(x2 + 2x + 3 = 0) ∧ ¬∃x(x2 + 2x − 3 = 0).

7. Are these state ments true or false? The uni verse of dis course is
the set of all peo ple, and P(x, y) means “x is a par ent of y.”

(a) ∃x∀yP(x, y).
(b) ∀x∃yP(x, y).
(c) ¬∃x∃yP(x, y).
(d) ∃x¬∃yP(x, y).
(e) ∃x∃y¬P(x, y).
*8. Are these state ments true or false? The uni verse of dis course is N.

(a) ∀x∃y(2x − y = 0).
(b) ∃y∀x(2x − y = 0).
(c) ∀x∃y(x − 2y = 0).
(d) ∀x(x <10 → ∀y(y < x → y < 9)).
(e) ∃y∃ z(y + z = 100).
(f) ∀x∃y(y > x ∧ ∃z(y + z = 100)).

9. Same as ex er cise 8 but with R as the uni verse of dis course.
10. Same as ex er cise 8 but with Z as the uni verse of dis course.

2.2 Equiv a lences In volv ing Quan ti fiers
In our study of log i cal con nec tives in Chap ter 1 we found it use ful to
ex am ine equiv a lences be tween dif fer ent for mu las. In this sec tion, we
will see that there are also a num ber of im por tant equiv a lences in volv‐ 
ing quan ti fiers.

For ex am ple, in Ex am ple 2.1.2 we rep re sented the state ment “No‐ 
body’s per fect” by the for mula ¬∃xP(x), where P(x) meant “x is per‐ 
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fect.” But an other way to ex press the same idea would be to say that ev‐ 
ery one fails to be per fect, or in other words ∀x¬P(x). This sug gests that
these two for mu las are equiv a lent, and a lit tle thought should show that
they are. No mat ter what P(x) stands for, the for mula ¬∃xP(x) means
that there’s no value of x in the uni verse of dis course for which P(x) is
true. But that’s the same as say ing that for ev ery value of x in the uni‐ 
verse, P(x) is false, or in other words ∀x¬P(x). Thus, ¬∃xP(x) is equiv a‐ 
lent to ∀x¬P(x).

Sim i lar rea son ing shows that ¬∀xP(x) is equiv a lent to ∃x¬P(x). To
say that ¬∀xP(x) means that it is not the case that for all val ues of x,
P(x) is true. That’s equiv a lent to say ing there’s at least one value of x
for which P(x) is false, which is what it means to say ∃x¬P(x). For ex‐ 
am ple, in Ex am ple 2.1.2 we trans lated “Some one didn’t do the home‐ 
work” as ∃x¬H(x), where H(x) stands for “x did the home work.” An
equiv a lent state ment would be “Not ev ery one did the home work,”
which would be rep re sented by the for mula ¬∀xH(x).

Thus, we have the fol low ing two laws in volv ing nega tion and quan ti‐ 
fiers:

Quan ti fier Nega tion laws

Com bin ing these laws with De Mor gan’s laws and other equiv a lences
in volv ing the log i cal con nec tives, we can of ten re ex press a neg a tive
state ment as an equiv a lent, but eas ier to un der stand, pos i tive state ment.
This will turn out to be an im por tant skill when we be gin to work with
neg a tive state ments in proofs.

Ex am ple 2.2.1. Negate these state ments and then re ex press the re sults
as equiv a lent pos i tive state ments.

1. A ⊆ B.

2. Ev ery one has a rel a tive he or she doesn’t like.

So lu tions

1. We al ready know that A ⊆ B means ∀x(x ∈ A → x ∈ B). To re‐ 
ex press the nega tion of this state ment as an equiv a lent pos i tive
state ment, we rea son as fol lows:



90

Thus, A ⊈ B means the same thing as ∃x(x ∈ A ∧ x ∉ B). If you
think about this, it should make sense. To say that A is not a sub‐ 
set of B is the same as say ing that there’s some thing in A that is
not in B.

2. First of all, let’s write the orig i nal state ment sym bol i cally. You
should be able to check that if we let R(x, y) stand for “x is re lated
to y” and L(x, y) for “x likes y,” then the orig i nal state ment would
be writ ten ∀x∃y(R(x, y) ∧ ¬L(x,y)). Now we negate this and try to
find a sim pler, equiv a lent pos i tive state ment:

Let’s trans late this last for mula back into col lo quial Eng lish.
Leav ing aside the first quan ti fier for the mo ment, the for mula
∀y(R(x, y) → L(x, y)) means that for ev ery per son y, if x is re lated
to y then x likes y. In other words, x likes all his or her rel a tives.
Adding ∃x to the be gin ning of this, we get the state ment “There is
some one who likes all his or her rel a tives.” You should take a
minute to con vince your self that this re ally is equiv a lent to the
nega tion of the orig i nal state ment “Ev ery one has a rel a tive he or
she doesn’t like.”

For an other ex am ple of how the quan ti fier nega tion laws can help us
un der stand state ments, con sider the state ment “Ev ery one who Pa tri cia
likes, Sue doesn’t like.” If we let L(x, y) stand for “x likes y,” and we let
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p stand for Pa tri cia and s for Sue, then this state ment would be rep re‐ 
sented by the for mula ∀x(L(p, x) → ¬L(s,x)). Now we can work out a
for mula equiv a lent to this one as fol lows:

Trans lat ing the last for mula back into Eng lish, we get the state ment
“There’s no one who both Pa tri cia and Sue like,” and this does mean the
same thing as the state ment we started with.

We saw in Sec tion 2.1 that re vers ing the or der of two quan ti fiers can
some times change the mean ing of a for mula. How ever, if the quan ti‐ 
fiers are the same type (both ∀ or both ∃), it turns out the or der can al‐ 
ways be switched with out af fect ing the mean ing of the for mula. For ex‐ 
am ple, con sider the state ment “Some one has a teacher who is younger
than he or she is.” To write this sym bol i cally we first write ∃x(x has a
teacher who is younger than x). Now to say “x has a teacher who is
younger than x” we write ∃y(T(y, x) ∧ P(y, x)), where T(y, x) means “y
is a teacher of x” and P(y, x) means “y is younger than x.” Putting this
all to gether, the orig i nal state ment would be rep re sented by the for mula
∃x∃y(T(y, x) ∧ P(y, x)).

Now what hap pens if we switch the quan ti fiers? In other words, what
does the for mula ∃y∃x(T(y, x) ∧ P(y, x)) mean? You should be able to
con vince your self that this for mula says that there is a per son y such
that y is a teacher of some one who is older than y. In other words,
some one has a stu dent who is older than he or she is. But this would be
true in ex actly the same cir cum stances as the orig i nal state ment,
“Some one has a teacher who is younger than he or she is”! Both mean
that there are peo ple x and y such that y is a teacher of x and y is
younger than x. In fact, this sug gests that a good way of read ing the pair
of quan ti fiers ∃y∃x or ∃x∃y would be “there are ob jects x and y such that
….”

Sim i larly, two uni ver sal quan ti fiers in a row can al ways be switched
with out chang ing the mean ing of a for mula, be cause ∀x∀y and ∀y∀x can
both be thought of as mean ing “for all ob jects x and y, ….” For ex am‐ 
ple, con sider the for mula ∀x∀y(L(x, y) → A(x, y)), where L(x, y) means
“x likes y” and A(x, y) means “x ad mires y.” You could think of this for‐ 
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mula as say ing “For all peo ple x and y, if x likes y then x ad mires y.” In
other words, peo ple al ways ad mire the peo ple they like. The for mula
∀y∀x(L(x, y) → A(x, y)) means ex actly the same thing.

It is im por tant to re al ize that when we say “there are ob jects x and y”
or “for all ob jects x and y,” we are not rul ing out the pos si bil ity that x
and y are the same ob ject. For ex am ple, the for mula ∀x∀y(L(x, y) →
A(x, y)) means not just that a per son who likes an other per son al ways
ad mires that other per son, but also that peo ple who like them selves also
ad mire them selves. As an other ex am ple, sup pose we wanted to write a
for mula that means “x is a bigamist.” (Of course, x will be a free vari‐ 
able in this for mula.) You might think you could ex press this with the
for mula ∃y∃z(M(x, y) ∧ M(x, z)), where M(x, y) means “x is mar ried to
y.” But to say that x is a bigamist you must say that there are two dif fer‐ 
ent peo ple to whom x is mar ried, and this for mula doesn’t say that y and
z are dif fer ent. The right an swer is ∃y∃z(M(x, y) ∧ M(x, z) ∧ y ≠ z).

Ex am ple 2.2.2. An a lyze the log i cal forms of the fol low ing state ments.

1. All mar ried cou ples have fights.
2. Ev ery one likes at least two peo ple.
3. John likes ex actly one per son.

So lu tions

1. ∀x∀y(M(x, y) → F(x, y)), where M(x, y) means “x and y are mar‐ 
ried to each other” and F(x, y) means “x and y fight with each
other.”

2. ∀x∃y∃z(L(x, y) ∧ L(x, z) ∧ y ≠ z), where L(x, y) stands for “x likes
y.” Note that the state ment means that ev ery one likes at least two
dif fer ent peo ple, so it would be in cor rect to leave out the “y ≠ z”
at the end.

3. Let L(x, y) mean “x likes y,” and let j stand for John. We trans late
this state ment into sym bols grad u ally:

(i) ∃x(John likes x and John doesn’t like any one other than x).
(ii) ∃x(L(j, x) ∧ ¬∃y(John likes y and y ≠ x)).
(iii) ∃x(L(j, x) ∧ ¬∃y(L(j, y) ∧ y ≠ x)).
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Note that for the third state ment in this ex am ple we could not have
given the sim pler an swer ∃xL(j, x), be cause this would mean that John
likes at least one per son, not ex actly one per son. The phrase ex actly one
oc curs so of ten in math e mat ics that there is a spe cial no ta tion for it. We
will write ∃! xP(x) to rep re sent the state ment “There is ex actly one
value of x such that P(x) is true.” It is some times also read “There is a
unique x such that P(x).” For ex am ple, the third state ment in Ex am ple
2.2.2 could be writ ten sym bol i cally as ∃! xL(j, x). In fact, we could think
of this as just an ab bre vi a tion for the for mula given in Ex am ple 2.2.2 as
the an swer for state ment 3. Sim i larly, in gen eral we can think of ∃!
xP(x) as an ab bre vi a tion for the for mula ∃x(P(x) ∧ ¬∃y(P(y) ∧ y ≠ x)).

Re call that when we were dis cussing set the ory, we some times found
it use ful to write the truth set of P(x) as {x ∈ U | P(x)} rather than {x |
P(x)}, to make sure it was clear what the uni verse of dis course was.
Sim i larly, in stead of writ ing ∀xP(x) to in di cate that P(x) is true for ev‐ 
ery value of x in some uni verse U, we might write ∀x ∈ U P(x). This is
read “For all x in U, P(x).” Sim i larly, we can write ∃x ∈ U P(x) to say
that there is at least one value of x in the uni verse U such that P(x) is
true. For ex am ple, the state ment ∀x(x ≥ 0) would be false if the uni‐ 
verse of dis course were the real num bers, but true if it were the nat u ral
num bers. We could avoid con fu sion when dis cussing this state ment by
writ ing ei ther ∀x ∈ R(x ≥ 0) or ∀x ∈ N(x ≥ 0), to make it clear which
we meant.

As be fore, we some times use this no ta tion not to spec ify the uni verse
of dis course but to re strict at ten tion to a sub set of the uni verse. For ex‐ 
am ple, if our uni verse of dis course is the real num bers and we want to
say that some real num ber x has a square root, we could write ∃y(y2 =
x). To say that ev ery pos i tive real num ber has a square root, we would
say ∀x ∈ R+∃y(y2 = x). We could say that ev ery pos i tive real num ber
has a neg a tive square root by writ ing ∀x ∈ R+∃y ∈ R−(y2 = x). In gen‐ 
eral, for any set A, the for mula ∀x ∈ A P(x) means that for ev ery value
of x in the set A, P(x) is true, and ∃x ∈ A P(x) means that there is at
least one value of x in the set A such that P(x) is true. The quan ti fiers in
these for mu las are some times called bounded quan ti fiers, be cause they
place bounds on which val ues of x are to be con sid ered. Oc ca sion ally
we may use vari a tions on this no ta tion to place other kinds of re stric‐ 
tions on quan ti fied vari ables. For ex am ple, the state ment that ev ery
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pos i tive real num ber has a neg a tive square root could also be writ ten ∀x
> 0∃y < 0(y2 = x).

For mu las con tain ing bounded quan ti fiers can also be thought of as
ab bre vi a tions for more com pli cated for mu las con tain ing only nor mal,
un bounded quan ti fiers. To say that ∃x ∈ A P(x) means that there is
some value of x that is in A and that also makes P(x) come out true, and
an other way to write this would be ∃x(x ∈ A ∧ P(x)). Sim i larly, you
should con vince your self that ∀x ∈ A P(x) means the same thing as
∀x(x ∈ A → P(x)). For ex am ple, the for mula ∀x ∈ R+∃y ∈ R−(y2 = x)
dis cussed ear lier means the same thing as ∀x(x ∈ R+ → ∃y ∈ R−(y2 =
x)), which in turn can be ex panded as ∀x(x ∈ R+ → ∃y(y ∈ R− ∧ y2 =
x)). By the def i ni tions of R

+ and R
−, an equiv a lent way to say this

would be ∀x(x > 0 → ∃y(y < 0 ∧ y2 = x)). You should make sure you
are con vinced that this for mula, like the orig i nal for mula, means that
ev ery pos i tive real num ber has a neg a tive square root. For an other ex‐ 
am ple, note that the state ment A ⊆ B, which by def i ni tion means ∀x(x
∈ A → x ∈ B), could also be writ ten as ∀x ∈ A(x ∈ B).

It is in ter est ing to note that the quan ti fier nega tion laws work for
bounded quan ti fiers as well. In fact, we can de rive these bounded quan‐ 
ti fier nega tion laws from the orig i nal laws by think ing of the bounded
quan ti fiers as ab bre vi a tions, as de scribed ear lier. For ex am ple,

Thus, we have shown that ¬∀x ∈ A P(x) is equiv a lent to ∃x ∈ A ¬P(x).
You are asked in ex er cise 5 to prove the other bounded quan ti fier nega‐ 
tion law, that ¬∃x ∈ A P(x) is equiv a lent to ∀x ∈ A ¬P(x).

It should be clear that if A = ∅ then ∃x ∈ A P(x) will be false no
mat ter what the state ment P(x) is. There can be noth ing in A that, when
plugged in for x, makes P(x) come out true, be cause there is noth ing in
A at all! It may not be so clear whether ∀x ∈ A P(x) should be con sid‐ 
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ered true or false, but we can find the an swer us ing the quan ti fier nega‐ 
tion laws:

Now if A = ∅ then this last for mula will be true, no mat ter what the
state ment P(x) is, be cause, as we have seen, ∃ x ∈ A ¬ P(x) must be
false. Thus, ∀x ∈ A P(x) is al ways true if A = ∅. Math e ma ti cians
some times say that such a state ment is vac u ously true. An other way to
see this is to re write the state ment ∀x ∈ A P(x) in the equiv a lent form
∀x(x ∈ A → P(x)). Now ac cord ing to the truth ta ble for the con di tional
con nec tive, the only way this can be false is if there is some value of x
such that x ∈ A is true but P(x) is false. But there is no such value of x,
sim ply be cause there isn’t a value of x for which x ∈ A is true.

As an ap pli ca tion of this prin ci ple, we note that the empty set is a
sub set of ev ery set. To see why, just re write the state ment A ⊆ B in the
equiv a lent form ∀x ∈ A(x ∈ B). Now if A = ∅ then, as we have just
ob served, this state ment will be vac u ously true. Thus, no mat ter what
the set B is, ∅ ⊆ B. An other ex am ple of a vac u ously true state ment is
the state ment “All uni corns are pur ple.” We could rep re sent this by the
for mula ∀x ∈ A P(x), where A is the set of all uni corns and P(x) stands
for “x is pur ple.” Since there are no uni corns, A is the empty set, so the
state ment is vac u ously true. (No tice that the state ment “All uni corns
are green” is also true – which does not con tra dict the fact that all uni‐ 
corns are pur ple!)

Per haps you have no ticed by now that, al though in Chap ter 1 we were
al ways able to check equiv a lences in volv ing log i cal con nec tives by
mak ing truth ta bles, we have no such sim ple way of check ing equiv a‐ 
lences in volv ing quan ti fiers. So far, we have jus ti fied our equiv a lences
in volv ing quan ti fiers by just look ing at ex am ples and us ing com mon
sense. As the for mu las we work with get more com pli cated, this method
will be come un re li able and dif fi cult to use. For tu nately, in Chap ter 3 we
will de velop bet ter meth ods for rea son ing about state ments in volv ing
quan ti fiers. To get more prac tice in think ing about quan ti fiers, we will
work out a few some what more com pli cated equiv a lences us ing com‐ 
mon sense. If you’re not com pletely con vinced that these equiv a lences
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are right, you’ll be able to check them more care fully when you get to
Chap ter 3.

Con sider the state ment “Ev ery one is bright-eyed and bushy-tailed.”
If we let E(x) mean “x is bright-eyed” and T(x) mean “x is bushy-
tailed,” then we could rep re sent this state ment by the for mula ∀x(E(x)
∧ T(x)). Is this equiv a lent to the for mula ∀xE(x) ∧ ∀xT(x)? This lat ter
for mula means “Ev ery one is bright-eyed, and also ev ery one is bushy-
tailed,” and in tu itively this means the same thing as the orig i nal state‐ 
ment. Thus, it ap pears that ∀x(E(x) ∧ T(x)) is equiv a lent to ∀ xE(x) ∧
∀xT(x). In other words, we could say that the uni ver sal quan ti fier dis‐ 
trib utes over con junc tion.

How ever, the cor re spond ing dis tribu tive law doesn’t work for the ex‐ 
is ten tial quan ti fier. Con sider the for mu las ∃x(E(x) ∧ T(x)) and ∃xE(x)
∧∃xT(x). The first means that there is some one who is both bright-eyed
and bushy-tailed, and the sec ond means that there is some one who is
bright-eyed, and there is also some one who is bushy-tailed. These don’t
mean the same thing at all. In the sec ond state ment the bright-eyed per‐ 
son and the bushy-tailed per son don’t have to be the same, but in the
first state ment they do. An other way to see the dif fer ence be tween the
two state ments is to think about truth sets. Let A be the truth set of E(x)
and B the truth set of T(x). In other words, A is the set of bright-eyed
peo ple, and B is the set of bushy-tailed peo ple. Then the sec ond state‐ 
ment says that nei ther A nor B is the empty set, but the first says that A
∩ B is not the empty set, or in other words that A and B are not dis joint.

As an ap pli ca tion of the dis tribu tive law for the uni ver sal quan ti fier
and con junc tion, sup pose A and B are sets and con sider the equa tion A =
B. We know that two sets are equal when they have ex actly the same el‐ 
e ments. Thus, the equa tion A = B means ∀x(x ∈ A ↔ x ∈ B), which is
equiv a lent to ∀x[(x ∈ A → x ∈ B) ∧ (x ∈ B → x ∈ A)]. Be cause the
uni ver sal quan ti fier dis trib utes over con junc tion, this is equiv a lent to
the for mula ∀x(x ∈ A → x ∈ B) ∧ ∀x(x ∈ B → x ∈ A), and by the
def i ni tion of sub set this means A ⊆ B ∧ B ⊆ A. Thus, we have shown
that the equa tion A = B is also equiv a lent to the for mula A ⊆ B ∧ B ⊆
A.

We have now in tro duced seven ba sic log i cal sym bols: the con nec‐ 
tives ∧, ∨, ¬, →, and ↔, and the quan ti fiers ∀ and ∃. It is a re mark‐ 
able fact that the struc ture of all math e mat i cal state ments can be un der‐ 
stood us ing these sym bols, and all math e mat i cal rea son ing can be an a‐ 
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lyzed in terms of the proper use of these sym bols. To il lus trate the
power of the sym bols we have in tro duced, we con clude this sec tion by
writ ing out a few more math e mat i cal state ments in log i cal no ta tion.

Ex am ple 2.2.3. An a lyze the log i cal forms of the fol low ing state ments.

1. State ments about the nat u ral num bers. The uni verse of dis course
is N.

(a) x is a per fect square.
(b) x is a mul ti ple of y.
(c) x is prime.
(d) x is the small est pos i tive num ber that is a mul ti ple of both y and

z.
2. State ments about the real num bers. The uni verse of dis course is

R.

(a) The iden tity el e ment for ad di tion is 0.
(b) Ev ery real num ber has an ad di tive in verse.
(c) Neg a tive num bers don’t have square roots.
(d) Ev ery pos i tive num ber has ex actly two square roots.

So lu tions

1. (a) This means that x is the square of some nat u ral num ber, or in
other words ∃y(x = y2).

(b) This means that x is equal to y times some nat u ral num ber, or in
other words ∃z(x = yz).

(c) This means that x > 1, and x can not be writ ten as a prod uct of two
smaller nat u ral num bers. In sym bols: x > 1 ∧ ¬ ∃y∃z(x = yz ∧ y
< x ∧ z < x).

(d) We trans late this in sev eral steps:
(i) x is pos i tive and x is a mul ti ple of both y and z and there is no

smaller pos i tive num ber that is a mul ti ple of both y and z.
(ii) x >0 ∧ ∃a(x = ya) ∧ ∃b(x = zb) ∧ ¬∃w(w >0 ∧ w < x ∧ (w is

a mul ti ple of both y and z)).
(iii) x > 0 ∧ ∃a(x = ya) ∧ ∃b(x = zb) ∧ ¬∃w(w > 0 ∧ w < x ∧ ∃

c(w = yc) ∧ ∃d(w = zd)).
2. (a) ∀x(x + 0 = x).

(b) ∀x∃y(x + y = 0).
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(c) ∀x(x <0 → ¬∃y(y2 = x)).
(d) We trans late this grad u ally:

(i) ∀x(x >0 → x has ex actly two square roots).
(ii) ∀x(x >0 → ∃y∃z(y and z are square roots of x and y ≠ z and

noth ing else is a square root of x)).
(iii) ∀x(x > 0 → ∃y∃z(y2 = x ∧ z2 = x ∧ y ≠ z ∧ ¬∃w(w2 = x ∧ w ≠

y ∧ w ≠ z))).

Ex er cises
*1. Negate these state ments and then re ex press the re sults as equiv a‐ 

lent pos i tive state ments. (See Ex am ple 2.2.1.)
(a) Ev ery one who is ma jor ing in math has a friend who needs help

with his or her home work.
(b) Ev ery one has a room mate who dis likes ev ery one.
(c) A ∪ B ⊆ C \ D.
(d) ∃x∀y[y > x → ∃z(z2 + 5z = y)].

2. Negate these state ments and then re ex press the re sults as equiv a‐ 
lent pos i tive state ments. (See Ex am ple 2.2.1.)

(a) There is some one in the fresh man class who doesn’t have a room-
mate.

(b) Ev ery one likes some one, but no one likes ev ery one.
(c) ∀a ∈ A∃b ∈ B(a ∈ C ↔ b ∈ C).
(d) ∀y > 0∃x(ax2 + bx + c = y).

3. Are these state ments true or false? The uni verse of dis course is N.

(a) ∀x(x < 7 → ∃a∃b∃c(a2 +b2 +c2 = x)).
(b) ∃! x(x2 + 3 = 4x).
(c) ∃! x(x2 = 4x + 5).
(d) ∃x∃y(x2 = 4x + 5 ∧ y2 = 4y + 5).
*4. Show that the sec ond quan ti fier nega tion law, which says that

¬∀xP(x) is equiv a lent to ∃x¬P(x), can be de rived from the first,
which says that ¬∃xP(x) is equiv a lent to ∀x¬P(x). (Hint: Use the
dou ble nega tion law.)

5. Show that ¬∃x ∈ A P(x) is equiv a lent to ∀x ∈ A ¬P(x).
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*6. Show that the ex is ten tial quan ti fier dis trib utes over dis junc tion.
In other words, show that ∃x(P(x) ∨ Q(x)) is equiv a lent to ∃xP(x)
∨ ∃xQ(x). (Hint: Use the fact, dis cussed in this sec tion, that the
uni ver sal quan ti fier dis trib utes over con junc tion.)

7. Show that ∃x(P(x) → Q(x)) is equiv a lent to ∀xP(x) → ∃xQ(x).
*8. Show that (∀x ∈ A P(x)) ∧ (∀x ∈ B P(x)) is equiv a lent to ∀x ∈

(A ∪ B) P(x). (Hint: Start by writ ing out the mean ings of the
bounded quan ti fiers in terms of un bounded quan ti fiers.)

9. Is ∀x(P(x) ∨ Q(x)) equiv a lent to ∀xP(x) ∨ ∀xQ(x)? Ex plain.
(Hint: Try as sign ing mean ings to P(x) and Q(x).)

10. (a) Show that ∃x ∈ A P(x) ∨ ∃x ∈ B P(x) is equiv a lent to ∃x ∈
(A ∪ B)P(x).

(b) Is ∃x ∈ A P(x) ∧ ∃x ∈ B P(x) equiv a lent to ∃x ∈ (A ∩ B) P(x)?
Ex plain.

*11. Show that the state ments A ⊆ B and A \ B = ∅ are equiv a lent by
writ ing each in log i cal sym bols and then show ing that the re sult‐ 
ing for mu las are equiv a lent.

12. Show that the state ments C ⊆ A ∪ B and C \ A ⊆ B are equiv a‐ 
lent by writ ing each in log i cal sym bols and then show ing that the
re sult ing for mu las are equiv a lent.

13. (a) Show that the state ments A ⊆ B and A ∪ B = B are equiv a‐ 
lent by writ ing each in log i cal sym bols and then show ing
that the re sult ing for mu las are equiv a lent. (Hint: You may
find ex er cise 11 from Sec tion 1.5 use ful.)

(b) Show that the state ments A ⊆ B and A ∩ B = A are equiv a lent.
*14. Show that the state ments A ∩ B = ∅ and A \ B = A are equiv a lent.

15. Let T(x, y) mean “x is a teacher of y.” What do the fol low ing
state ments mean? Un der what cir cum stances would each one be
true? Are any of them equiv a lent to each other?

(a) ∃! yT(x, y).
(b) ∃x∃! yT(x, y).
(c) ∃! x∃yT(x, y).
(d) ∃y∃! xT(x, y).
(e) ∃! x∃! yT(x, y).
(f) ∃x∃y[T(x, y) ∧ ¬∃u∃v(T (u, v) ∧ (u ≠ x ∨ v ≠ y))].



100

2.3 More Op er a tions on Sets
Now that we know how to work with quan ti fiers, we are ready to dis‐ 
cuss some more ad vanced top ics in set the ory.

So far, the only way we have to de fine sets, other than list ing their el‐ 
e ments one by one, is to use the el e ment hood test no ta tion {x | P(x)}.
Some times this no ta tion is mod i fied by al low ing the x be fore the ver ti‐ 
cal line to be re placed with a more com plex ex pres sion. For ex am ple,
sup pose we wanted to de fine S to be the set of all per fect squares. Per‐ 
haps the eas i est way to de scribe this set is to say that it con sists of all
num bers of the form n2, where n is a nat u ral num ber. This is writ ten S =
{n2 | n ∈ N}. Note that, us ing our so lu tion for the first state ment from
Ex am ple 2.2.3, we could also de fine this set by writ ing S = {x | ∃n ∈
N(x = n2)}. Thus, {n2 | n ∈ N} = {x | ∃n ∈ N(x = n2)} and there fore x
∈ {n2 | n ∈ N} means the same thing as ∃n ∈ N(x = n2).

Sim i lar no ta tion is of ten used if the el e ments of a set have been num‐ 
bered. For ex am ple, sup pose we wanted to form the set whose el e ments
are the first 100 prime num bers. We might start by num ber ing the
prime num bers, call ing them p1, p2, p3, …. In other words, p1 = 2, p2 =
3, p3 = 5, and so on. Then the set we are look ing for would be the set P
= {p1, p2, p3, . . . , p100}. An other way of de scrib ing this set would be to
say that it con sists of all num bers pi, for i an el e ment of the set I = {1,
2, 3, . . . , 100} = {i ∈ N | 1 ≤ i ≤ 100}. This could be writ ten P = {pi | i
∈ I}. Each el e ment pi in this set is iden ti fied by a num ber i ∈ I, called
the in dex of the el e ment. A set de fined in this way is some times called
an in dexed fam ily, and I is called the in dex set.

Al though the in dices for an in dexed fam ily are of ten num bers, they
need not be. For ex am ple, sup pose S is the set of all stu dents at your
school. If we wanted to form the set of all moth ers of stu dents, we
might let ms stand for the mother of s, for any stu dent s. Then the set of
all moth ers of stu dents could be writ ten M = {ms | s ∈ S}. This is an in‐ 
dexed fam ily in which the in dex set is S, the set of all stu dents. Each
mother in the set is iden ti fied by nam ing the stu dent who is her child.
Note that we could also de fine this set us ing an el e ment hood test, by
writ ing M = {m | m is the mother of some stu dent} = {m | ∃s ∈ S(m =
ms)}. In gen eral, any in dexed fam ily A= {xi | i ∈ I} can also be de fined
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as A = {x| ∃i ∈ I(x = xi)}. It fol lows that the state ment x ∈ {xi | i ∈ I}
means the same thing as ∃i ∈ I(x = xi).

Ex am ple 2.3.1. An a lyze the log i cal forms of the fol low ing state ments
by writ ing out the def i ni tions of the set the ory no ta tion used.

1.
2. {xi | i ∈ I} ⊆ A.

3. {n2 | n ∈ N} and {n3 | n ∈ N} are not dis joint.

So lu tions

1.
2. By the def i ni tion of sub set we must say that ev ery el e ment of {xi |

i ∈ I} is also an el e ment of A, so we could start by writ ing ∀x(x
∈ {xi | i ∈ I} → x ∈ A). Fill ing in the mean ing of x ∈ {xi | i ∈
I}, which we worked out ear lier, we would end up with ∀x(∃i ∈
I(x = xi) → x ∈ A). But since the el e ments of {xi | i ∈ I} are just
the xi ‘s, for all i ∈ I, per haps an eas ier way of say ing that ev ery
el e ment of {xi | i ∈ I} is an el e ment of A would be ∀i ∈ I (xi ∈
A). The two an swers we have given are equiv a lent, but show ing
this would re quire the meth ods we will be study ing in Chap ter 3.

3. We must say that the two sets have a com mon el e ment, so one so‐ 
lu tion is to start by writ ing ∃x(x ∈ {n2 | n ∈ N} ∧ x ∈ {n3 | n ∈
N}). How ever, as in the last state ment, there is an eas ier way. An
el e ment com mon to the two sets would have to be the square of
some nat u ral num ber and also the cube of some (pos si bly dif fer‐ 
ent) nat u ral num ber. Thus, we could say that there is such a com‐ 
mon el e ment by say ing ∃n ∈ N∃m ∈ N(n2 = m3). Note that it
would be wrong to write ∃n ∈ N(n2 = n3), be cause this wouldn’t
al low for the pos si bil ity of the two nat u ral num bers be ing dif fer‐ 
ent. By the way, this state ment is true, since 64 = 82 = 43, so 64 is
an el e ment of both sets.

Any thing at all can be an el e ment of a set. Some in ter est ing and use‐ 
ful ideas arise when we con sider the pos si bil ity of a set hav ing other
sets as el e ments. For ex am ple, sup pose A = {1, 2, 3}, B = {4}, and C =
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∅. There is no rea son why we couldn’t form the set F = {A, B, C},

whose el e ments are the three sets A, B, and C. Fill ing in the def i ni tions
of A, B, and C, we could write this in an other way: F = {{1, 2, 3}, {4},

∅}. Note that 1 ∈ A and A ∈ F but 1 ∉ F. F has only three el e ments,

and all three of them are sets, not num bers. Sets such as F, whose el e‐ 

ments are all sets, are some times called fam i lies of sets.
It is of ten con ve nient to de fine fam i lies of sets as in dexed fam i lies.

For ex am ple, sup pose we again let S stand for the set of all stu dents,
and for each stu dent s we let Cs be the set of cour ses that s has taken.
Then the col lec tion of all of these sets Cs would be an in dexed fam ily of
sets F = {Cs | s ∈ S}. Re mem ber that the el e ments of this fam ily are

not cour ses but sets of cour ses. If we let t stand for some par tic u lar stu‐ 
dent Tina, and if Tina has taken Cal cu lus, Eng lish Com po si tion, and
Amer i can His tory, then Ct = {Cal cu lus, Eng lish Com po si tion, Amer i can
His tory} and Ct ∈ F, but Cal cu lus ∉ F.

An im por tant ex am ple of a fam ily of sets is given by the power set of
a set.

Def i ni tion 2.3.2. Sup pose A is a set. The power set of A, de noted P(A),
is the set whose el e ments are all the sub sets of A. In other words,

P(A)= {x| x ⊆ A}.

For ex am ple, the set A = {7, 12} has four sub sets: ∅, {7}, {12}, and
{7, 12}. Thus, P(A) = {∅, {7}, {12}, {7, 12}}. What about P(∅)?
Al though ∅ has no el e ments, it does have one sub set, namely ∅. Thus,
P(∅) = {∅}. Note that, as we saw in Sec tion 1.3, {∅} is not the same
as ∅.

Any time you are work ing with some sub sets of a set X, it may be
help ful to re mem ber that all of these sub sets of X are el e ments of P(X),
by the def i ni tion of power set. For ex am ple, if we let C be the set of all
cour ses of fered at your school, then each of the sets Cs dis cussed ear lier
is a sub set of C. Thus, for each stu dent s, Cs ∈ P(C). This means that
ev ery el e ment of the fam ily F = {Cs | s ∈ S} is an el e ment of P(C), so

F ⊆ P(C).
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Ex am ple 2.3.3. An a lyze the log i cal forms of the fol low ing state ments.

1. x ∈ P(A).

2. P(A) ⊆ P(B).

3. B ∈ {P(A)| A ∈ F}.

4. x ∈ P(A ∩ B).

5. x ∈ P(A) ∩ P(B).

So lu tions

1. By the def i ni tion of power set, the el e ments of P(A) are the sub‐ 
sets of A. Thus, to say that x ∈ P(A) means that x ⊆ A, which we
al ready know can be writ ten as ∀y(y ∈ x → y ∈ A).

2. By the def i ni tion of sub set, this means ∀x(x ∈ P(A) → x ∈

P(B)). Now, writ ing out x ∈ P(A) and x ∈ P(B) as be fore, we
get ∀x[∀y(y ∈ x → y ∈ A) → ∀y(y ∈ x → y ∈ B)].

3. As be fore, this means ∃A ∈ F(B = P(A)). Now, to say that B =

P(A) means that the el e ments of B are pre cisely the sub sets of A,
or in other words ∀x(x ∈ B ↔ x ⊆ A). Fill ing this in, and writ ing
out the def i ni tion of sub set, we get our fi nal an swer, ∃A ∈ F ∀x(x

∈ B ↔ ∀y(y ∈ x → y ∈ A)).

4. As in the first state ment, we start by writ ing this as ∀y(y ∈ x → y
∈ A ∩ B). Now, fill ing in the def i ni tion of in ter sec tion, we get
∀y(y ∈ x → (y ∈ A ∧ y ∈ B)).

5. By the def i ni tion of in ter sec tion, this means (x ∈ P(A)) ∧ (x ∈
P(B)). Now, writ ing out the def i ni tion of power set as be fore, we
get ∀y(y ∈ x → y ∈ A) ∧ ∀y(y ∈ x → y ∈ B).

Note that for state ment 5 in this ex am ple we first wrote out the def i‐ 
ni tion of in ter sec tion and then used the def i ni tion of power set, whereas
in state ment 4 we started by writ ing out the def i ni tion of power set and
then used the def i ni tion of in ter sec tion. As you learn the def i ni tions of
more math e mat i cal terms and sym bols, it will be come more im por tant
to be able to choose which def i ni tion to think about first when work ing
out the mean ing of a com plex math e mat i cal state ment. A good rule of
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thumb is to al ways start with the “out er most” sym bol. In state ment 4 in
Ex am ple 2.3.3, the in ter sec tion sym bol oc curred in side the power set
no ta tion, so we wrote out the def i ni tion of power set first. In state ment
5, the power set no ta tion oc curred within both sides of the no ta tion for
the in ter sec tion of two sets, so we started with the def i ni tion of in ter‐ 
sec tion. Sim i lar con sid er a tions led us to use the def i ni tion of sub set
first, rather than power set, in state ment 2.

It is in ter est ing to note that our an swers for state ments 4 and 5 in Ex‐ 
am ple 2.3.3 are equiv a lent. (You are asked to ver ify this in ex er cise 11.)
As in Sec tion 1.4, it fol lows that for any sets A and B, P(A ∩ B) =
P(A) ∩ P(B). You are asked in ex er cise 12 to show that this equa tion
is not true in gen eral if we change ∩ to ∪.

Con sider once again the fam ily of sets F = {Cs | s ∈ S}, where S is

the set of all stu dents and for each stu dent s, C
s
 is the set of all cour ses

that s has taken. If we wanted to know which cour ses had been taken by
all stu dents, we would need to find those el e ments that all the sets in F

have in com mon. The set of all these com mon el e ments is called the in‐ 
ter sec tion of the fam ily F and is writ ten ⋂F. Sim i larly, the union of the

fam ily F, writ ten ⋃F, is the set re sult ing from throw ing all the el e‐ 

ments of all the sets in F to gether into one set. In this case, ⋃F would

be the set of all cour ses that had been taken by any stu dent.

Ex am ple 2.3.4. Let F = {{1, 2, 3, 4}, {2, 3, 4, 5}, {3, 4, 5, 6}}. Find ⋂F

and ⋃F.

So lu tion

Al though these ex am ples may make it clear what we mean by ⋂F and

⋃F, we still have not given care ful def i ni tions for these sets. In gen eral,

if F is any fam ily of sets, then we want ⋂F to con tain the el e ments that

all the sets in F have in com mon. Thus, to be an el e ment of ⋂F, an ob‐ 
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ject will have to be an el e ment of ev ery set in F. On the other hand,

any thing that is an el e ment of any of the sets in F should be in ⋃F, so

to be in ⋃F an ob ject only needs to be an el e ment of at least one set in

F. Thus, we are led to the fol low ing gen eral def i ni tions.

Def i ni tion 2.3.5. Sup pose F is a fam ily of sets. Then the in ter sec tion

and union of F are the sets ⋂F and ⋃F de fined as fol lows:

Some math e ma ti cians con sider ⋂F to be un de fined if F = ∅. For an

ex pla na tion of the rea son for this, see ex er cise 15. We will use the no ta‐ 
tion ⋂F only when F ≠ ∅.

No tice that if A and B are any two sets and F = {A, B}, then ⋂F = A ∩

B and ⋃F = A ∪ B. Thus, the def i ni tions of in ter sec tion and union of a

fam ily of sets are ac tu ally gen er al iza tions of our old def i ni tions of the
in ter sec tion and union of two sets.

Ex am ple 2.3.6. An a lyze the log i cal forms of the fol low ing state ments.

1. x ∈ ⋂F.

2. ⋂F ⊈ ⋃G.

3. x ∈ P(⋃F).

4. x ∈ ⋃{P(A) | A ∈ F}.

So lu tions

1. By the def i ni tion of the in ter sec tion of a fam ily of sets, this
means ∀A ∈ F(x ∈ A), or equiv a lently, ∀ A(A ∈ F → x ∈ A).

2. As we saw in Ex am ple 2.2.1, to say that one set is not a sub set of
an other means that there is some thing that is an el e ment of the
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first but not the sec ond. Thus, we start by writ ing ∃x(x ∈ ⋂F ∧ x

∉ ⋃G). We have al ready writ ten out what x ∈ ⋂F means in so lu‐ 

tion 1. By the def i ni tion of the union of a fam ily of sets, x ∈ ⋃G

means ∃A ∈ G(x ∈ A), so x ∉ ⋃G means ¬∃A ∈ G(x ∈ A). By

the quan ti fier nega tion laws, this is equiv a lent to ∀A ∈ G(x ∉ A).

Putting this all to gether, our an swer is ∃x[∀ A ∈ F(x ∈ A) ∧ ∀ A

∈ G(x ∉ A)].

3. Be cause the union sym bol oc curs within the power set no ta tion,
we start by writ ing out the def i ni tion of power set. As in Ex am ple
2.3.3, we get x ⊆ ⋃F, or in other words ∀y(y ∈ x → y ⋃F). Now

we use the def i ni tion of union to write out y ∈ ⋃F as ∃A ∈ F (y

∈ A). The fi nal an swer is ∀y(y ∈ x → ∃A ∈ F(y ∈ A)).

4. This time we start by writ ing out the def i ni tion of union. Ac cord‐ 
ing to this def i ni tion, the state ment means that x is an el e ment of
at least one of the sets P(A), for A ∈ F. In other words, ∃A ∈

F(x ∈ P(A)). In sert ing our anal y sis of the state ment x ∈ P(A)

from Ex am ple 2.3.3, we get ∃A ∈ F∀y(y ∈ x → y ∈ A).

Writ ing com plex math e mat i cal state ments in log i cal sym bols, as we
did in the last ex am ple, may some times help you un der stand what the
state ments mean and whether they are true or false. For ex am ple, sup‐ 
pose that we once again let Cs be the set of all cour ses that have been
taken by stu dent s. Let M be the set of math ma jors and E the set of
Eng lish ma jors, and let F = {Cs | s ∈ M} and G = {Cs | s ∈ E}. With

these def i ni tions, what does state ment 2 of Ex am ple 2.3.6 mean, and
un der what cir cum stances would it be true? Ac cord ing to our so lu tion
for this ex am ple, the state ment means ∃x[∀A ∈ F(x ∈ A) ∧ ∀A ∈ G(x

∉ A)], or in other words, there is some thing that is an el e ment of each
set in F, and that fails to be an el e ment of each set in G. Tak ing into ac‐ 

count the def i ni tions of F and G that we are us ing, this means that there

is some course that has been taken by all of the math ma jors but none of
the Eng lish ma jors. If, for ex am ple, all of the math ma jors have taken
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Cal cu lus but none of the Eng lish ma jors have, then the state ment would
be true.

As an other ex am ple, sup pose F = {{1, 2, 3}, {2, 3, 4}, {3, 4, 5}}, and

x = {4, 5, 6}. With these def i ni tions, would state ment 3 of Ex am ple
2.3.6 be true? You could de ter mine this by find ing P(⋂F) and then

check ing to see if x is an el e ment of it, but this would take a very long
time, be cause it turns out that P(⋂F) has 32 el e ments. It is eas ier to

use the trans la tion into log i cal sym bols given in our so lu tion for this
ex am ple. Ac cord ing to that trans la tion, the state ment means ∀y(y ∈ x
→ ∃A ∈ F(y ∈ A)); in other words, ev ery el e ment of x is in at least one

set in F. Look ing back at our def i ni tions of F and x, it is not hard to see

that this is false, be cause 6 ∈ x, but 6 is not in any of the sets in F.

An al ter na tive no ta tion is some times used for the union or in ter sec‐ 
tion of an in dexed fam ily of sets. Sup pose F = {Ai | i ∈ I}, where each

Ai is a set. Then ⋃F would be the set of all el e ments com mon to all the

Ai’s, for i ∈ I, and this can also be writ ten as  In other words,

Sim i larly, an al ter na tive no ta tion for ⋃F is ⋃i∈I Ai, so

Re turn ing to our ex am ple of cour ses taken by stu dents, we could use
this no ta tion to write the set of cour ses taken by all stu dents as ⋂s∈S Cs.
You could think of this no ta tion as de not ing the re sult of run ning
through all of the el e ments s in S, form ing the set Cs for each of them,
and then in ter sect ing all of these sets.

Ex am ple 2.3.7. Let I = {1, 2, 3}, and for each i ∈ I let Ai = {i, i + 1, i
+ 2, i + 3}. Find 

So lu tion

First we list the el e ments of the sets Ai, for i ∈ I:
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Then

and sim i larly

In fact, we can now see that the ques tion asked in this ex am ple is ex‐ 
actly the same as the one in Ex am ple 2.3.4, but with dif fer ent no ta tion.

Ex am ple 2.3.8. For this ex am ple our uni verse of dis course will be the
set S of all stu dents. Let L(x, y) stand for “x likes y” and A(x, y) for “x
ad mires y.” For each stu dent s, let Ls be the set of all stu dents that s
likes. In other words Ls = {t ∈ S | L(s, t)}. Sim i larly, let As = {t ∈ S |
A(s, t)} = the set of all stu dents that s ad mires. De scribe the fol low ing
sets.

1.
2.
3.
4.
5.
6.
7.

So lu tions

First of all, note that in gen eral, t ∈ Ls means the same thing as L(s, t),
and sim i larly t ∈ As means A(s, t).

1. ⋂s∈S Ls = {t | ∀s ∈ S(t ∈ Ls)} = {t ∈ S | ∀ s ∈ S L(s, t)} = the
set of all stu dents who are liked by all stu dents.

2. ⋃s∈S Ls = {t| ∃s ∈ S(t ∈ Ls)} = {t ∈ S | ∃s ∈ S L(s, t)} = the set
of all stu dents who are liked by at least one stu dent.
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3. As we saw in so lu tion 2, ⋃s∈S Ls = the set of all stu dents who are
liked by at least one stu dent. Sim i larly, ⋃s∈S As = the set of all
stu dents who are ad mired by at least one stu dent. Thus ⋃s∈S Ls \
⋃s∈S As = {t | t ∈ ⋃s∈S Ls and t ∉ ⋃s∈S As} = the set of all stu‐ 
dents who are liked by at least one stu dent, but are not ad mired by
any stu dents.

4. ⋃s∈S (Ls \ As) = {t | ∃s ∈ S(t ∈ Ls \ As)} = {t ∈ S | ∃s ∈ S (L(s, t)
∧ ¬A(s, t))} = the set of all stu dents t such that some stu dent
likes t, but doesn’t ad mire t. Note that this is dif fer ent from the
set in part 3. For a stu dent t to be in this set, there must be a stu‐ 
dent who likes t but doesn’t ad mire t, but there could be other stu‐ 
dents who ad mire t. To be in the set in part 3, t must be ad mired
by no body.

5.  
 the

set of all stu dents who are liked by all stu dents and also ad mired
by all stu dents.

6.  
 the set of all stu dents who are both liked and ad mired

by all stu dents. This is the same as the set in part 5. In fact, you
can use the dis tribu tive law for uni ver sal quan tifi ca tion and con‐ 
junc tion to show that the el e ment hood tests for the two sets are
equiv a lent.

7.  But
B was de fined to be the set of all stu dents who are ad mired by all
stu dents, so b ∈ B means b ∈ S ∧ ∀s ∈ S A(s, b). In sert ing this,
we get  the set
of all stu dents who are liked by some stu dent who is ad mired by
all stu dents.

Ex er cises
*1. An a lyze the log i cal forms of the fol low ing state ments. You may

use the sym bols ∈, ∉, =, ≠, ∧, ∨, →, ↔, ∀, and ∃ in your an‐ 
swers, but not ⊆, ⊈, P, ∩, ∪, \, {,}, or ¬. (Thus, you must write
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out the def i ni tions of some set the ory no ta tion, and you must use
equiv a lences to get rid of any oc cur rences of ¬.)

(a) F ⊆ P(A).

(b) A ⊆ {2n + 1 | n ∈ N}.
(c) {n2 + n + 1 | n ∈ N} ⊆ {2n + 1 | n ∈ N}.
(d)
2. An a lyze the log i cal forms of the fol low ing state ments. You may

use the sym bols ∈, ∉, =, ≠, ∧, ∨, →, ↔, ∀, and ∃ in your an‐ 
swers, but not ⊆, ⊈, P, ∩, ∪, \, {,}, or ¬. (Thus, you must write
out the def i ni tions of some set the ory no ta tion, and you must use
equiv a lences to get rid of any oc cur rences of ¬.)

(a) x ∈ ⋃F \ ⋃G.

(b) {x ∈ B | x ∉ C} ∈ P(A).
(c)
(d)
3. We’ve seen that P(∅) = {∅}, and {∅} = ∅. What is P({∅})?

*4. Sup pose F = {{red, green, blue}, {or ange, red, blue}, {pur ple,

red, green, blue}}. Find ⋂F and ⋃F.

5. Sup pose F = {{3, 7,12}, {5, 7, 16}, {5, 12, 23}}. Find ⋂F and

⋃F.

6. Let I = {2, 3, 4, 5}, and for each i ∈ I let Ai = {i, i + 1, i − 1, 2i}.

(a) List the el e ments of all the sets Ai, for i ∈ I.
(b) Find 
7. Let P = {Jo hann Se bas tian Bach, Napoleon Bona parte, Jo hann

Wolf-gang von Goethe, David Hume, Wolf gang Amadeus Mozart,
Isaac New ton, George Wash ing ton} and let Y = {1750, 1751,
1752, . . . , 1759}. For each y ∈ Y, let Ay = {p ∈ P | the per son p
was alive at some time dur ing the year y}. Find ⋃y∈Y Ay and ⋂y∈Y
Ay.

*8. Let I = {2, 3}, and for each i ∈ I let Ai = {i, 2i} and Bi = {i, i +
1}.

(a) List the el e ments of the sets Ai and Bi for i ∈ I.
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(b) Find ⋂i ∈ I (Ai ∪ Bi) and  Are they the same?
(c) In parts (c) and (d) of ex e cerise 2 you an a lyzed the state ments x

∈  What can you con‐ 
clude from your an swer to part (b) about whether or not these
state ments are equiv a lent?

9. (a) An a lyze the log i cal forms of the state ments 
 

 Do you
think that any of these state ments are equiv a lent to each
other?

(b) Let I, Ai, and Bi be de fined as in ex er cise 8. Find 
 Now do you think any of

the state ments in part (a) are equiv a lent?
10. Give an ex am ple of an in dex set I and in dexed fam i lies of sets {Ai

| i ∈ I} and {Bi | i ∈ I} such that 

11. Show that for any sets A and B, P(A ∩ B) = P(A) ∩ P(B), by
show ing that the state ments x ∈ P(A ∩ B) and x ∈ P(A) ∩
P(B) are equiv a lent. (See Ex am ple 2.3.3.)

*12. Give ex am ples of sets A and B for which P(A ∪ B) = P(A) ∪
P(B).

13. Ver ify the fol low ing iden ti ties by writ ing out (us ing log i cal sym‐ 
bols) what it means for an ob ject x to be an el e ment of each set
and then us ing log i cal equiv a lences.

(a)
(b)
(c)

*14. Some times each set in an in dexed fam ily of sets has two in dices.
For this prob lem, use the fol low ing def i ni tions: I = {1, 2}, J = {3,
4}. For each i ∈ I and j ∈ J, let Ai, j = {i, j, i + j}. Thus, for ex‐ 
am ple, A2,3 = {2, 3, 5}.

(a) For each j ∈ J let  Find B3 and B4.
(b) Find  (Note that, re plac ing Bj with its def i ni tion, we could

say that 
(c) Find  (Hint: You may want to do this in two steps,

cor re spond ing to parts (a) and (b).) Are  and 
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 equal?
(d) An a lyze the log i cal forms of the state ments 

and  Are they equiv a lent?
15. (a) Show that if F = ∅, then the state ment x ∈ ⋃F will be false

no mat ter what x is. It fol lows that ⋃∅ = ∅.
(b) Show that if F = ∅, then the state ment x ∈ ⋂F will be true no

mat ter what x is. In a con text in which it is clear what the uni‐ 
verse of dis course U is, we might there fore want to say that ⋂ ∅
= U. How ever, this has the un for tu nate con se quence that the no ta‐ 
tion ⋂ ∅ will mean dif fer ent things in dif fer ent con texts. Fur‐ 
ther more, when work ing with sets whose el e ments are sets, math‐ 
e ma ti cians of ten do not use a uni verse of dis course at all. (For
more on this, see the next ex er cise.) For these rea sons, some
math e ma ti cians con sider the no ta tion ⋂ ∅ to be mean ing less. We
will avoid this prob lem in this book by us ing the no ta tion ⋂F

only in con texts in which we can be sure that F ≠ ∅.

16. In Sec tion 2.3 we saw that a set can have other sets as el e ments.
When dis cussing sets whose el e ments are sets, it might seem
most nat u ral to con sider the uni verse of dis course to be the set of
all sets. How ever, as we will see in this prob lem, as sum ing that
there is such a set leads to con tra dic tions.

Sup pose U were the set of all sets. Note that in par tic u lar U is a
set, so we would have U ∈ U. This is not yet a con tra dic tion; al‐ 
though most sets are not el e ments of them selves, per haps some
sets are el e ments of them selves. But it sug gests that the sets in
the uni verse U could be split into two cat e gories: the un usual
sets that, like U it self, are el e ments of them selves, and the more
typ i cal sets that are not. Let R be the set of sets in the sec ond cat‐ 
e gory. In other words, R = {A ∈ U | A ∉ A}. This means that for
any set A in the uni verse U, A will be an el e ment of R iff A ∉ A.
In other words, we have ∀ A ∈ U(A ∈ R ↔ A ∉ A).

(a) Show that ap ply ing this last fact to the set R it self (in other
words, plug ging in R for A) leads to a con tra dic tion. This con tra‐ 
dic tion was dis cov ered by Bertrand Rus sell (1872–1970) in 1901,
and is known as Rus sell’s para dox.
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(b) Think some more about the para dox in part (a). What do you
think it tells us about sets?
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3

Proofs

3.1 Proof Strate gies
Math e ma ti cians are skep ti cal peo ple. They use many meth ods, in clud‐ 
ing ex per i men ta tion with ex am ples, trial and er ror, and guess work, to
try to find an swers to math e mat i cal ques tions, but they are gen er ally
not con vinced that an an swer is cor rect un less they can prove it. You
have prob a bly seen some math e mat i cal proofs be fore (there were some
ex am ples in the in tro duc tion), but you may not have any ex pe ri ence
writ ing them your self. In this chap ter you’ll learn more about how
proofs are put to gether, so you can start writ ing your own proofs.

Proofs are a lot like jig saw puz zles. There are no rules about how jig‐ 
saw puz zles must be solved. The only rule con cerns the fi nal prod uct:
all the pieces must fit to gether, and the pic ture must look right. The
same holds for proofs.

Al though there are no rules about how jig saw puz zles must be solved,
some tech niques for solv ing them work bet ter than oth ers. For ex am ple,
you’d never do a jig saw puz zle by fill ing in ev ery other piece, and then
go ing back and fill ing in the holes! But you also don’t do it by start ing
at the top and fill ing in the pieces in or der un til you reach the bot tom.
You prob a bly fill in the bor der first, and then grad u ally put other
chunks of the puz zle to gether and fig ure out where they go. Some times
you try to put pieces in the wrong places, re al ize that they don’t fit, and
feel that you’re not mak ing any progress. And ev ery once in a while you
see, in a sat is fy ing flash, how two big chunks fit to gether and feel that
you’ve sud denly made a lot of progress. As the pieces of the puz zle fall
into place, a pic ture emerges. You sud denly re al ize that the patch of
blue you’ve been putting to gether is a lake, or part of the sky. But it’s
only when the puz zle is com plete that you can see the whole pic ture.

Sim i lar things could be said about the process of fig ur ing out a proof.
And I think one more sim i lar ity should be men tioned. When you fin ish
a jig saw puz zle, you don’t take it apart right away, do you? You prob a‐ 
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bly leave it out for a day or two, so you can ad mire it. You should do the
same thing with a proof. You fig ured out how to fit it to gether your self,
and once it’s all done, isn’t it pretty?

In this chap ter we will dis cuss the proof-writ ing tech niques that
math e ma ti cians use most of ten and ex plain how to use them to be gin
writ ing proofs your self. Un der stand ing these tech niques may also help
you read and un der stand proofs writ ten by other peo ple. Un for tu nately,
the tech niques in this chap ter do not give a step-by-step pro ce dure for
solv ing ev ery proof prob lem. When try ing to write a proof you may
make a few false starts be fore find ing the right way to pro ceed, and
some proofs may re quire some clev er ness or in sight. With prac tice your
proof-writ ing skills should im prove, and you’ll be able to tackle more
and more chal leng ing proofs.

Math e ma ti cians usu ally state the an swer to a math e mat i cal ques tion
in the form of a the o rem that says that if cer tain as sump tions called the
hy pothe ses of the the o rem are true, then some con clu sion must also be
true. Of ten the hy pothe ses and con clu sion con tain free vari ables, and in
this case it is un der stood that these vari ables can stand for any el e ments
of the uni verse of dis course. An as sign ment of par tic u lar val ues to these
vari ables is called an in stance of the the o rem, and in or der for the the o‐ 
rem to be cor rect it must be the case that for ev ery in stance of the the o‐ 
rem that makes the hy pothe ses come out true, the con clu sion is also
true. If there is even one in stance in which the hy pothe ses are true but
the con clu sion is false, then the the o rem is in cor rect. Such an in stance
is called a coun terex am ple to the the o rem.

Ex am ple 3.1.1. Con sider the fol low ing the o rem:

The o rem. Sup pose x > 3 and y < 2. Then x2 − 2y > 5.

This the o rem is cor rect. (You are asked to prove it in ex er cise 15.)
The hy pothe ses of the the o rem are x > 3 and y < 2, and the con clu sion
is x2 − 2y > 5. As an in stance of the the o rem, we could plug in 5 for x
and 1 for y. Clearly with these val ues of the vari ables the hy pothe ses x
> 3 and y <2 are both true, so the the o rem tells us that the con clu sion
x2 − 2 y >5 must also be true. In fact, plug ging in the val ues of x and y
we find that x2 − 2y = 25 − 2 = 23, and cer tainly 23 > 5. Note that this
cal cu la tion does not con sti tute a proof of the the o rem. We have only
checked one in stance of the the o rem, and a proof would have to show
that all in stances are cor rect.
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If we drop the sec ond hy poth e sis, then we get an in cor rect the o rem:

In cor rect The o rem. Sup pose x > 3. Then x2 − 2y > 5.

We can see that this the o rem is in cor rect by find ing a coun terex am ple.
For ex am ple, sup pose we let x = 4 and y = 6. Then the only re main ing
hy poth e sis, x > 3, is true, but x2 − 2y = 16 − 12 = 4, so the con clu sion x2

− 2y > 5 is false.

If you find a coun terex am ple to a the o rem, then you can be sure that
the the o rem is in cor rect, but the only way to know for sure that a the o‐ 
rem is cor rect is to prove it. A proof of a the o rem is sim ply a de duc tive
ar gu ment whose premises are the hy pothe ses of the the o rem and whose
con clu sion is the con clu sion of the the o rem. Through out the proof, we
think of any free vari ables in the hy pothe ses and con clu sion of the the o‐ 
rem as stand ing for some par tic u lar but un spec i fied el e ments of the uni‐ 
verse of dis course. In other words, we imag ine that we are rea son ing
about some in stance of the the o rem, but we don’t ac tu ally choose a par‐ 
tic u lar in stance; the rea son ing in the proof should ap ply to all in stances.
Of course the ar gu ment should be valid, so we can be sure that if the
hy pothe ses of the the o rem are true for any in stance, then the con clu sion
will be true for that in stance as well.

How you fig ure out and write up the proof of a the o rem will de pend
mostly on the log i cal form of the con clu sion. Of ten it will also de pend
on the log i cal forms of the hy pothe ses. The proof-writ ing tech niques we
will dis cuss in this chap ter will tell you which proof strate gies are most
likely to work for var i ous forms of hy pothe ses and con clu sions.

Proof-writ ing tech niques that are based on the log i cal forms of the
hy pothe ses usu ally sug gest ways of draw ing in fer ences from the hy‐ 
pothe ses. When you draw an in fer ence from the hy pothe ses, you use the
as sump tion that the hy pothe ses are true to jus tify the as ser tion that
some other state ment is also true. Once you have shown that a state‐ 
ment is true, you can use it later in the proof ex actly as if it were a hy‐ 
poth e sis. Per haps the most im por tant rule to keep in mind when draw‐ 
ing such in fer ences is this: Never as sert any thing un til you can jus tify it
com pletely us ing the hy pothe ses or us ing con clu sions reached from
them ear lier in the proof. Your motto should be: “I shall make no as ser‐ 
tion be fore its time.” Fol low ing this rule will pre vent you from us ing
cir cu lar rea son ing or jump ing to con clu sions and will guar an tee that, if
the hy pothe ses are true, then the con clu sion must also be true. And this
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is the pri mary pur pose of any proof: to pro vide a guar an tee that the con‐ 
clu sion is true if the hy pothe ses are.

To make sure your as ser tions are ad e quately jus ti fied, you must be
skep ti cal about ev ery in fer ence in your proof. If there is any doubt in
your mind about whether the jus ti fi ca tion you have given for an as ser‐ 
tion is ad e quate, then it isn’t. Af ter all, if your own rea son ing doesn’t
even con vince you, how can you ex pect it to con vince any body else?

Proof-writ ing tech niques based on the log i cal form of the con clu sion
are of ten some what dif fer ent from tech niques based on the forms of the
hy pothe ses. They usu ally sug gest ways of trans form ing the prob lem
into one that is equiv a lent but eas ier to solve. The idea of solv ing a
prob lem by trans form ing it into an eas ier prob lem should be fa mil iar to
you. For ex am ple, adding the same num ber to both sides of an equa tion
trans forms the equa tion into an equiv a lent equa tion, and the re sult ing
equa tion is some times eas ier to solve than the orig i nal one. Stu dents
who have stud ied cal cu lus may be fa mil iar with tech niques of eval u at‐ 
ing in te grals, such as sub sti tu tion or in te gra tion by parts, that can be
used to trans form a dif fi cult in te gra tion prob lem into an eas ier one.

Proofs that are writ ten us ing these trans for ma tion strate gies of ten in‐ 
clude steps in which you as sume for the sake of ar gu ment that some
state ment is true with out pro vid ing any jus ti fi ca tion for that as sump‐ 
tion. It may seem at first that such rea son ing would vi o late the rule that
as ser tions must al ways be jus ti fied, but it doesn’t, be cause as sum ing
some thing is not the same as as sert ing it. To as sert a state ment is to
claim that it is true, and such a claim is never ac cept able in a proof un‐ 
less it can be jus ti fied. How ever, the pur pose of mak ing an as sump tion
in a proof is not to make a claim about what is true, but rather to en able
you to find out what would be true if the as sump tion were cor rect. You
must al ways keep in mind that any con clu sion you reach that is based
on an as sump tion might turn out to be false if the as sump tion is in cor‐ 
rect. When ever you make a state ment in a proof, it’s im por tant to be
sure you know whether it’s an as ser tion or an as sump tion.

Per haps an ex am ple will help clar ify this. Sup pose that dur ing the
course of a proof you de cide to as sume that some state ment, call it P, is
true, and you use this as sump tion to con clude that an other state ment Q
is true. It would be wrong to call this a proof that Q is true, be cause you
can’t be sure that your as sump tion about the truth of P was cor rect. All
you can con clude at this point is that if P is true, then you can be sure
that Q is true as well. In other words, you know that the state ment P →
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Q is true. If the con clu sion of the the o rem be ing proven was Q, then the
proof is in com plete at best. But if the con clu sion was P → Q, then the
proof is com plete. This brings us to our first proof strat egy.

To prove a con clu sion of the form P → Q:
As sume P is true and then prove Q.

Here’s an other way of look ing at what this proof tech nique means.
As sum ing that P is true amounts to the same thing as adding P to your
list of hy pothe ses. Al though P might not orig i nally have been one of
your hy pothe ses, once you have as sumed it, you can use it ex actly the
way you would use any other hy poth e sis. Prov ing Q means treat ing Q as
your con clu sion and for get ting about the orig i nal con clu sion. So this
tech nique says that if the con clu sion of the the o rem you are try ing to
prove has the form P → Q, then you can trans form the prob lem by
adding P to your list of hy pothe ses and chang ing your con clu sion from
P → Q to Q. This gives you a new, per haps eas ier proof prob lem to
work on. If you can solve the new prob lem, then you will have shown
that if P is true then Q is also true, thus solv ing the orig i nal prob lem of
prov ing P → Q. How you solve this new prob lem will now be guided by
the log i cal form of the new con clu sion Q (which might it self be a com‐ 
plex state ment), and per haps also by the log i cal form of the new hy‐ 
poth e sis P.

Note that this tech nique doesn’t tell you how to do the whole proof, it
just gives you one step, leav ing you with a new prob lem to solve in or‐ 
der to fin ish the proof. Proofs are usu ally not writ ten all at once, but are
cre ated grad u ally by ap ply ing sev eral proof tech niques one af ter an‐ 
other. Of ten the use of these tech niques will lead you to trans form the
prob lem sev eral times. In dis cussing this process it will be help ful to
have some way to keep track of the re sults of this se quence of trans for‐ 
ma tions. We there fore in tro duce the fol low ing ter mi nol ogy. We will re‐ 
fer to the state ments that are known or as sumed to be true at some point
in the course of fig ur ing out a proof as givens, and the state ment that re‐ 
mains to be proven at that point as the goal. When you are start ing to
fig ure out a proof, the givens will be just the hy pothe ses of the the o rem
you are prov ing, but they may later in clude other state ments that have
been in ferred from the hy pothe ses or added as new as sump tions as the
re sult of some trans for ma tion of the prob lem. The goal will ini tially be
the con clu sion of the the o rem, but it may be changed sev eral times in
the course of fig ur ing out a proof.

DELL
高亮

DELL
高亮

DELL
高亮

DELL
高亮

DELL
高亮

DELL
高亮

DELL
高亮

DELL
高亮

DELL
高亮

DELL
高亮

DELL
高亮



119

To keep in mind that all of our proof strate gies ap ply not only to the
orig i nal proof prob lem but also to the re sults of any trans for ma tion of
the prob lem, we will talk from now on only about givens and goals,
rather than hy pothe ses and con clu sions, when dis cussing proof-writ ing
strate gies. For ex am ple, the strat egy stated ear lier should re ally be
called a strat egy for prov ing a goal of the form P → Q, rather than a
con clu sion of this form. Even if the con clu sion of the the o rem you are
prov ing is not a con di tional state ment, if you trans form the prob lem in
such a way that a con di tional state ment be comes the goal, then you can
ap ply this strat egy as the next step in fig ur ing out the proof.

Ex am ple 3.1.2. Sup pose a and b are real num bers. Prove that if 0 < a
< b then a2 < b2.

Scratch work

We are given as a hy poth e sis that a and b are real num bers. Our con clu‐ 
sion has the form P → Q, where P is the state ment 0 < a < b and Q is
the state ment a2 < b2. Thus we start with these state ments as given and
goal:

Ac cord ing to our proof tech nique we should as sume that 0 < a < b
and try to use this as sump tion to prove that a2 < b2. In other words, we
trans form the prob lem by adding 0 < a < b to the list of givens and
mak ing a2 < b2 our goal:

Com par ing the in equal i ties a < b and a2 < b2 sug gests that mul ti ply‐ 
ing both sides of the given in equal ity a < b by ei ther a or b might get us
closer to our goal. Be cause we are given that a and b are pos i tive, we
won’t need to re verse the di rec tion of the in equal ity if we do this. Mul‐ 
ti ply ing a < b by a gives us a2 < ab, and mul ti ply ing it by b gives us ab
< b2. Thus a2 < ab < b2, so a2 < b2.

So lu tion

The o rem. Sup pose a and b are real num bers. If 0 < a < b then a2 < b2.
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Proof. Sup pose 0 < a < b. Mul ti ply ing the in equal ity a < b by the pos i‐ 
tive num ber a we can con clude that a2 < ab, and sim i larly mul ti ply ing
by b we get ab < b2. There fore a2 < ab < b2, so a2 < b2, as re quired.
Thus, if 0 < a < b then a2 < b2.

□
As you can see from the pre ced ing ex am ple, there’s a dif fer ence be‐ 

tween the rea son ing you use when you are fig ur ing out a proof and the
steps you write down when you write the fi nal ver sion of the proof. In
par tic u lar, al though we will of ten talk about givens and goals when try‐ 
ing to fig ure out a proof, the fi nal write-up will gen er ally not re fer to
them. Through out this chap ter, and some times in later chap ters as well,
we will pre cede our proofs with the scratch work used to fig ure out the
proof, but this is just to help you un der stand how proofs are con‐ 
structed. When math e ma ti cians write proofs, they usu ally just write the
steps needed to jus tify their con clu sions with no ex pla na tion of how
they thought of them. Some of these steps will be sen tences in di cat ing
that the prob lem has been trans formed (usu ally ac cord ing to some proof
strat egy based on the log i cal form of the goal); some steps will be as‐ 
ser tions that are jus ti fied by in fer ences from the givens (of ten us ing
some proof strat egy based on the log i cal form of a given). How ever,
there will usu ally be no ex pla na tion of how the math e ma ti cian thought
of these trans for ma tions and in fer ences. For ex am ple, the proof in Ex‐ 
am ple 3.1.2 starts with the sen tence “Sup pose 0 < a < b,” in di cat ing
that the prob lem has been trans formed ac cord ing to our strat egy, and
then pro ceeds with a se quence of in fer ences lead ing to the con clu sion
that a2 < b2. No other ex pla na tions were nec es sary to jus tify the fi nal
con clu sion, in the last sen tence, that if 0 < a < b then a2 < b2.

Al though this lack of ex pla na tion some times makes proofs hard to
read, it serves the pur pose of keep ing two dis tinct ob jec tives sep a rate:
ex plain ing your thought pro cesses and jus ti fy ing your con clu sions. The
first is psy chol ogy; the sec ond, math e mat ics. The pri mary pur pose of a
proof is to jus tify the claim that the con clu sion fol lows from the hy‐ 
pothe ses, and no ex pla na tion of your thought pro cesses can sub sti tute
for ad e quate jus ti fi ca tion of this claim. Keep ing any dis cus sion of
thought pro cesses to a min i mum in a proof helps to keep this dis tinc‐ 
tion clear. Oc ca sion ally, in a very com pli cated proof, a math e ma ti cian
may in clude some dis cus sion of the strat egy be hind the proof to make
the proof eas ier to read. Usu ally, how ever, it is up to read ers to fig ure
this out for them selves. Don’t worry if you don’t im me di ately un der‐ 
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stand the strat egy be hind a proof you are read ing. Just try to fol low the
jus ti fi ca tions of the steps, and the strat egy will even tu ally be come
clear. If it doesn’t, a sec ond read ing of the proof might help.

To keep the dis tinc tion be tween the proof and the strat egy be hind the
proof clear, in the fu ture when we state a proof strat egy we will of ten
de scribe both the scratch work you might use to fig ure out the proof and
the form that the fi nal write-up of the proof should take. For ex am ple,
here’s a re state ment of the proof strat egy we dis cussed ear lier, in the
form we will be us ing to present proof strate gies from now on.

To prove a goal of the form P → Q:
As sume P is true and then prove Q.

Scratch work

Be fore us ing strat egy:

Af ter us ing strat egy:

Form of fi nal proof:

Sup pose P.
[Proof of Q goes here.]

There fore P → Q.

Note that the sug gested form for the fi nal proof tells you how the be‐ 
gin ning and end of the proof will go, but more steps will have to be
added in the mid dle. The givens and goal list un der the head ing “Af ter
us ing strat egy” tells you what is known or can be as sumed and what
needs to be proven in or der to fill in this gap in the proof. Many of our
proof strate gies will tell you how to write ei ther the be gin ning or the
end of your proof, leav ing a gap to be filled in with fur ther rea son ing.

There is a sec ond method that is some times used for prov ing goals of
the form P → Q. Be cause any con di tional state ment P → Q is equiv a‐ 

DELL
高亮

DELL
高亮



122

lent to its con tra pos i tive ¬Q → ¬P, you can prove P → Q by prov ing
¬Q → ¬P in stead, us ing the strat egy dis cussed ear lier. In other words:

To prove a goal of the form P → Q:
As sume Q is false and prove that P is false.

Scratch work

Be fore us ing strat egy:

Af ter us ing strat egy:

Form of fi nal proof:

Sup pose Q is false.
[Proof of ¬P goes here.]

There fore P → Q.

Ex am ple 3.1.3. Sup pose a, b, and c are real num bers and a > b. Prove
that if ac ≤ bc then c ≤ 0.

Scratch work

The con tra pos i tive of the goal is ¬(c ≤ 0) → ¬(ac ≤ bc), or in other
words (c > 0) → (ac > bc), so we can prove it by adding c > 0 to the
list of givens and mak ing ac > bc our new goal:

We can also now write the first and last sen tences of the proof. Ac cord‐ 
ing to the strat egy, the fi nal proof should have this form:
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Sup pose c > 0.
[Proof of ac > bc goes here.]

There fore, if ac ≤ bc then c ≤ 0.

Us ing the new given c > 0, we see that the goal ac > bc fol lows im‐ 
me di ately from the given a > b by mul ti ply ing both sides by the pos i‐ 
tive num ber c. In sert ing this step be tween the first and last sen tences
com pletes the proof.

So lu tion

The o rem. Sup pose a, b, and c are real num bers and a > b. If ac ≤ bc
then c ≤ 0.

Proof. We will prove the con tra pos i tive. Sup pose c > 0. Then we can
mul ti ply both sides of the given in equal ity a > b by c and con clude that
ac > bc. There fore, if ac ≤ bc then c ≤ 0.

□
No tice that, al though we have used the sym bols of logic freely in the

scratch work, we have not used them in the fi nal write-up of the proof.
Al though it would not be in cor rect to use log i cal sym bols in a proof,
math e ma ti cians usu ally try to avoid it. Us ing the no ta tion and rules of
logic can be very help ful when you are fig ur ing out the strat egy for a
proof, but in the fi nal write-up you should try to stick to or di nary Eng‐ 
lish as much as pos si ble.

You may be won der ing how we knew in Ex am ple 3.1.3 that we
should use the sec ond method for prov ing a goal of the form P → Q
rather than the first. The an swer is sim ple: we tried both meth ods, and
the sec ond worked. When there is more than one strat egy for prov ing a
goal of a par tic u lar form, you may have to try a few dif fer ent strate gies
be fore you hit on one that works. With prac tice, you will get bet ter at
guess ing which strat egy is most likely to work for a par tic u lar proof.

No tice that in each of the ex am ples we have given, our strat egy in‐ 
volved mak ing changes in our givens and goal to try to make the prob‐ 
lem eas ier. The be gin ning and end of the proof, which were sup plied for
us in the state ment of the proof tech nique, serve to tell a reader of the
proof that these changes have been made and how the so lu tion to this
re vised prob lem solves the orig i nal prob lem. The rest of the proof con‐ 
tains the so lu tion to this eas ier, re vised prob lem.
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Most of the other proof tech niques in this chap ter also sug gest that
you re vise your givens and goal in some way. These re vi sions re sult in a
new proof prob lem, and in ev ery case the re vi sions have been de signed
so that a so lu tion to the new prob lem, when com bined with some be gin‐ 
ning or end ing sen tences ex plain ing these re vi sions, would also solve
the orig i nal prob lem. This means that when ever you use one of these
strate gies you can write a sen tence or two at the be gin ning or end of the
proof and then for get about the orig i nal prob lem and work in stead on
the new prob lem, which will usu ally be eas ier. Of ten you will be able to
fig ure out a proof by us ing the tech niques in this chap ter to re vise your
givens and goal re peat edly, mak ing the re main ing prob lem eas ier and
eas ier un til you reach a point at which it is com pletely ob vi ous that the
goal fol lows from the givens.

Ex er cises
*1. Con sider the fol low ing the o rem. (This the o rem was proven in

the in tro duc tion.)

The o rem. Sup pose n is an in te ger larger than 1 and n is not
prime. Then 2n − 1 is not prime.

(a) Iden tify the hy pothe ses and con clu sion of the the o rem. Are
the hy pothe ses true when n = 6? What does the the o rem tell
you in this in stance? Is it right?

(b) What can you con clude from the the o rem in the case n = 15?
Check di rectly that this con clu sion is cor rect.

(c) What can you con clude from the the o rem in the case n = 11?
2. Con sider the fol low ing the o rem. (The the o rem is cor rect, but

we will not ask you to prove it here.)

The o rem. Sup pose that b2 > 4ac. Then the qua dratic equa tion
ax2 + bx + c = 0 has ex actly two real so lu tions.

(a) Iden tify the hy pothe ses and con clu sion of the the o rem.
(b) To give an in stance of the the o rem, you must spec ify val ues

for a, b, and c, but not x. Why?
(c) What can you con clude from the the o rem in the case a = 2, b

= −5, c = 3? Check di rectly that this con clu sion is cor rect.
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(d) What can you con clude from the the o rem in the case a = 2, b
= 4, c = 3?

3. Con sider the fol low ing in cor rect the o rem:

In cor rect The o rem. Sup pose n is a nat u ral num ber larger
than 2, and n is not a prime num ber. Then 2n + 13 is not a
prime num ber.

What are the hy pothe ses and con clu sion of this the o rem?
Show that the the o rem is in cor rect by find ing a coun terex am‐ 
ple.

*4. Com plete the fol low ing al ter na tive proof of the the o rem in
Ex am ple 3.1.2.

Proof. Sup pose 0< a < b. Then b − a > 0.
[Fill in a proof of b2 − a2 > 0 here.]

Since b2 − a2 > 0, it fol lows that a2 < b2. There fore if 0 < a
< b then a2 < b2.

□
5. Sup pose a and b are real num bers. Prove that if a < b < 0

then a2 > b2.
6. Sup pose a and b are real num bers. Prove that if 0 < a < b

then 1/b < 1/a.

7. Sup pose that a is a real num ber. Prove that if a3 > a then a5 >
a. (Hint: One ap proach is to start by com plet ing the fol low ing
equa tion: a5 − a =(a3 − a) · ?.)

*8. Sup pose A \ B ⊆ C ∩ D and x ϵ A. Prove that if x ∉ D then x
ϵ B.

9. Sup pose A ∩ B ⊆ C \ D. Prove that if x ϵ A, then if x ϵ D then
x ∉ B.

*10. Sup pose a and b are real num bers. Prove that if a < b then (a
+ b)/2 < b.

11. Sup pose x is a real num ber and x ≠ 0. Prove that if 
 1/x then x ≠ 8.

*12. Sup pose a, b, c, and d are real num bers, 0 < a < b, and d > 0.
Prove that if ac ≥ bd then c > d.

13. Sup pose x and y are real num bers, and 3x + 2y ≤ 5. Prove that
if x > 1 then y < 1.
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14. Sup pose that x and y are real num bers. Prove that if x2 + y =
−3 and 2x − y = 2 then x = −1.

*15. Prove the first the o rem in Ex am ple 3.1.1. (Hint: You might
find it use ful to ap ply the the o rem from Ex am ple 3.1.2.)

16. Con sider the fol low ing the o rem.

The o rem. Sup pose x is a real num ber and x ≠ 4. If (2x −5)/(x−4)
= 3 then x = 7.

(a) What’s wrong with the fol low ing proof of the the o rem?

Proof. Sup pose x = 7. Then (2x −5)/(x−4) = (2(7)−5)/(7−4)=
9/3 = 3. There fore if (2x − 5)/(x − 4) = 3 then x = 7.

□
(b) Give a cor rect proof of the the o rem.

17. Con sider the fol low ing in cor rect the o rem:
In cor rect The o rem. Sup pose that x and y are real num bers
and x ≠ 3. If x2y = 9y then y = 0.

(a) What’s wrong with the fol low ing proof of the the o rem?

Proof. Sup pose that x2y = 9y. Then (x2 − 9)y = 0. Since x ≠ 3, x2 ≠
9, so x2 − 9 = 0. There fore we can di vide both sides of the equa tion
(x2 − 9)y = 0 by x2 − 9, which leads to the con clu sion that y = 0.
Thus, if x2y = 9y then y = 0.

□
(b) Show that the the o rem is in cor rect by find ing a coun terex am ple.

3.2 Proofs In volv ing Nega tions and Con di tion ‐
als
We turn now to proofs in which the goal has the form ¬P. Usu ally it’s
eas ier to prove a pos i tive state ment than a neg a tive state ment, so it is
of ten help ful to re ex press a goal of the form ¬P be fore prov ing it. In‐ 
stead of try ing to prove a goal that says what shouldn’t be true, see if
you can re phrase it as a goal that says what should be true. For tu nately,
we have al ready stud ied sev eral equiv a lences that will help with this re‐ 
ex pres sion. Thus, our first strat egy for prov ing negated state ments is:
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To prove a goal of the form ¬P:
If pos si ble, re ex press the goal in some other form and then use one of

the proof strate gies for this other goal form.

Ex am ple 3.2.1. Sup pose A ∩ C ⊆ B and a ϵ C. Prove that a ∉ A \ B.

Scratch work

To prove the goal, we must show that it can not be the case that a ϵ A
and a ∉ B. Be cause this is a neg a tive goal, we try to re ex press it as a
pos i tive state ment:

Rewrit ing the goal in this way gives us:

We now prove the goal in this new form, us ing the first strat egy from
Sec tion 3.1. Thus, we add a ϵ A to our list of givens and make a ϵ B our
goal:

The proof is now easy: from the givens a ϵ A and a ϵ C we can con clude
that a ϵ A ∩ C, and then, since A ∩ C ⊆ B, it fol lows that a ϵ B.

So lu tion

The o rem. Sup pose A ∩ C ⊆ B and a ϵ C. Then a ∉ A \ B.

Proof. Sup pose a ϵ A. Then since a ϵ C, a ϵ A ∩ C. But then since A ∩ C
⊆ B it fol lows that a ϵ B. Thus, it can not be the case that a is an el e‐ 
ment of A but not B, so a ∉ A \ B.
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□

Some times a goal of the form ¬P can not be re ex pressed as a pos i tive
state ment, and there fore this strat egy can not be used. In this case it is
usu ally best to do a proof by con tra dic tion. Start by as sum ing that P is
true, and try to use this as sump tion to prove some thing that you know is
false. Of ten this is done by prov ing a state ment that con tra dicts one of
the givens. Be cause you know that the state ment you have proven is
false, the as sump tion that P was true must have been in cor rect. The
only re main ing pos si bil ity then is that P is false.

To prove a goal of the form ¬P:
As sume P is true and try to reach a con tra dic tion. Once you have

reached a con tra dic tion, you can con clude that P must be false.

Scratch work

Be fore us ing strat egy:

Af ter us ing strat egy:

Form of fi nal proof:

Sup pose P is true.
[Proof of con tra dic tion goes here.]

Thus, P is false.

Ex am ple 3.2.2. Prove that if x2 + y = 13 and y ≠ 4 then x ≠ 3.

Scratch work

The goal is a con di tional state ment, so ac cord ing to the first proof strat‐ 
egy in Sec tion 3.1 we can treat the an tecedent as given and make the
con se quent our new goal:
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This proof strat egy also sug gests what form the fi nal proof should
take. Ac cord ing to the strat egy, the proof should look like this:

Sup pose x2 + y = 13 and y ≠ 4.
[Proof of x ≠ 3 goes here.]

Thus, if x2 + y = 13 and y ≠ 4 then x ≠ 3.

In other words, the first and last sen tences of the fi nal proof have al‐ 
ready been writ ten, and the prob lem that re mains to be solved is to fill
in a proof of x ≠ 3 be tween these two sen tences. The givens–goal list
sum ma rizes what we know and what we have to prove in or der to solve
this prob lem.

The goal x ≠ 3 means ¬(x = 3), but be cause x = 3 has no log i cal con‐ 
nec tives in it, none of the equiv a lences we know can be used to re ex‐ 
press this goal in a pos i tive form. We there fore try proof by con tra dic‐ 
tion and trans form the prob lem as fol lows:

Once again, the proof strat egy that sug gested this trans for ma tion also
tells us how to fill in a few more sen tences of the fi nal proof. As we in‐ 
di cated ear lier, these sen tences go be tween the first and last sen tences
of the proof, which were writ ten be fore.

Sup pose x2 + y = 13 and y ≠ 4.
Sup pose x ≠ 3.

[Proof of con tra dic tion goes here.]
There fore x ≠ 3.

Thus, if x2 + y = 13 and y ≠ 4 then x ≠ 3.

The in dent ing in this out line of the proof will not be part of the fi nal
proof. We have done it here to make the un der ly ing struc ture of the
proof clear. The first and last lines go to gether and in di cate that we are
prov ing a con di tional state ment by as sum ing the an tecedent and prov‐ 
ing the con se quent. Be tween these lines is a proof of the con se quent, x
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≠ 3, which we have set off from the first and last lines by in dent ing it.
This in ner proof has the form of a proof by con tra dic tion, as in di cated
by its first and last lines. Be tween these lines we still need to fill in a
proof of a con tra dic tion.

At this point we don’t have a par tic u lar state ment as our goal; any
im pos si ble con clu sion will do. We must there fore look more closely at
the givens to see if some of them con tra dict oth ers. In this case, the first
and third to gether im ply that y = 4, which con tra dicts the sec ond.

So lu tion

The o rem. If x2 + y = 13 and y ≠ 4 then x ≠ 3.

Proof. Sup pose x2 + y = 13 and y ≠ 4. Sup pose x = 3. Sub sti tut ing this
into the equa tion x2 + y = 13, we get 9 + y = 13, so y = 4. But this con‐ 
tra dicts the fact that y ≠ 4. There fore x ≠ 3. Thus, if x2 + y = 13 and y ≠
4 then x ≠ 3.

□
You may be won der ing at this point why we were jus ti fied in con‐ 

clud ing, when we reached a con tra dic tion in the proof, that x ≠ 3. Af ter
all, the sec ond list of givens in our scratch work con tained three givens.
How could we be sure, when we reached a con tra dic tion, that the cul prit
was the third given, x = 3? To an swer this ques tion, look back at the
first givens and goal anal y sis for this ex am ple. Ac cord ing to that anal y‐ 
sis, there were two givens, x2 + y = 13 and y ≠ 4, from which we had to
de duce the goal x ≠ 3. Those givens were in tro duced as as sump tions in
the first sen tence of the proof. Our proof that x ≠ 3 took place in a con‐ 
text in which those as sump tions were in force, as in di cated by the in‐ 
dent ing in the out line of the proof in our scratch work. Thus, we only
had to show that x ≠ 3 un der the as sump tion that x2 + y = 13 and y ≠ 4.
When we reached a con tra dic tion, we didn’t need to fig ure out which of
the three state ments in the sec ond list of givens was false. We were cer‐ 
tainly jus ti fied in con clud ing that if nei ther of the first two was the cul‐ 
prit, then it had to be the third, and that was all that was re quired to fin‐ 
ish the proof.

Prov ing a goal by con tra dic tion has the ad van tage that it al lows you
to as sume that your con clu sion is false, pro vid ing you with an other
given to work with. But it has the dis ad van tage that it leaves you with a
rather vague goal: pro duce a con tra dic tion by prov ing some thing that
you know is false. Be cause all the proof strate gies we have dis cussed so
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far de pend on an a lyz ing the log i cal form of the goal, it ap pears that
none of them will help you to achieve the goal of pro duc ing a con tra‐ 
dic tion. In the pre ced ing proof we were forced to look more closely at
our givens to find a con tra dic tion. In this case we did it by prov ing that
y = 4, con tra dict ing the given y ≠ 4. This il lus trates a pat tern that oc curs
of ten in proofs by con tra dic tion: if one of the givens has the form ¬P,
then you can pro duce a con tra dic tion by prov ing P. This is our first
strat egy based on the log i cal form of a given.

To use a given of the form ¬P:
If you’re do ing a proof by con tra dic tion, try mak ing P your goal. If

you can prove P, then the proof will be com plete, be cause P con tra dicts
the given ¬P.

Scratch work

Be fore us ing strat egy:

Af ter us ing strat egy:

Form of fi nal proof:

   [Proof of P goes here.]
Since we al ready know ¬P, this is a con tra dic tion.

Al though we have rec om mended proof by con tra dic tion for prov ing
goals of the form ¬P, it can be used for any goal. Usu ally it’s best to try
the other strate gies first if any of them ap ply; but if you’re stuck, you
can try proof by con tra dic tion in any proof.

The next ex am ple il lus trates this and also an other im por tant rule of
proof writ ing: in many cases the log i cal form of a state ment can be dis‐ 
cov ered by writ ing out the def i ni tion of some math e mat i cal word or
sym bol that oc curs in the state ment. For this rea son, know ing the pre‐ 
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cise state ments of the def i ni tions of all math e mat i cal terms is ex‐ 
tremely im por tant when you’re writ ing a proof.

Ex am ple 3.2.3. Sup pose A, B, and C are sets, A \ B ⊆ C, and x is any‐ 
thing at all. Prove that if x ϵ A \ C then x ϵ B.

Scratch work

We’re given that A \ B ⊆ C, and our goal is x ϵ A \ C → x ϵ B. Be cause
the goal is a con di tional state ment, our first step is to trans form the
prob lem by adding x ϵ A \ C as a sec ond given and mak ing x ϵ B our
goal:

The form of the fi nal proof will there fore be as fol lows:

Sup pose x ϵ A \ C.
[Proof of x ϵ B goes here.]

Thus, if x ϵ A \ C then x ϵ B.

The goal x ϵ B con tains no log i cal con nec tives, so none of the tech‐ 
niques we have stud ied so far ap ply, and it is not ob vi ous why the goal
fol lows from the givens. Lack ing any thing else to do, we try proof by
con tra dic tion:

As be fore, this trans for ma tion of the prob lem also en ables us to fill in a
few more sen tences of the proof:

Sup pose x ϵ A \ C.
Sup pose x ∉ B.

[Proof of con tra dic tion goes here.]
There fore x ϵ B.

Thus, if x ϵ A \ C then x ϵ B.

Be cause we’re do ing a proof by con tra dic tion and our last given is
now a negated state ment, we could try us ing our strat egy for us ing
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givens of the form ¬P. Un for tu nately, this strat egy sug gests mak ing x ϵ
B our goal, which just gets us back to where we started. We must look at
the other givens to try to find the con tra dic tion.

In this case, writ ing out the def i ni tion of the sec ond given is the key
to the proof, since this def i ni tion also con tains a negated state ment. By
def i ni tion, x ϵ A \ C means x ϵ A and x ∉ C. Re plac ing this given by its
def i ni tion gives us:

Now the third given also has the form ¬P, where P is the state ment x
ϵ C, so we can ap ply the strat egy for us ing givens of the form ¬P and
make x ϵ C our goal. Show ing that x ϵ C would com plete the proof be‐ 
cause it would con tra dict the given x ∉ C.

Once again, we can add a lit tle more to the proof we are grad u ally
writ ing by fill ing in the fact that we plan to de rive our con tra dic tion by
prov ing x ϵ C. We also add the def i ni tion of x ϵ A \ C to the proof, in‐ 
sert ing it in what seems like the most log i cal place, right af ter we stated
that x ϵ A \ C:

Sup pose x ϵ A \ C. This means that x ϵ A and x ∉ C.
Sup pose x ∉ B.

   [Proof of x ϵ C goes here.]
   This con tra dicts the fact that x ∉ C.
There fore x ϵ B.

Thus, if x ϵ A \ C then x ϵ B.

We have fi nally reached a point where the goal fol lows eas ily from
the givens. From x ϵ A and x ∉ B we con clude that x ϵ A \ B. Since A \ B
⊆ C it fol lows that x ϵ C.
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So lu tion

The o rem. Sup pose A, B, and C are sets, A \ B ⊆ C, and x is any thing at
all. If x ϵ A \ C then x ϵ B.

Proof. Sup pose x ϵ A \ C. This means that x ϵ A and x ∉ C. Sup pose x ∉
B. Then x ϵ A \ B, so since A \ B ⊆ C, x ϵ C. But this con tra dicts the fact
that x ∉ C. There fore x ϵ B. Thus, if x ϵ A \ C then x ϵ B.

□
The strat egy we’ve rec om mended for us ing givens of the form ¬P

only ap plies if you are do ing a proof by con tra dic tion. For other kinds
of proofs, the next strat egy can be used. This strat egy is based on the
fact that givens of the form ¬P, like goals of this form, may be eas ier to
work with if they are re ex pressed as pos i tive state ments.

To use a given of the form ¬P:
If pos si ble, re ex press this given in some other form.

We have dis cussed strate gies for work ing with both givens and goals
of the form ¬P, but only strate gies for goals of the form P → Q. We
now fill this gap by giv ing two strate gies for us ing givens of the form P
→ Q. We said be fore that many strate gies for us ing givens sug gest ways
of draw ing in fer ences from the givens. Such strate gies are called rules
of in fer ence. Both of our strate gies for us ing givens of the form P → Q
are ex am ples of rules of in fer ence.

To use a given of the form P → Q:
If you are also given P, or if you can prove that P is true, then you

can use this given to con clude that Q is true. Since it is equiv a lent to ¬Q
→ ¬P, if you can prove that Q is false, you can use this given to con‐ 
clude that P is false.

The first of these rules of in fer ence says that if you know that both P
and P → Q are true, you can con clude that Q must also be true. Lo gi‐ 
cians call this rule modus po nens. We saw this rule used in one of our
first ex am ples of valid de duc tive rea son ing in Chap ter 1, ar gu ment 2 in
Ex am ple 1.1.1. The va lid ity of this form of rea son ing was ver i fied us‐ 
ing the truth ta ble for the con di tional con nec tive in Sec tion 1.5.

The sec ond rule, called modus tol lens, says that if you know that P →
Q is true and Q is false, you can con clude that P must also be false. The
va lid ity of this rule can also be checked with truth ta bles, as you are
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asked to show in ex er cise 14. Usu ally you won’t find a given of the
form P → Q to be much use un til you are able to prove ei ther P or ¬Q.
How ever, if you ever reach a point in your proof where you have de ter‐ 
mined that P is true, you should prob a bly use this given im me di ately to
con clude that Q is true. Sim i larly, if you ever es tab lish ¬Q, im me di‐ 
ately use this given to con clude ¬P.

Al though most of our ex am ples will in volve spe cific math e mat i cal
state ments, oc ca sion ally we will do ex am ples of proofs con tain ing let‐ 
ters stand ing for un spec i fied state ments. Later in this chap ter we will be
able to use this method to ver ify some of the equiv a lences from Chap ter
2 that could only be jus ti fied on in tu itive grounds be fore. Here’s an ex‐ 
am ple of this kind, il lus trat ing the use of modus po nens and modus tol‐ 
lens.

Ex am ple 3.2.4. Sup pose P → (Q → R). Prove that ¬R → (P → ¬Q).

Scratch work

This could ac tu ally be done with a truth ta ble, as you are asked to show
in ex er cise 15, but let’s do it us ing the proof strate gies we’ve been dis‐ 
cussing. We start with the fol low ing sit u a tion:

Our only given is a con di tional state ment. By the rules of in fer ence
just dis cussed, if we knew P we could use modus po nens to con clude Q
→ R, and if we knew ¬(Q → R) we could use modus tol lens to con clude
¬P. Be cause we don’t, at this point, know ei ther of these, we can’t yet
do any thing with this given. If ei ther P or ¬(Q → R) ever gets added to
the givens list, then we should con sider us ing modus po nens or modus
tol lens. For now, we need to con cen trate on the goal.

The goal is also a con di tional state ment, so we as sume the an tecedent
and set the con se quent as our new goal:

We can also now write a lit tle bit of the proof:

Sup pose ¬R.
[Proof of P → ¬Q goes here.]
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There fore ¬R → (P → ¬Q).

We still can’t do any thing with the givens, but the goal is an other
con di tional, so we use the same strat egy again:

Now the proof looks like this:

Sup pose ¬R.
Sup pose P.

[Proof of ¬Q goes here.]
There fore P → ¬Q.

There fore ¬R → (P → ¬Q).

We’ve been watch ing for our chance to use our first given by ap ply‐ 
ing ei ther modus po nens or modus tol lens, and now we can do it. Since
we know P → (Q → R) and P, by modus po nens we can in fer Q → R.
Any con clu sion in ferred from the givens can be added to the givens col‐ 
umn:

We also add one more line to the proof:

Sup pose ¬R.
Sup pose P.

Since P and P → (Q → R), it fol lows that Q → R.
[Proof of ¬Q goes here.]

There fore P → ¬Q.
There fore ¬R → (P → ¬Q).

Fi nally, our last step is to use modus tol lens. We now know Q → R
and ¬R, so by modus tol lens we can con clude ¬Q. This is our goal, so
the proof is done.

So lu tion
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The o rem. Sup pose P → (Q → R). Then ¬R → (P → ¬Q).

Proof. Sup pose ¬R. Sup pose P. Since P and P → (Q → R), it fol lows
that Q → R. But then, since ¬R, we can con clude ¬Q. Thus, P → ¬Q.
There fore ¬R → (P → ¬Q).

□
Some times if you’re stuck you can use rules of in fer ence to work

back ward. For ex am ple, sup pose one of your givens has the form P →
Q and your goal is Q. If only you could prove P, you could use modus
po nens to reach your goal. This sug gests treat ing P as your goal in stead
of Q. If you can prove P, then you’ll just have to add one more step to
the proof to reach your orig i nal goal Q.

Ex am ple 3.2.5. Sup pose that A ⊆ B, a ϵ A, and a ∉ B \ C. Prove that
a ϵ C.

Scratch work

Our third given is a neg a tive state ment, so we be gin by re ex press ing
it as an equiv a lent pos i tive state ment. Ac cord ing to the def i ni tion of the
dif fer ence of two sets, this given means ¬(a ϵ B ∧ a ∉ C), and by one
of De Mor gan’s laws, this is equiv a lent to a ∉ B ∨ a ϵ C. Be cause our
goal is a ϵ C, it is prob a bly more use ful to re write this in the equiv a lent
form a ϵ B → a ϵ C:

Now we can use our strat egy for us ing givens of the form P → Q.
Our goal is a ϵ C, and we are given that a ϵ B → a ϵ C. If we could
prove that a ϵ B, then we could use modus po nens to reach our goal. So
let’s try treat ing a ϵ B as our goal and see if that makes the prob lem eas‐ 
ier:
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Now it is clear how to reach the goal. Since a ϵ A and A ⊆ B, a ϵ B.

So lu tion

The o rem. Sup pose that A ⊆ B, a ϵ A, and a ∉ B \ C. Then a ϵ C.

Proof. Since a ϵ A and A ⊆ B, we can con clude that a ϵ B. But a ∉ B \
C, so it fol lows that a ϵ C.

□

Ex er cises
*1. This prob lem could be solved by us ing truth ta bles, but don’t

do it that way. In stead, use the meth ods for writ ing proofs
dis cussed so far in this chap ter. (See Ex am ple 3.2.4.)

(a) Sup pose P → Q and Q → R are both true. Prove that P → R
is true.

(b) Sup pose ¬R → (P → ¬Q) is true. Prove that P → (Q → R) is
true.

2. This prob lem could be solved by us ing truth ta bles, but don’t
do it that way. In stead, use the meth ods for writ ing proofs
dis cussed so far in this chap ter. (See Ex am ple 3.2.4.)

(a) Sup pose P → Q and R → ¬Q are both true. Prove that P →
¬R is true.

(b) Sup pose that P is true. Prove that Q → ¬(Q → ¬P) is true.
3. Sup pose A ⊆ C, and B and C are dis joint. Prove that if x ϵ A

then x ∉ B.

4. Sup pose that A \ B is dis joint from C and x ϵ A. Prove that if x
ϵ C then x ϵ B.

*5. Prove that it can not be the case that x ϵ A \ B and x ϵ B \ C.
*6. Use the method of proof by con tra dic tion to prove the the o‐ 

rem in Ex am ple 3.2.1.
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7. Use the method of proof by con tra dic tion to prove the the o‐ 
rem in Ex am ple 3.2.5.

8. Sup pose that y + x = 2y − x, and x and y are not both zero.
Prove that y ≠ 0.

*9. Sup pose that a and b are nonzero real num bers. Prove that if
a < 1/a < b < 1/b then a < −1.

10. Sup pose that x and y are real num bers. Prove that if x2y = 2x
+ y, then if y ≠ 0 then x ≠ 0.

11. Sup pose that x and y are real num bers. Prove that if x ≠ 0,
then if y = (3x2 + 2y)/(x2 + 2) then y = 3.

*12. Con sider the fol low ing in cor rect the o rem:

In cor rect The o rem. Sup pose x and y are real num bers and x
+ y = 10. Then x ≠ 3 and y ≠ 8.

(a) What’s wrong with the fol low ing proof of the the o rem?

Proof. Sup pose the con clu sion of the the o rem is false. Then x
= 3 and y = 8. But then x + y = 11, which con tra dicts the
given in for ma tion that x + y = 10. There fore the con clu sion
must be true.

□
(b) Show that the the o rem is in cor rect by find ing a coun terex am‐ 

ple.
13. Con sider the fol low ing in cor rect the o rem:

In cor rect The o rem. Sup pose that A ⊆ C, B ⊆ C, and x ϵ A.
Then x ϵ B.

(a) What’s wrong with the fol low ing proof of the the o rem?

Proof. Sup pose that x ∉ B. Since x ϵ A and A ⊆ C, x ϵ C.
Since x ∉ B and B ⊆ C, x ∉ C. But now we have proven
both x ϵ C and x ∉ C, so we have reached a con tra dic tion.
There fore x ϵ B.

□
(b) Show that the the o rem is in cor rect by find ing a coun terex am‐ 

ple.

14. Use truth ta bles to show that modus tol lens is a valid
rule of in fer ence.
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*15. Use truth ta bles to check the cor rect ness of the the o rem
in Ex am ple 3.2.4.

16. Use truth ta bles to check the cor rect ness of the state‐ 
ments in ex er cise 1.

17. Use truth ta bles to check the cor rect ness of the state‐ 
ments in ex er cise 2.

18. Can the proof in Ex am ple 3.2.2 be mod i fied to prove
that if x2 + y = 13 and x ≠ 3 then y ≠ 4? Ex plain.

3.3 Proofs In volv ing Quan ti fiers
Look again at Ex am ple 3.2.3. In that ex am ple we said that x could be
any thing at all, and we proved the state ment x ϵ A\C → x ϵ B. Be cause
the rea son ing we used would ap ply no mat ter what x was, our proof ac‐ 
tu ally shows that x ϵ A \ C → x ϵ B is true for all val ues of x. In other
words, we can con clude ∀x(x ϵ A \ C → x ϵ B).

This il lus trates the eas i est and most straight for ward way of prov ing a
goal of the form ∀xP(x). If you can give a proof of the goal P(x) that
would work no mat ter what x was, then you can con clude that ∀xP(x)
must be true. To make sure that your proof would work for any value of
x, it is im por tant to start your proof with no as sump tions about x. Math‐ 
e ma ti cians ex press this by say ing that x must be ar bi trary. In par tic u lar,
you must not as sume that x is equal to any other ob ject al ready un der
dis cus sion in the proof. Thus, if the let ter x is al ready be ing used in the
proof to stand for some par tic u lar ob ject, then you can not use it to stand
for an ar bi trary ob ject. In this case you must choose a dif fer ent vari able
that is not al ready be ing used in the proof, say y, and re place the goal
∀xP(x) with the equiv a lent state ment ∀yP(yP). Now you can pro ceed by
let ting y stand for an ar bi trary ob ject and prov ing P(y).

To prove a goal of the form ∀xP(x):
Let x stand for an ar bi trary ob ject and prove P(x). The let ter x must

be a new vari able in the proof. If x is al ready be ing used in the proof to
stand for some thing, then you must choose an un used vari able, say y, to
stand for the ar bi trary ob ject, and prove P(y).

Scratch work

Be fore us ing strat egy:
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Af ter us ing strat egy:

Form of fi nal proof:

Let x be ar bi trary.
[Proof of P(x) goes here.]

Since x was ar bi trary, we can con clude that ∀xP(x).

Ex am ple 3.3.1. Sup pose A, B, and C are sets, and A \ B ⊆ C. Prove
that A \ C ⊆ B.

Scratch work

As usual, we look first at the log i cal form of the goal to plan our
strat egy. In this case we must write out the def i ni tion of ⊆ to de ter mine
the log i cal form of the goal.

Be cause the goal has the form ∀xP(x), where P(x) is the state ment x ϵ
A \ C → x ϵ B, we will in tro duce a new vari able x into the proof to stand
for an ar bi trary ob ject and then try to prove x ϵ A \ C → x ϵ B. Note that
x is a new vari able in the proof. It ap peared in the log i cal form of the
goal as a bound vari able, but re mem ber that bound vari ables don’t stand
for any thing in par tic u lar. We have not yet used x as a free vari able in
any state ment, so it has not been used to stand for any par tic u lar ob ject.
To make sure x is ar bi trary we must be care ful not to add any as sump‐ 
tions about x to the givens col umn. How ever, we do change our goal:

Ac cord ing to our strat egy, the fi nal proof should look like this:
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Let x be ar bi trary.
[Proof of x ϵ A \ C → x ϵ B goes here.]

Since x was ar bi trary, we can con clude that ∀x(x ϵ A \ C → x ϵ B), so
A \ C ⊆ B.

The prob lem is now ex actly the same as in Ex am ple 3.2.3, so the rest
of the so lu tion is the same as well. In other words, we can sim ply in sert
the proof we wrote in Ex am ple 3.2.3 be tween the first and last sen‐ 
tences of the proof writ ten here.

So lu tion

The o rem. Sup pose A, B, and C are sets, and A \ B ⊆ C. Then A \ C ⊆
B.

Proof. Let x be ar bi trary. Sup pose x ϵ A \ C. This means that x ϵ A and x
∉ C. Sup pose x ∉ B. Then x ϵ A \ B, so since A \ B ⊆ C, x ϵ C. But this
con tra dicts the fact that x ∉ C. There fore x ϵ B. Thus, if x ϵ A \ C then x
ϵ B. Since x was ar bi trary, we can con clude that ∀x(x ϵ A \ C → x ϵ B),
so A \ C ⊆ B.

□
No tice that, al though this proof shows that ev ery el e ment of A \ C is

also an el e ment of B, it does not con tain phrases such as “ev ery el e ment
of A \ C” or “all el e ments of A \ C.” For most of the proof we sim ply
rea son about x, which is treated as a sin gle, fixed el e ment of A \ C. We
pre tend that x stands for some par tic u lar el e ment of A \ C, be ing care ful
to make no as sump tions about which el e ment it stands for. It is only at
the end of the proof that we ob serve that, be cause x was ar bi trary, our
con clu sions about x would be true no mat ter what x was. This is the
main ad van tage of us ing this strat egy to prove a goal of the form
∀xP(x). It en ables you to prove a goal about all ob jects by rea son ing
about only one ob ject, as long as that ob ject is ar bi trary. If you are
prov ing a goal of the form ∀xP(x) and you find your self say ing a lot
about “all x’s” or “ev ery x,” you are prob a bly mak ing your proof un nec‐ 
es sar ily com pli cated by not us ing this strat egy.

As we saw in Chap ter 2, state ments of the form ∀x(P(x) → Q(x)) are
quite com mon in math e mat ics. It might be worth while, there fore, to
con sider how the strate gies we’ve dis cussed can be com bined to prove a
goal of this form. Be cause the goal starts with ∀x, the first step is to let
x be ar bi trary and try to prove P(x) → Q(x). To prove this goal, you will
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prob a bly want to as sume that P(x) is true and prove Q(x). Thus, the
proof will prob a bly start like this: “Let x be ar bi trary. Sup pose P(x).” It
will then pro ceed with the steps needed to reach the goal Q(x). Of ten in
this type of proof the state ment that x is ar bi trary is left out, and the
proof sim ply starts with “Sup pose P(x).” When a new vari able x is in‐ 
tro duced into a proof in this way, it is usu ally un der stood that x is ar bi‐ 
trary. In other words, no as sump tions are be ing made about x other than
the stated one that P(x) is true.

An im por tant ex am ple of this type of proof is a proof in which the
goal has the form ∀x ϵ A P(x). Re call that ∀x ϵ A P(x) means the same
thing as ∀x(x ϵ A → P(x)), so ac cord ing to our strat egy the proof should
start with “Sup pose x ϵ A” and then pro ceed with the steps needed to
con clude that P(x) is true. Once again, it is un der stood that no as sump‐ 
tions are be ing made about x other than the stated as sump tion that x ϵ A,
so x stands for an ar bi trary el e ment of A.

Math e ma ti cians some times skip other steps in proofs, if knowl edge‐ 
able read ers could be ex pected to fill them in them selves. In par tic u lar,
many of our proof strate gies have sug gested that the proof end with a
sen tence that sums up why the rea son ing that has been given in the
proof leads to the de sired con clu sion. In a proof in which sev eral of
these strate gies have been com bined, there might be sev eral of these
sum ming up sen tences, one af ter an other, at the end of the proof. Math‐ 
e ma ti cians of ten con dense this sum ming up into one sen tence, or even
skip it en tirely. When you are read ing a proof writ ten by some one else,
you may find it help ful to fill in these skipped steps.

Ex am ple 3.3.2. Sup pose A and B are sets. Prove that if A ∩ B = A then
A ⊆ B.

Scratch work

Our goal is A ∩ B = A → A ⊆ B. Be cause the goal is a con di tional state‐ 
ment, we add the an tecedent to the givens list and make the con se quent
the goal. We will also write out the def i ni tion of ⊆ in the new goal to
show what its log i cal form is.

Now the goal has the form ∀x(P(x) → Q(x)), where P(x) is the state‐ 
ment x ϵ A and Q(x) is the state ment x ϵ B. We there fore let x be ar bi‐ 
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trary, as sume x ϵ A, and prove x ϵ B:

Com bin ing the proof strate gies we have used, we see that the fi nal
proof will have this form:

Sup pose A ∩ B = A.
Let x be ar bi trary.
   Sup pose x ϵ A.

  [Proof of x ϵ B goes here.]
   There fore x ϵ A → x ϵ B.
Since x was ar bi trary, we can con clude that ∀x(x ϵ A → x ϵ B), so A
⊆ B.

There fore, if A ∩ B = A then A ⊆ B.

As dis cussed ear lier, when we write up the fi nal proof we can skip the
sen tence “Let x be ar bi trary,” and we can also skip some or all of the
last three sen tences.

We have now reached the point at which we can an a lyze the log i cal
form of the goal no fur ther. For tu nately, when we look at the givens, we
dis cover that the goal fol lows eas ily. Since x ϵ A and A ∩ B = A, it fol‐ 
lows that x ϵ A ∩ B, so x ϵ B. (In this last step we are us ing the def i ni‐ 
tion of ∩: x ϵ A ∩ B means x ϵ A and x ϵ B.)

So lu tion

The o rem. Sup pose A and B are sets. If A ∩ B = A then A ⊆ B.

Proof. Sup pose A ∩ B = A, and sup pose x ϵ A. Then since A ∩ B = A, x ϵ
A ∩ B, so x ϵ B. Since x was an ar bi trary el e ment of A, we can con clude
that A ⊆ B.

□
Prov ing a goal of the form ∃xP(x) also in volves in tro duc ing a new

vari able x into the proof and prov ing P(x), but in this case x will not be
ar bi trary. Be cause you only need to prove that P(x) is true for at least
one x, it suf fices to as sign a par tic u lar value to x and prove P(x) for this
one value of x.

To prove a goal of the form ∃xP(x):
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Try to find a value of x for which you think P(x) will be true. Then
start your proof with “Let x = (the value you de cided on)” and pro ceed
to prove P(x) for this value of x. Once again, x should be a new vari able.
If the let ter x is al ready be ing used in the proof for some other pur pose,
then you should choose an un used vari able, say y, and re write the goal
in the equiv a lent form ∃yP(y). Now pro ceed as be fore by start ing your
proof with “Let y = (the value you de cided on)” and prove P(y).

Scratch work

Be fore us ing strat egy:

Af ter us ing strat egy:

Form of fi nal proof:

Let x = (the value you de cided on).
[Proof of P(x) goes here.]

Thus, ∃xP(x).

Find ing the right value to use for x may be dif fi cult in some cases.
One method that is some times help ful is to as sume that P(x) is true and
then see if you can fig ure out what x must be, based on this as sump tion.
If P(x) is an equa tion in volv ing x, this amounts to solv ing the equa tion
for x. How ever, if this doesn’t work, you may use any other method you
please to try to find a value to use for x, in clud ing trial-and-er ror and
guess ing. The rea son you have such free dom with this step is that the
rea son ing you use to find a value for x will not ap pear in the fi nal proof.
This is be cause of our rule that a proof should con tain only the rea son‐ 
ing needed to jus tify the con clu sion of the proof, not an ex pla na tion of
how you thought of that rea son ing. To jus tify the con clu sion that ∃xP(x)
is true it is only nec es sary to ver ify that P(x) comes out true when x is
as signed some par tic u lar value. How you thought of that value is your
own busi ness, and not part of the jus ti fi ca tion of the con clu sion.
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Ex am ple 3.3.3. Prove that for ev ery real num ber x, if x > 0 then there
is a real num ber y such that y(y + 1) = x.

Scratch work

In sym bols, our goal is ∀x(x > 0 → ∃y[y(y + 1) = x]), where the vari‐ 
ables x and y in this state ment are un der stood to range over R. We
there fore start by let ting x be an ar bi trary real num ber, and we then as‐ 
sume that x > 0 and try to prove that ∃y[y(y + 1) = x]. Thus, we now
have the fol low ing given and goal:

Be cause our goal has the form ∃yP(y), where P(y) is the state ment y(y
+ 1) = x, ac cord ing to our strat egy we should try to find a value of y for
which P(y) is true. In this case we can do it by solv ing the equa tion y(y
+ 1) = x for y. It’s a qua dratic equa tion and can be solved us ing the qua‐ 
dratic for mula:

Note that  is de fined, since we have x > 0 as a given. We have
ac tu ally found two so lu tions for y, but to prove that ∃y[y(y + 1) = x] we
only need to ex hibit one value of y that makes the equa tion y(y + 1) = x
true. Ei ther of the two so lu tions could be used in the proof. We will use
the so lu tion 

The steps we’ve used to solve for y should not ap pear in the fi nal
proof. In the fi nal proof we will sim ply say “Let 
and then prove that y(y + 1) = x. In other words, the fi nal proof will
have this form:

Let x be an ar bi trary real num ber.
Sup pose x > 0.
    Let 

      [Proof of y(y + 1) = x goes here.]
    Thus, ∃y[y(y + 1) = x].
There fore x > 0 → ∃y[y(y + 1) = x].

Since x was ar bi trary, we can con clude that ∀x(x > 0 → ∃y[y(y +1) =
x]).
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To see what must be done to fill in the re main ing gap in the proof, we
add  to the givens list and make y(y + 1) = x the
goal:

We can now prove that the equa tion y(y +1) = x is true by sim ply sub sti‐ 
tut ing  for y and ver i fy ing that the re sult ing equa tion is
true.

So lu tion

The o rem. For ev ery real num ber x, if x > 0 then there is a real num ber
y such that y(y + 1) = x.

Proof. Let x be an ar bi trary real num ber, and sup pose x > 0. Let

which is de fined since x > 0. Then

□
Some times when you’re prov ing a goal of the form ∃yQ(y) you won’t

be able to tell just by look ing at the state ment Q(y) what value you
should plug in for y. In this case you may want to look more closely at
the givens to see if they sug gest a value to use for y. In par tic u lar, a
given of the form ∃xP(x) may be help ful in this sit u a tion. This given
says that an ob ject with a cer tain prop erty ex ists. It is prob a bly a good
idea to imag ine that a par tic u lar ob ject with this prop erty has been cho‐ 
sen and to in tro duce a new vari able, say x0, into the proof to stand for
this ob ject. Thus, for the rest of the proof you will be us ing x0 to stand
for some par tic u lar ob ject, and you can as sume that with x0 stand ing for
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this ob ject, P(x0) is true. In other words, you can add P(x0) to your
givens list. This ob ject x0, or some thing re lated to it, might turn out to
be the right thing to plug in for y to make Q(y) come out true.

To use a given of the form ∃xP(x):
In tro duce a new vari able x0 into the proof to stand for an ob ject for

which P(x0) is true. This means that you can now as sume that P(x0) is
true. Lo gi cians call this rule of in fer ence ex is ten tial in stan ti a tion.

Note that us ing a given of the form ∃xP(x) is very dif fer ent from
prov ing a goal of the form ∃xP(x), be cause when us ing a given of the
form ∃xP(x), you don’t get to choose a par tic u lar value to plug in for x.
You can as sume that x0 stands for some ob ject for which P(x0) is true,
but you can’t as sume any thing else about x0. On the other hand, a given
of the form ∀xP(x) says that P(x) would be true no mat ter what value is
as signed to x. You can there fore choose any value you wish to plug in
for x and use this given to con clude that P(x) is true.

To use a given of the form ∀xP(x):
You can plug in any value, say a, for x and use this given to con clude

that P(a) is true. This rule is called uni ver sal in stan ti a tion.

Usu ally, if you have a given of the form ∃xP(x), you should ap ply ex‐ 
is ten tial in stan ti a tion to it im me di ately. A good guide line is: if you
know some thing ex ists, you should give it a name. On the other hand,
you won’t be able to ap ply uni ver sal in stan ti a tion to a given of the form
∀xP(x) un less you have a par tic u lar value a to plug in for x, so you
might want to wait un til a likely choice for a pops up in the proof. For
ex am ple, con sider a given of the form ∀x(P(x) → Q(x)). You can use
this given to con clude that P(a) → Q(a) for any a, but ac cord ing to our
rule for us ing givens that are con di tional state ments, this con clu sion
prob a bly won’t be very use ful un less you know ei ther P(a) or ¬Q(a).
You should prob a bly wait un til an ob ject a ap pears in the proof for
which you know ei ther P(a) or ¬Q(a), and plug this a in for x when it
ap pears.

We’ve al ready used this tech nique in some of our ear lier proofs when
deal ing with givens of the form A ⊆ B. For in stance, in Ex am ple 3.2.5
we used the givens A ⊆ B and a ϵ A to con clude that a ϵ B. The jus ti fi‐ 
ca tion for this rea son ing is that A ⊆ B means ∀x(x ϵ A → x ϵ B), so by
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uni ver sal in stan ti a tion we can plug in a for x and con clude that a ϵ A →
a ϵ B. Since we also know a ϵ A, it fol lows by modus po nens that a ϵ B.

Ex am ple 3.3.4. Sup pose F and G are fam i lies of sets and F ∩ G ≠ ∅.

Prove that ⋂F ⊆ ⋃G.

Scratch work

Our first step in an a lyz ing the log i cal form of the goal is to write out
the mean ing of the sub set sym bol, which gives us the state ment ∀x(x ϵ
⋂F → x ϵ ⋃G). We could go fur ther with this anal y sis by writ ing out the

def i ni tions of union and in ter sec tion, but the part of the anal y sis that we
have al ready done will be enough to al low us to de cide how to get
started on the proof. The def i ni tions of union and in ter sec tion will be
needed later in the proof, but we will wait un til they are needed be fore
fill ing them in. When an a lyz ing the log i cal forms of givens and goals in
or der to fig ure out a proof, it is usu ally best to do only as much of the
anal y sis as is needed to de ter mine the next step of the proof. Go ing fur‐ 
ther with the log i cal anal y sis usu ally just in tro duces un nec es sary com‐ 
pli ca tion, with out pro vid ing any ben e fit.

Be cause the goal means ∀x(x ϵ ⋂F → x ϵ ⋃G), we let x be ar bi trary,

as sume x ϵ ⋂F, and try to prove x ϵ ⋃G.

The new goal means ∃A ϵ G(x ϵ A), so to prove it we should try to find

a value that will “work” for A. Just look ing at the goal doesn’t make it
clear how to choose A, so we look more closely at the givens. We be gin
by writ ing them out in log i cal sym bols:

The sec ond given starts with ∀A, so we may not be able to use this
given un til a likely value to plug in for A pops up dur ing the course of
the proof. In par tic u lar, we should keep in mind that if we ever come
across an el e ment of F while try ing to fig ure out the proof, we can plug
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it in for A in the sec ond given and con clude that it con tains x as an el e‐ 
ment. The first given, how ever, starts with ∃A, so we should use it im‐ 
me di ately. It says that there is some ob ject that is an el e ment of F ∩ G.

By ex is ten tial in stan ti a tion, we can in tro duce a name, say A0, for this
ob ject. Thus, we can treat A0 ϵ F ∩ G as a given from now on. Be cause

we now have a name, A0, for a par tic u lar el e ment of F ∩ G, it would be

re dun dant to con tinue to dis cuss the given state ment ∃A(A ϵ F ∩ G), so

we will drop it from our list of givens. Since our new given A0 ϵ F ∩ G

means A0 ϵ F and A0 ϵ G, we now have the fol low ing sit u a tion:

If you’ve been pay ing close at ten tion, you should know what the next
step should be. We de cided be fore to keep our eyes open for any el e‐ 
ments of F that might come up dur ing the proof, be cause we might

want to plug them in for A in the last given. An el e ment of F has come

up: A0! Plug ging A0 in for A in the last given, we can con clude that x ϵ
A0. Any con clu sions can be treated in the fu ture as givens, so you can
add this state ment to the givens col umn if you like.

Re mem ber that we de cided to look at the givens be cause we didn’t
know what value to as sign to A in the goal. What we need is a value for
A that is in G and that will make the state ment x ϵ A come out true. Has

this con sid er a tion of the givens sug gested a value to use for A? Yes!
Use A = A0.

Al though we trans lated the given state ments x ϵ ⋂F, x ϵ ⋃G, and F ∩

G ≠ ∅ into log i cal sym bols in or der to fig ure out how to use them in

the proof, these trans la tions are not usu ally writ ten out when the proof
is writ ten up in fi nal form. In the fi nal proof we just write these state‐ 
ments in their orig i nal form and leave it to the reader of the proof to
work out their log i cal forms in or der to fol low our rea son ing.

So lu tion
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The o rem. Sup pose F and G are fam i lies of sets, and F ∩ G ≠ ∅. Then

⋂F ⊆ ⋃G.

Proof. Sup pose x ϵ ⋂F. Since F ∩ G ≠ ∅, we can let A0 be an el e ment

of F ∩ G. Thus, A0 ϵ F and A0 ϵ G. Since x ϵ ⋂F and A0 ϵ F, it fol lows

that x ϵ A0. But we also know that A0 ϵ G, so we can con clude that x ϵ

⋃G.

□
Proofs in volv ing the quan ti fiers for all and there ex ists are of ten dif‐ 

fi cult for them.
That last sen tence con fused you, didn’t it? You’re prob a bly won der‐ 

ing, “Who are they?” Read ers of your proofs will ex pe ri ence the same
sort of con fu sion if you use vari ables with out ex plain ing what they
stand for. Be gin ning proof-writ ers are some times care less about this,
and that’s why proofs in volv ing the quan ti fiers for all and there ex ists
are of ten dif fi cult for them. (It made more sense that time, didn’t it?)
When you use the strate gies we’ve dis cussed in this sec tion, you’ll be
in tro duc ing new vari ables into your proof, and when you do this, you
must al ways be care ful to make it clear to the reader what they stand
for.

For ex am ple, if you were prov ing a goal of the form ∀x ϵ A P(x), you
would prob a bly start by in tro duc ing a vari able x to stand for an ar bi‐ 
trary el e ment of A. Your reader won’t know what x means, though, un‐ 
less you be gin your proof with “Let x be an ar bi trary el e ment of A,” or
“Sup pose x ϵ A.” These sen tences tell the reader that, from now on, he
or she should think of x as stand ing for some par tic u lar el e ment of A,
al though which el e ment it stands for is left un spec i fied. Of course, you
must be clear in your own mind about what x means. In par tic u lar, be‐ 
cause x is to be ar bi trary, you must be care ful not to as sume any thing
about x other than the fact that x ϵ A. It might help to think of the value
of x as be ing cho sen by some one else; you have no con trol over which
el e ment of A they’ll pick. Us ing a given of the form ∃xP(x) is sim i lar.
This given tells you that you can in tro duce a new vari able x0 into the
proof to stand for some ob ject for which P(x0) is true, but you can not
as sume any thing else about x0. On the other hand, if you are prov ing
∃xP(x), your proof will prob a bly start “Let x = ….” This time you get to
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choose the value of x, and you must tell the reader ex plic itly that you
are choos ing the value of x and what value you have cho sen.

It’s also im por tant, when you’re in tro duc ing a new vari able x, to be
sure you know what kind of ob ject x stands for. Is it a num ber? a set? a
func tion? a ma trix? You’d bet ter not write a ϵ X un less X is a set, for ex‐ 
am ple. If you aren’t care ful about this, you might end up writ ing non‐ 
sense. You also some times need to know what kind of ob ject a vari able
stands for to fig ure out the log i cal form of a state ment in volv ing that
vari able. For ex am ple, A = B means ∀x(x ϵ A ↔ x ϵ B) if A and B are
sets, but not if they’re num bers.

The most im por tant thing to keep in mind about in tro duc ing vari‐ 
ables into a proof is sim ply the fact that vari ables must al ways be in tro‐ 
duced be fore they are used. If you make a state ment about x (i.e., a
state ment in which x oc curs as a free vari able) with out first ex plain ing
what x stands for, a reader of your proof won’t know what you’re talk‐ 
ing about – and there’s a good chance that you won’t know what you’re
talk ing about ei ther!

Be cause proofs in volv ing quan ti fiers may re quire more prac tice than
the other proofs we have dis cussed so far, we end this sec tion with two
more ex am ples.

Ex am ple 3.3.5. Sup pose B is a set and F is a fam ily of sets. Prove that

if ⋃ F ⊆ B then F ⊆ P(B).

Scratch work

We as sume ⋃ F ⊆ B and try to prove F ⊆ P(B). Be cause this goal

means ∀x(x ϵ F → x ϵ P(B)), we let x be ar bi trary, as sume x ϵ F, and

set x ϵ P(B) as our goal. Re call that F is a fam ily of sets, so since x ϵ

F, x is a set. Thus, we now have the fol low ing givens and goal:

To fig ure out how to prove this goal, we must use the def i ni tion of
power set. The state ment x ϵ P(B) means x ⊆ B, or in other words ∀y(y
ϵ x → y ϵ B). We must there fore in tro duce an other ar bi trary ob ject into
the proof. We let y be ar bi trary, as sume y ϵ x, and try to prove y ϵ B.
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The goal can be an a lyzed no fur ther, so we must look more closely at
the givens. Our goal is y ϵ B, and the only given that even men tions B is
the first. In fact, the first given would en able us to reach this goal, if
only we knew that y ϵ ⋃ F. This sug gests that we might try treat ing y ϵ

⋃ F as our goal. If we can reach this goal, then we can just add one

more step, ap ply ing the first given, and the proof will be done.

Once again, we have a goal whose log i cal form can be an a lyzed, so
we use the form of the goal to guide our strat egy. The goal means ∃A ϵ
F(y ϵ A), so to prove it we must find a set A such that A ϵ F and y ϵ A.

Look ing at the givens, we see that x is such a set, so the proof is done.

So lu tion

The o rem. Sup pose B is a set and F is a fam ily of sets. If ⋃F ⊆ B then

F ⊆ P(B).

Proof. Sup pose ⋃F ⊆ B. Let x be an ar bi trary el e ment of F. Let y be an

ar bi trary el e ment of x. Since y ϵ x and x ϵ F, by the def i ni tion of ⋃F, y ϵ

⋃ F. But then since ⋃ F ⊆ B, y ϵ B. Since y was an ar bi trary el e ment of

x, we can con clude that x ⊆ B, so x ϵ P(B). But x was an ar bi trary el e‐ 
ment of F, so this shows that F ⊆ P(B), as re quired.

□
The Venn di a gram in Fig ure 3.1 may help you see why the the o rem in

Ex am ple 3.3.5 is true, and you might find it use ful to re fer to the pic‐ 
ture as you reread the proof. But no tice that we didn’t prove the the o‐ 
rem by sim ply ex plain ing this pic ture; the proof was con structed by fol‐ 
low ing the proof strate gies we have dis cussed. There are many meth‐ 
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ods, such as draw ing pic tures or work ing out ex am ples, that may help
you achieve an un der stand ing of why a the o rem is true. But an ex pla na‐ 
tion of this un der stand ing is not a proof. To prove a the o rem, you must
fol low the strate gies in this chap ter.

Fig ure 3.1. The small cir cles rep re sent el e ments of F, and the shaded re gion is ⋃ F. The
large cir cle rep re sents B.

The proof in Ex am ple 3.3.5 is prob a bly the most com plex proof
we’ve done so far. Read it again and make sure you un der stand its
struc ture and the pur pose of ev ery sen tence. Isn’t it re mark able how
much log i cal com plex ity has been packed into just a few lines?

It is not un com mon for a short proof to have such a rich log i cal struc‐ 
ture. This ef fi ciency of ex po si tion is one of the most at trac tive fea tures
of proofs, but it also of ten makes them dif fi cult to read. Al though
we’ve been con cen trat ing so far on writ ing proofs, it is also im por tant
to learn how to read proofs writ ten by other peo ple. To give you some
prac tice with this, we present our last proof in this sec tion with out the
scratch work. See if you can fol low the struc ture of the proof as you
read it. We’ll pro vide a com men tary af ter the proof that should help you
to un der stand it.

For this proof, we need the fol low ing def i ni tion:

Def i ni tion 3.3.6. For any in te gers x and y, we’ll say that x di vides y (or
y is di vis i ble by x) if ∃k ϵ Z (kx = y). We use the no ta tion x | y to mean “x
di vides y,” and x � y means “x does not di vide y.”

For ex am ple, 4 | 20, since 5 · 4 = 20, but 4 21.

The o rem 3.3.7. For all in te gers a, b, and c, if a | b and b | c then a | c.
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Proof. Let a, b, and c be ar bi trary in te gers and sup pose a | b and b | c.
Since a | b, we can choose some in te ger m such that ma = b. Sim i larly,
since b | c, we can choose an in te ger n such that nb = c. There fore c = nb
= nma, so since nm is an in te ger, a | c.

□

Com men tary. The the o rem says ∀a ϵ Z∀b ϵ Z∀c ϵ Z(a | b ∧ b | c → a |
c), so the most nat u ral way to pro ceed is to let a, b, and c be ar bi trary
in te gers, as sume a | b and b | c, and then prove a | c. The first sen tence
of the proof in di cates that this strat egy is be ing used, so the goal for the
rest of the proof must be to prove that a | c. The fact that this is the goal
for the rest of the proof is not ex plic itly stated. You are ex pected to fig‐ 
ure this out for your self by us ing your knowl edge of proof strate gies.
You might even want to make a givens and goal list to help you keep
track of what is known and what re mains to be proven as you con tinue
to read the proof. At this point in the proof, the list would look like this:

Be cause the new goal means ∃k ϵ Z(ka = c), the proof will prob a bly
pro ceed by find ing an in te ger k such that ka = c. As with many proofs of
ex is ten tial state ments, the first step in find ing such a k in volves look ing
more closely at the givens. The next sen tence of the proof uses the
given a | b to con clude that we can choose an in te ger m such that ma =
b. The proof doesn’t say what rule of in fer ence jus ti fies this. It is up to
you to fig ure it out by work ing out the log i cal form of the given state‐ 
ment a | b, us ing the def i ni tion of di vides. Be cause this given means ∃k
ϵ Z(ka = b), you should rec og nize that the rule of in fer ence be ing used
is ex is ten tial in stan ti a tion. Ex is ten tial in stan ti a tion is also used in the
next sen tence of the proof to jus tify choos ing an in te ger n such that nb
= c. The equa tions ma = b and nb = c can now be added to the list of
givens.

Some steps have also been skipped in the last sen tence of the proof.
We ex pected that the goal a | c would be proven by find ing an in te ger k
such that ka = c. From the equa tion c = nma and the fact that nm is an
in te ger, it fol lows that k = nm will work, but the proof doesn’t ex plic itly
say that this value of k is be ing used; in fact, the vari able k does not ap‐ 
pear at all in the proof. Of course, the vari able k does not ap pear in the
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state ment of the the o rem ei ther. A reader of the proof would ex pect us
to prove that a | c by find ing an in te ger that, when mul ti plied by a,
gives the value c, but based on read ing the state ment of the the o rem, the
reader would have no rea son to ex pect this in te ger to be given the name
k. As sign ing this name to the in te ger nm would there fore not have made
the proof eas ier to un der stand, so we didn’t do it.

Ex er cises
Note: Ex er cises marked with the sym bol PD can be done with Proof De‐ 
signer, which is com puter soft ware that is avail able free on the in ter net.

*1. In ex er cise 7 of Sec tion 2.2 you used log i cal equiv a lences to
show that ∃x(P(x) → Q(x)) is equiv a lent to ∀xP(x) → ∃xQ(x).
Now use the meth ods of this sec tion to prove that if ∃x(P(x)
→ Q(x)) is true, then ∀xP(x) → ∃xQ(x) is true. (Note: The
other di rec tion of the equiv a lence is quite a bit harder to
prove. See ex er cise 30 of Sec tion 3.5.)

2. Prove that if A and B \ C are dis joint, then A ∩ B ⊆ C.
*3. Prove that if A ⊆ B \ C then A and C are dis joint.

PD4. Sup pose A ⊆ P(A). Prove that P(A) ⊆ P(P(A)).

5. The hy poth e sis of the the o rem proven in ex er cise 4 is A ⊆
P(A).

(a) Can you think of a set A for which this hy poth e sis is true?
(b) Can you think of an other?
6. Sup pose x is a real num ber.

(a) Prove that if x ≠ 1 then there is a real num ber y such that 

(b) Prove that if there is a real num ber y such that  then
x ≠ 1.

*7. Prove that for ev ery real num ber x, if x > 2 then there is a
real num ber y such that y + 1/y = x.

PD8. Prove that if F is a fam ily of sets and A ϵ F, then A ⊆ ⋃ F.

*9. Prove that if F is a fam ily of sets and A ϵ F, then ⋂F ⊆ A.
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10. Sup pose that F is a nonempty fam ily of sets, B is a set, and

∀A ϵ F (B ⊆ A). Prove that B ⊆ ⋂F.

11. Sup pose that F is a fam ily of sets. Prove that if ∅ ϵ F then

⋂F = ∅.

PD*12. Sup pose F and G are fam i lies of sets. Prove that if F ⊆ G

then ⋃ F ⊆ G.

13. Sup pose F and G are nonempty fam i lies of sets. Prove that if

F ⊆ G then ⋂ G ⊆ ⋂F.

*14. Sup pose that {Ai | i ϵ I} is an in dexed fam ily of sets. Prove
that  (Hint: First make sure you
know what all the no ta tion means!)

15. Sup pose {Ai | i ϵ I} is an in dexed fam ily of sets and I = ∅.
Prove that 

PD16. Prove the con verse of the state ment proven in Ex am ple
3.3.5. In other words, prove that if F ⊆ P(B) then ⋃ F ⊆ B.

*17. Sup pose F and G are nonempty fam i lies of sets, and ev ery el‐ 

e ment of F is a sub set of ev ery el e ment of G. Prove that ⋃ F

⊆ ⋂ G.

18. In this prob lem all vari ables range over Z, the set of all in te‐ 
gers.

(a) Prove that if a | b and a | c, then a | (b + c).
(b) Prove that if ac | bc and c ≠ 0, then a | b.
19. (a) Prove that for all real num bers x and y there is a real

num ber z such that x + z = y − z.
(b) Would the state ment in part (a) be cor rect if “real num ber”

were changed to “in te ger”? Jus tify your an swer.
*20. Con sider the fol low ing the o rem:

The o rem. For ev ery real num ber x, x2 ≥ 0.
What’s wrong with the fol low ing proof of the the o rem?

Proof. Sup pose not. Then for ev ery real num ber x, x2 < 0. In
par tic u lar, plug ging in x = 3 we would get 9 < 0, which is
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clearly false. This con tra dic tion shows that for ev ery num ber
x, x2 ≥ 0.

□
21. Con sider the fol low ing in cor rect the o rem:

In cor rect The o rem. If ∀x ϵ A(x ≠ 0) and A ⊆ B then ∀x ϵ B(x
≠ 0).

(a) What’s wrong with the fol low ing proof of the the o rem?
Proof. Sup pose that ∀x ϵ A(x ≠ 0) and A ⊆ B. Let x be an ar‐ 
bi trary el e ment of A. Since ∀x ϵ A(x ≠ 0), we can con clude
that x ≠ 0. Also, since A ⊆ B, x ϵ B. Since x ϵ B, x ≠ 0, and x
was ar bi trary, we can con clude that ∀x ϵ B(x ≠ 0). □

(b) Find a coun terex am ple to the the o rem. In other words, find
an ex am ple of sets A and B for which the hy pothe ses of the
the o rem are true but the con clu sion is false.

*22. Con sider the fol low ing in cor rect the o rem:

In cor rect The o rem. ∃x ϵ R∀y ϵ R(xy2 = y − x).

What’s wrong with the fol low ing proof of the the o rem?

Proof. Let x = y/(y2 + 1). Then

□

23. Con sider the fol low ing in cor rect the o rem:

In cor rect The o rem. Sup pose F and G are fam i lies of sets. If

⋃F and ⋃G are dis joint, then so are F and G.

(a) What’s wrong with the fol low ing proof of the the o rem?

Proof. Sup pose ⋃F and ⋃G are dis joint. Sup pose F and G are

not dis joint. Then we can choose some set A such that A ϵ F

and A ϵ G. Since A ϵ F, by ex er cise 8, A ⊆ ⋃F, so ev ery el e‐ 

ment of A is in ⋃F. Sim i larly, since A ϵ G, ev ery el e ment of A

is in ⋃G. But then ev ery el e ment of A is in both ⋃F and ⋃G,
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and this is im pos si ble since ⋃F and ⋃G are dis joint. Thus, we

have reached a con tra dic tion, so F and G must be dis joint.

□
(b) Find a coun terex am ple to the the o rem.
24. Con sider the fol low ing pu ta tive the o rem:

The o rem? For all real num bers x and y, x2 + xy − 2y2 = 0.
(a) What’s wrong with the fol low ing proof of the the o rem?

Proof. Let x and y be equal to some ar bi trary real num ber r.
Then

x2 + xy − 2y2 = r2 + r · r − 2r2 = 0.

Since x and y were both ar bi trary, this shows that for all real
num bers x and y, x2 + xy − 2y2 = 0.

□
(b) Is the the o rem cor rect? Jus tify your an swer with ei ther a

proof or a coun terex am ple.
*25. Prove that for ev ery real num ber x there is a real num ber y

such that for ev ery real num ber z, yz = (x + z)2 − (x2 + z2).
26. (a) Com par ing the var i ous rules for deal ing with quan ti fiers

in proofs, you should see a sim i lar ity be tween the rules for
goals of the form ∀xP(x) and givens of the form ∃xP(x). What
is this sim i lar ity? What about the rules for goals of the form
∃xP(x) and givens of the form ∀xP(x)?

(b) Can you think of a rea son why these sim i lar i ties might be ex‐ 
pected? (Hint: Think about how proof by con tra dic tion works
when the goal starts with a quan ti fier.)

3.4 Proofs In volv ing Con junc tions and Bi con di ‐
tion als
The method for prov ing a goal of the form P ∧ Q is very sim ple:

To prove a goal of the form P ∧ Q:
Prove P and Q sep a rately.
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In other words, a goal of the form P ∧ Q is treated as two sep a rate
goals: P, and Q. The same is true of givens of the form P ∧ Q:

To use a given of the form P ∧ Q:
Treat this given as two sep a rate givens: P, and Q.

We’ve al ready used these ideas, with out men tion, in some of our pre‐ 
vi ous ex am ples. For ex am ple, the def i ni tion of the given x ϵ A \ C in
Ex am ple 3.2.3 was x ϵ A ∧ x ∉ C, but we treated it as two sep a rate
givens: x ϵ A, and x ∉ C.

Ex am ple 3.4.1. Sup pose A ⊆ B, and A and C are dis joint. Prove that A
⊆ B \ C.

Scratch work

An a lyz ing the log i cal form of the goal, we see that it has the form
∀x(x ϵ A→ x ϵ B \ C), so we let x be ar bi trary, as sume x ϵ A, and try to
prove that x ϵ B \ C. The new goal x ϵ B \ C means x ϵ B ∧ x ∉ C, so
ac cord ing to our strat egy we should split this into two goals, x ϵ B and x
∉ C, and prove them sep a rately.

The fi nal proof will have this form:

Let x be ar bi trary.
Sup pose x ϵ A.

[Proof of x ϵ B goes here.]
[Proof of x ∉ C goes here.]
Thus, x ϵ B ∧ x ∉ C, so x ϵ B \ C.

There fore x ϵ A → x ϵ B \ C.
Since x was ar bi trary, ∀x(x ϵ A → x ϵ B \ C), so A ⊆ B \ C.
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The first goal, x ϵ B, clearly fol lows from the fact that x ϵ A and A ⊆
B. The sec ond goal, x ∉ C, fol lows from x ϵ A and A ∩ C = ∅. You can
see this by an a lyz ing the log i cal form of the state ment A ∩ C = ∅. It is
a neg a tive state ment, but it can be re ex pressed as an equiv a lent pos i tive
state ment:

Plug ging in x for y in this last state ment, we see that x ϵ A → x ∉ C,
and since we al ready know x ϵ A, we can con clude that x ∉ C.

So lu tion

The o rem. Sup pose A ⊆ B, and A and C are dis joint. Then A ⊆ B \ C.

Proof. Sup pose x ϵ A. Since A ⊆ B, it fol lows that x ϵ B, and since A and
C are dis joint, we must have x ∉ C. Thus, x ϵ B \ C. Since x was an ar‐ 
bi trary el e ment of A, we can con clude that A ⊆ B \ C.

□
Us ing our strate gies for work ing with con junc tions, we can now work

out the proper way to deal with state ments of the form P ↔ Q in proofs.
Be cause P ↔ Q is equiv a lent to (P → Q) ∧ (Q → P), ac cord ing to our
strate gies a given or goal of the form P ↔ Q should be treated as two
sep a rate givens or goals: P → Q, and Q → P.

To prove a goal of the form P ↔ Q:
Prove P → Q and Q → P sep a rately.

To use a given of the form P ↔ Q:
Treat this as two sep a rate givens: P → Q, and Q → P.

This is il lus trated in the next ex am ple, in which we use the fol low ing
def i ni tions.

Def i ni tion 3.4.2. An in te ger x is even if ∃k ϵ Z(x = 2k), and x is odd if ∃
k ϵ Z (x= 2 k + 1).
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We also use the fact that ev ery in te ger is ei ther even or odd, but not
both. For a proof of this fact, see ex er cise 16 in Sec tion 6.1.

Ex am ple 3.4.3. Sup pose x is an in te ger. Prove that x is even iff x2 is
even.

Scratch work
The goal is (x is even) ↔ (x2 is even), so we prove the two goals (x is
even) →(x2 is even)and(x2 is even) → (x is even)sep a rately. For the
first, we as sume that x is even and prove that x2 is even:

Writ ing out the def i ni tion of even in both the given and the goal will re‐ 
veal their log i cal forms:

Be cause the sec ond given starts with ∃k, we im me di ately use it and
let k stand for some par tic u lar in te ger for which the state ment x = 2k is
true. Thus, we have two new given state ments: k ϵ Z, and x = 2k.

The goal starts with ∃k, but since k is al ready be ing used to stand for
a par tic u lar num ber, we can not as sign a new value to k to prove the
goal. We must there fore switch to a dif fer ent let ter, say j. One way to
un der stand this is to think of rewrit ing the goal in the equiv a lent form
∃j ϵ Z(x2 = 2j). To prove this goal we must come up with a value to plug
in for j. It must be an in te ger, and it must sat isfy the equa tion x2 = 2j.
Us ing the given equa tion x = 2k, we see that x2 = (2k)2 = 4k2 = 2(2k2),
so it looks like the right value to choose for j is j = 2k2. Clearly 2k2 is
an in te ger, so this choice for j will work to com plete the proof of our
first goal.
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To prove the sec ond goal (x2 is even) → (x is even), we’ll prove the
con tra pos i tive (x is not even) → (x2 is not even) in stead. Since any in te‐ 
ger is ei ther even or odd but not both, this is equiv a lent to the state ment
(x is odd) → (x2 is odd).

The steps are now quite sim i lar to the first part of the proof. As be‐ 
fore, we be gin by writ ing out the def i ni tion of odd in both the sec ond
given and the goal. This time, to avoid the con flict of vari able names
we ran into in the first part of the proof, we use dif fer ent names for the
bound vari ables in the two state ments.

Next we use the sec ond given and let k stand for a par tic u lar in te ger
for which x = 2k + 1.

We must now find an in te ger j such that x2 = 2j + 1. Plug ging in 2k +
1 for x we get x2 = (2k + 1)2 = 4k2 + 4k + 1 = 2(2k2 + 2k) + 1, so j = 2k2

+ 2k looks like the right choice.
Be fore giv ing the fi nal write-up of the proof, we should make a few

ex plana tory re marks. The two con di tional state ments we’ve proven can
be thought of as rep re sent ing the two di rec tions → and ← of the bi con‐ 
di tional sym bol ↔ in the orig i nal goal. These two parts of the proof are
some times la beled with the sym bols → and ←. In each part, we end up
prov ing a state ment that as serts the ex is tence of a num ber with cer tain
prop er ties. We called this num ber j in the scratch work, but note that j
was not men tioned ex plic itly in the state ment of the prob lem. As in the
proof of The o rem 3.3.7, we have cho sen not to men tion j ex plic itly in
the fi nal proof ei ther.

So lu tion

The o rem. Sup pose x is an in te ger. Then x is even iff x2 is even.
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Proof. (→) Sup pose x is even. Then for some in te ger k, x = 2k. There‐ 
fore, x2 = 4k2 = 2(2k2), so since 2k2 is an in te ger, x2 is even. Thus, if x is
even then x2 is even.

(←) Sup pose x is odd. Then x = 2 k + 1 for some in te ger k. There fore,
x2 = (2k + 1)2 = 4k2 + 4k + 1 = 2(2k2 + 2k) + 1, so since 2k2 + 2k is an
in te ger, x2 is odd. Thus, if x2 is even then x is even.

□
Us ing the proof tech niques we’ve de vel oped, we can now ver ify

some of the equiv a lences that we were only able to jus tify on in tu itive
grounds in Chap ter 2. As an ex am ple of this, let’s prove that the for mu‐ 
las ∀x¬P(x) and ¬∃xP(x) are equiv a lent. To say that these for mu las are
equiv a lent means that they will al ways have the same truth value. In
other words, no mat ter what state ment P(x) stands for, the state ment
∀x¬P(x) ↔ ¬∃xP(x) will be true. We can prove this us ing our tech nique
for prov ing bi con di tional state ments.

Ex am ple 3.4.4. Prove that ∀x¬P(x) ↔ ¬∃xP(x).

Scratch work

(→) We must prove ∀x¬ P(x) → ¬∃xP(x), so we as sume ∀x¬ P(x) and
try to prove ¬∃xP(x). Our goal is now a negated state ment, and re ex‐ 
press ing it would re quire the use of the very equiv a lence that we are
try ing to prove! We there fore fall back on our only other strat egy for
deal ing with neg a tive goals, proof by con tra dic tion. We now have the
fol low ing sit u a tion:

The sec ond given starts with an ex is ten tial quan ti fier, so we use it
im medi-ately and let x0 stand for some ob ject for which the state ment
P(x0) is true. But now plug ging in x0 for x in the first given we can con‐ 
clude that ¬P(x0), which gives us the con tra dic tion we need.

(←) For this di rec tion of the bi con di tional we should as sume ¬∃

xP(x) and try to prove ∀x¬P(x). Be cause this goal starts with a uni ver sal
quan ti fier, we let x be ar bi trary and try to prove ¬P(x). Once again, we
now have a negated goal that can’t be re ex pressed, so we use proof by
con tra dic tion:
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Our first given is also a negated state ment, and this sug gests that we
could get the con tra dic tion we need by prov ing ∃xP(x). We there fore set
this as our goal.

To keep from con fus ing the x that ap pears as a free vari able in the
sec ond given (the ar bi trary x in tro duced ear lier in the proof) with the x
that ap pears as a bound vari able in the goal, you might want to re write
the goal in the equiv a lent form ∃yP(y). To prove this goal we have to
find a value of y that makes P(y) come out true. But this is easy! Our
sec ond given, P(x), tells us that our ar bi trary x is the value we need.

So lu tion

The o rem. ∀x¬P(x) ↔ ¬∃xP(x).

Proof. (→) Sup pose ∀x¬P(x), and sup pose ∃xP(x). Then we can choose
some x0 such that P(x0) is true. But since ∀x¬P(x), we can con clude that
¬P(x0), and this is a con tra dic tion. There fore ∀x¬P(x) → ¬∃xP(x).

(←) Sup pose ¬∃xP(x). Let x be ar bi trary, and sup pose P(x). Since we
have a spe cific x for which P(x) is true, it fol lows that ∃xP(x), which is a
con tra dic tion. There fore, ¬P(x). Since x was ar bi trary, we can con clude
that ∀x¬P(x), so ¬∃ xP(x) → ∀x¬P(x).

□
Some times in a proof of a goal of the form P ↔ Q the steps in the

proof of Q→ P are the same as the steps used to prove P → Q, but in re‐ 
verse or der. In this case you may be able to sim plify the proof by writ‐ 
ing it as a string of equiv a lences, start ing with P and end ing with Q. For
ex am ple, sup pose you found that you could prove P → Q by first as‐ 
sum ing P, then us ing P to in fer some other state ment R, and then us ing
R to de duce Q; and sup pose that the same steps could be used, in re‐ 
verse or der, to prove that Q → P. In other words, you could as sume Q,
use this as sump tion to con clude that R was true, and then use R to prove
P. Since you would be as sert ing both P → R and R → P, you could sum
up these two steps by say ing P ↔ R. Sim i larly, the other two steps of
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the proof tell you that R ↔ Q. These two state ments im ply the goal P
↔ Q. Math e ma ti cians some times present this kind of proof by sim ply
writ ing the string of equiv a lences

P iff R iff Q.

You can think of this as an ab bre vi a tion for “P iff R and R iff Q (and
there fore P iff Q).” This is il lus trated in the next ex am ple.

Ex am ple 3.4.5. Sup pose A, B, and C are sets. Prove that A ∩ (B \ C) =
(A ∩ B) \ C.

Scratch work

As we saw in Chap ter 2, the equa tion A ∩ (B \ C) = (A ∩ B) \ C means
∀x(x ϵ A ∩ (B \ C) ↔ x ϵ (A ∩ B) \ C), but it is also equiv a lent to the
state ment [A ∩ (B \ C) ⊆ (A ∩ B) \ C] ∧ [(A ∩ B) \ C ⊆ A ∩ (B \ C)].
This sug gests two ap proaches to the proof. We could let x be ar bi trary
and then prove x ϵ A ∩ (B \ C) ↔ x ϵ (A ∩ B) \ C, or we could prove the
two state ments A ∩ (B \ C) ⊆ (A ∩ B) \ C and (A ∩ B) \ C ⊆ A ∩ (B \
C). In fact, al most ev ery proof that two sets are equal will in volve one
of these two ap proaches. In this case we will use the first ap proach, so
once we have in tro duced our ar bi trary x, we will have an iff goal.

For the (→) half of the proof we as sume x ϵ A ∩ (B \ C) and try to
prove x ϵ (A ∩ B) \ C:

To see the log i cal forms of the given and goal, we write out their def‐ 
i ni tions as fol lows:

At this point it is clear that the given im plies the goal, since the last
steps in both strings of equiv a lences turned out to be iden ti cal. In fact,
it is also clear that the rea son ing in volved in the (←) di rec tion of the
proof will be ex actly the same, but with the given and goal col umns re‐ 
versed. Thus, we might try to shorten the proof by writ ing it as a string
of equiv a lences, start ing with x ϵ A ∩ (B \ C) and end ing with x ϵ (A ∩
B) \ C. In this case, if we start with x ϵ A ∩ (B \ C) and fol low the first
string of equiv a lences dis played above, we come to a state ment that is
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the same as the last state ment in the sec ond string of equiv a lences. We
can then con tinue by fol low ing the sec ond string of equiv a lences back‐ 
ward, end ing with x ϵ (A ∩ B) \ C.

So lu tion

The o rem. Sup pose A, B, and C are sets. Then A ∩ (B \ C) = (A ∩ B) \ C.

Proof. Let x be ar bi trary. Then

Thus, ∀x(x ϵ A ∩ (B \ C) ↔ x ϵ (A ∩ B) \ C), so A ∩ (B \ C) = (A ∩ B) \
C.

□
The tech nique of fig ur ing out a se quence of equiv a lences in one or der

and then writ ing it in the re verse or der is used quite of ten in proofs. The
or der in which the steps should be writ ten in the fi nal proof is de ter‐ 
mined by our rule that an as ser tion should never be made un til it can be
jus ti fied. In par tic u lar, if you are try ing to prove P ↔ Q, it is wrong to
start your write-up of the proof with the un jus ti fied state ment P ↔ Q
and then work out the mean ings of the two sides P and Q, show ing that
they are the same. You should in stead start with equiv a lences you can
jus tify and string them to gether to pro duce a jus ti fi ca tion of the goal P
↔ Q be fore you as sert this goal. A sim i lar tech nique can some times be
used to fig ure out proofs of equa tions, as the next ex am ple shows.

Ex am ple 3.4.6. Prove that for any real num bers a and b,

(a +b)2 − 4(a − b)2 =(3b − a)(3a − b).

Scratch work

The goal has the form ∀a∀b((a + b)2 − 4(a − b)2 = (3b − a)(3a − b)), so
we start by let ting a and b be ar bi trary real num bers and try to prove the
equa tion. Mul ti ply ing out both sides gives us:
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Clearly the two sides are equal. The sim plest way to write the proof
of this is to write a string of equal i ties start ing with (a +b)2 −4(a − b)2

and end ing with (3b − a)(3a − b). We can do this by copy ing down the
first string of equal i ties dis played above, and then fol low ing it with the
last line, writ ten back ward.

So lu tion

The o rem. For any real num bers a and b,

(a +b)2 − 4(a − b)2 =(3b − a)(3a − b).

Proof. Let a and b be ar bi trary real num bers. Then

□
We end this sec tion by pre sent ing an other proof with out pre lim i nary

scratch work, but with a com men tary to help you read the proof.

The o rem 3.4.7. For ev ery in te ger n, 6 | n iff 2 | n and 3 | n.

Proof. Let n be an ar bi trary in te ger.
(→) Sup pose 6 |n. Then we can choose an in te ger k such that 6 k = n.

There fore n = 6k = 2(3k), so 2 | n, and sim i larly n = 6k = 3(2k), so 3 | n.
(←) Sup pose 2 | n and 3 |n. Then we can choose in te gers j and k such

that n = 2j and n = 3k. There fore 6(j − k) = 6j − 6k = 3(2j) − 2(3k) = 3n −
2n = n, so 6 | n.

□

Com men tary. The state ment to be proven is ∀ n ϵ Z[6 | n ↔((2 | n) ∧(3
|n))], and the most nat u ral strat egy for prov ing a goal of this form is to
let n be ar bi trary and then prove both di rec tions of the bi con di tional
sep a rately. It should be clear that this is the strat egy be ing used in the
proof.
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For the left-to-right di rec tion of the bi con di tional, we as sume 6 | n
and then prove 2 | n and 3 | n, treat ing this as two sep a rate goals. The in‐ 
tro duc tion of the in te ger k is jus ti fied by ex is ten tial in stan ti a tion, since
the as sump tion 6 | n means ∃k ϵ Z(6k = n). At this point in the proof we
have the fol low ing givens and goals:

The first goal, 2 | n, means ∃j ϵ Z(2j = n), so we must find an in te ger j
such that 2j = n. Al though the proof doesn’t say so ex plic itly, the equa‐ 
tion n= 2(3k), which is de rived in the proof, sug gests that the value be‐ 
ing used for j is j = 3k. Clearly, 3k is an in te ger (an other step skipped in
the proof), so this choice for j works. The proof of 3 | n is sim i lar.

For the right-to-left di rec tion we as sume 2 | n and 3 | n and prove 6 |
n. Once again, the in tro duc tion of j and k is jus ti fied by ex is ten tial in‐ 
stan ti a tion. No ex pla na tion is given for why we should com pute 6(j −
k), but a proof need not pro vide such ex pla na tions. The rea son for the
cal cu la tion should be come clear when, sur pris ingly, it turns out that 6(j
− k) = n. Such sur prises pro vide part of the plea sure of work ing with
proofs. As in the first half of the proof, since j − k is an in te ger, this
shows that 6 | n.

Ex er cises
*1. Use the meth ods of this chap ter to prove that ∀x(P(x) ∧

Q(x)) is equiv a lent to ∀xP(x) ∧ ∀xQ(x).
PD2. Prove that if A ⊆ B and A ⊆ C then A ⊆ B ∩ C.
PD3. Sup pose A ⊆ B. Prove that for ev ery set C, C \ B ⊆ C \ A.
PD*4. Prove that if A ⊆ B and A ⊈ C then B ⊈ C.
PD5. Prove that if A ⊆ B \ C and A ≠ ∅ then B ⊈ C.

6. Prove that for any sets A, B, and C, A \ (B ∩ C) = (A \ B) ∪ (A
\ C), by find ing a string of equiv a lences start ing with x ϵ A \
(B ∩ C) and end ing with x ϵ (A \ B) ∪ (A \ C). (See Ex am ple
3.4.5.)
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PD*7. Use the meth ods of this chap ter to prove that for any sets A
and B, P(A∩ B) = P(A) ∩ P(B).

PD8. Prove that A ⊆ B iff P(A) ⊆ P(B).
*9. Prove that if x and y are odd in te gers, then xy is odd.
10. Prove that if x and y are odd in te gers, then x − y is even.
11. Prove that for ev ery in te ger n, n3 is even iff n is even.
12. Con sider the fol low ing pu ta tive the o rem:

The o rem? Sup pose m is an even in te ger and n is an odd in te ger.
Then n2 −m2 = n +m.

(a) What’s wrong with the fol low ing proof of the the o rem?

Proof. Since m is even, we can choose some in te ger k such that m
= 2k. Sim i larly, since n is odd we have n = 2 k + 1. There fore

(b) Is the the o rem cor rect? Jus tify your an swer with ei ther a
proof or a coun terex am ple.

*13. Prove that ∀x ϵ R[∃y ϵ R(x + y = xy) ↔ x = 1].

14. Prove that ∃z ϵ R∀x ϵ R+[∃y ϵ R(y − x = y/x) ↔ x = z].
PD15. Sup pose B is a set and F is a fam ily of sets. Prove that ⋃{A \

B | A ϵ F} ⊆ ⋃(F \ P(B)).

*16. Sup pose F and G are nonempty fam i lies of sets and ev ery el e‐ 

ment of F is dis joint from some el e ment of G. Prove that ⋃F

and ⋂G are dis joint.

PD17. Prove that for any set A, A = ⋃P(A).
PD*18. Sup pose F and G are fam i lies of sets.

(a) Prove that ⋃(F ∩ G) ⊆ (⋃F) ∩ (⋃G).

(b) What’s wrong with the fol low ing proof that (⋃F) ∩ (⋃G) ⊆

⋃(F ∩ G)?
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Proof. Sup pose x ϵ (⋃F) ∩ (⋃G). This means that x ϵ ⋃F and x ϵ

⋃G, so ∃A ϵ F(x ϵ A) and ∃A ϵ G(x ϵ A). Thus, we can choose a set

A such that A ϵ F, A ϵ G, and x ϵ A. Since A ϵ F and A ϵ G, A ϵ F ∩

G. There fore ∃A ϵ F ∩ G(x ϵ A), so x ϵ ⋃(F ∩ G). Since x was ar bi‐ 

trary, we can con clude that (⋃F) ∩ (⋃G) ⊆ ⋃(F ∩ G).

□
(c) Find an ex am ple of fam i lies of sets F and G for which ⋃(F ∩

G) ≠ (⋃F) ∩ (⋃G).

PD19. Sup pose F and G are fam i lies of sets. Prove that (⋃F) ∩ (⋃G)

⊆ ⋃(F ∩ G) iff ∀A ϵ F∀B ϵ G(A ∩ B ⊆ ⋃(F ∩ G)).

PD20. Sup pose F and G are fam i lies of sets. Prove that ⋃F and ⋃G

are dis joint iff for all A ϵ F and B ϵ G, A and B are dis joint.

PD21. Sup pose F and G are fam i lies of sets.

(a) Prove that (⋃F) \ (⋃G) ⊆ ⋃(F \ G).

(b) What’s wrong with the fol low ing proof that ⋃(F \ G) ⊆ (⋃F)

\ (⋃G)?

Proof. Sup pose x ϵ ⋃(F \ G). Then we can choose some A ϵ F \ G

such that x ϵ A. Since A ϵ F \ G, A ϵ F and A / ϵ G. Since x ϵ A and

A ϵ F, x ϵ ⋃F. Since x ϵ A and A ∉ G, x ∉ ⋃G. There fore x ϵ (⋃F)

\ (⋃G).

□
(c) Prove that ⋃(F \ G) ⊆ (⋃F) \ (⋃G) iff ∀A ϵ (F \ G)∀B ϵ G(A

∩ B = ∅).
(d) Find an ex am ple of fam i lies of sets F and G for which ⋃(F \

G) ≠ (⋃F) \ (⋃G).

PD*22. Sup pose F and G are fam i lies of sets. Prove that if ⋃F ⋃ ⋃G,

then there is some A ϵ F such that for all B ϵ G, A ⋃ B.
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23. Sup pose B is a set, {Ai | i ϵ I } is an in dexed fam ily of sets,
and I ≠ ∅.

(a) What proof strate gies are used in the fol low ing proof of the
equa tion B ∩ (⋃i ϵ I Ai) = ⋃i ϵ I (B ∩ Ai)?

Proof. Let x be ar bi trary. Sup pose x ϵ B ∩ (⋃i ϵ I Ai). Then x ϵ
B and x ϵ ⋃i ϵ I Ai, so we can choose some i0 ϵ I such that x ϵ
Ai0. Since x ϵ B and x ϵ Ai0, x ϵ B ∩ Ai0. There fore x ϵ ⋃i ϵ I (B
∩ Ai).

Now sup pose x ϵ ⋃i ϵ I (B ∩ Ai). Then we can choose some
i0 ϵ I such that x ϵ B ∩ Ai0. There fore x ϵ B and x ϵ Ai0. Since
x ϵ Ai0, x ϵ ⋃i ϵ I Ai. Since x ϵ B and x ϵ ⋃i ϵ I Ai, x ϵ B ∩ (⋃i ϵ l

Ai).
Since x was ar bi trary, we have shown that ∀x[x ϵ B ∩(⋃i ϵ I

Ai) ↔ x ϵ ⋃i ϵ I (B ∩ Ai)], so B ∩ (⋃i ϵ I Ai) = ⋃i ϵ I (B ∩ Ai).
□

(b) Prove that B \ (⋃i ϵ I Ai) = ⋃i ϵ I (B \ Ai).
(c) Can you dis cover and prove a sim i lar the o rem about B\(⋃i ϵ I

Ai)? (Hint: Try to guess the the o rem, and then try to prove it.
If you can’t fin ish the proof, it might be be cause your guess
was wrong. Change your guess and try again.)

*24. Sup pose {Ai | i ϵ I } and {Bi | i ϵ I } are in dexed fam i lies of
sets and I ≠ ∅.

(a) Prove that ⋃i ϵ I (Ai \ Bi) ⊆ (⋃i ϵ I Ai) \ (⋃i ϵ l Bi).
(b) Find an ex am ple for which ⋃i ϵ I (Ai \ Bi) ≠ (⋃i ϵ I Ai)\(⋃i ϵ I Bi).

25. Sup pose {Ai | i ϵ I } and {Bi | i ϵ I } are in dexed fam i lies of
sets.

(a) Prove that ⋃i ϵ I(Ai ∩ Bi) ⊆ (⋃i ϵ I Ai) ∩ (⋃i ϵ I Bi).
(b) Find an ex am ple for which ⋃i ϵ I(Ai ∩ Bi) ≠ (⋃i ϵ I Ai) ∩ (⋃i

ϵ I Bi).

26. Prove that for all in te gers a and b there is an in te ger c such
that a | c and b | c.

27. (a) Prove that for ev ery in te ger n, 15 | n iff 3 | n and 5 | n.
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(b) Prove that it is not true that for ev ery in te ger n, 60 | n iff 6 | n
and 10 | n.

3.5 Proofs In volv ing Dis junc tions
Sup pose one of your givens in a proof has the form P ∨ Q. This given
tells you that ei ther P or Q is true, but it doesn’t tell you which. Thus,
there are two pos si bil i ties that you must take into ac count. One way to
do the proof would be to con sider these two pos si bil i ties in turn. In
other words, first as sume that P is true and use this as sump tion to prove
your goal. Then as sume Q is true and give an other proof that the goal is
true. Al though you don’t know which of these as sump tions is cor rect,
the given P ∨ Q tells you that one of them must be cor rect. Which ever
one it is, you have shown that it im plies the goal. Thus, the goal must
be true.

The two pos si bil i ties that are con sid ered sep a rately in this type of
proof – the pos si bil ity that P is true and the pos si bil ity that Q is true –
are called cases. The given P ∨ Q jus ti fies the use of these two cases
by guar an tee ing that these cases cover all of the pos si bil i ties. Math e ma‐ 
ti cians say in this sit u a tion that the cases are ex haus tive. Any proof can
be bro ken into two or more cases at any time, as long as the cases are
ex haus tive.

To use a given of the form P ∨ Q:
Break your proof into cases. For case 1, as sume that P is true and use

this as sump tion to prove the goal. For case 2, as sume Q is true and give
an other proof of the goal.

Scratch work

Be fore us ing strat egy:

Af ter us ing strat egy:
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Form of fi nal proof:
Case 1. P is true.

[Proof of goal goes here.]
Case 2. Q is true.

[Proof of goal goes here.]
Since we know P ∨ Q, these cases cover all the pos si bil i ties. There fore
the goal must be true.

Ex am ple 3.5.1. Sup pose that A, B, and C are sets. Prove that if A ⊆ C
and B ⊆ C then A ∪ B ⊆ C.

Scratch work

We as sume A ⊆ C and B ⊆ C and prove A ∪ B ⊆ C. Writ ing out the
goal us ing log i cal sym bols gives us the fol low ing givens and goal:

To prove the goal we let x be ar bi trary, as sume x ϵ A ∪ B, and try to
prove x ϵ C. Thus, we now have a new given x ϵ A ∪ B, which we write
as x ϵ A ∨ x ϵ B, and our goal is now x ϵ C.

Be cause the goal can not be an a lyzed any fur ther at this point, we
look more closely at the givens. The first given will be use ful if we ever
come across an ob ject that is an el e ment of A, since it would al low us to
con clude im me di ately that this ob ject must also be an el e ment of C.
Sim i larly, the sec ond given will be use ful if we come across an el e ment
of B. Keep ing in mind that we should watch for any el e ments of A or B
that might come up, we move on to the third given. Be cause this given
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has the form P ∨ Q, we try proof by cases. For the first case we as sume
x ϵ A, and for the sec ond we as sume x ϵ B. In the first case we there fore
have the fol low ing givens and goal:

We’ve al ready de cided that if we ever come across an el e ment of A,
we can use the first given to con clude that it is also an el e ment of C.
Since we now have x ϵ A as a given, we can con clude that x ϵ C, which
is our goal. The rea son ing for the sec ond case is quite sim i lar, us ing the
sec ond given in stead of the first.

So lu tion

The o rem. Sup pose that A, B, and C are sets. If A ⊆ C and B ⊆ C then
A∪ B ⊆ C.

Proof. Sup pose A ⊆ C and B ⊆ C, and let x be an ar bi trary el e ment of
A ∪ B. Then ei ther x ϵ A or x ϵ B.

Case 1. x ϵ A. Then since A ⊆ C, x ϵ C.
Case 2. x ϵ B. Then since B ⊆ C, x ϵ C.
Since we know that ei ther x ϵ A or x ϵ B, these cases cover all the pos‐ 

si bil i ties, so we can con clude that x ϵ C. Since x was an ar bi trary el e‐ 
ment of A ∪ B, this means that A ∪ B ⊆ C.

□

Note that the cases in this proof are not ex clu sive. In other words, it
is pos si ble for both x ϵ A and x ϵ B to be true, so some val ues of x might
fall un der both cases. There is noth ing wrong with this. The cases in a
proof by cases must cover all pos si bil i ties, but there is no harm in cov‐ 
er ing some pos si bil i ties more than once. In other words, the cases must
be ex haus tive, but they need not be ex clu sive.

Proof by cases is some times also help ful if you are prov ing a goal of
the form P ∨ Q. If you can prove P in some cases and Q in oth ers, then
as long as your cases are ex haus tive you can con clude that P ∨ Q is
true. This method is par tic u larly use ful if one of the givens also has the
form of a dis junc tion, be cause then you can use the cases sug gested by
this given.
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To prove a goal of the form P ∨ Q:
Break your proof into cases. In each case, ei ther prove P or prove Q.

Ex am ple 3.5.2. Sup pose that A, B, and C are sets. Prove that A \ (B \
C) ⊆ (A\ B) ∪ C.

Scratch work

Be cause the goal is ∀x(x ϵ A \ (B \ C) → x ϵ (A \ B) ∪ C), we let x be ar‐ 
bi trary, as sume x ϵ A \ (B \ C), and try to prove x ϵ (A \ B) ∪ C. Writ ing
these state ments out in log i cal sym bols gives us:

We split the given into two sep a rate givens, x ϵ A and ¬(x ϵ B ∧ x ∉
C), and since the sec ond is a negated state ment we use one of De Mor‐ 
gan’s laws to re ex press it as the pos i tive state ment x ∉ B ∨ x ϵ C.

Now the sec ond given and the goal are both dis junc tions, so we’ll try
con sid er ing the two cases x ∉ B and x ϵ C sug gested by the sec ond
given. Ac cord ing to our strat egy for prov ing goals of the form P ∨ Q,
if in each case we can ei ther prove x ϵ A ∧ x ∉ B or prove x ϵ C, then
the proof will be com plete. For the first case we as sume x ∉ B.

In this case the goal is clearly true, be cause in fact we can con clude
that x ϵ A ∧ x ∉ B. For the sec ond case we as sume x ϵ C, and once
again the goal is clearly true.

So lu tion

The o rem. Sup pose that A, B, and C are sets. Then A\ (B \ C) ⊆ (A\ B)∪
C.

Proof. Sup pose x ϵ A \ (B \ C). Then x ϵ A and x ∉ B \ C. Since x ∉ B \
C, it fol lows that ei ther x ∉ B or x ϵ C. We will con sider these cases
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sep a rately.
Case 1. x ∉ B. Then since x ϵ A, x ϵ A \ B, so x ϵ (A \ B) ∪ C.
Case 2. x ϵ C. Then clearly x ϵ (A \ B) ∪ C.
Since x was an ar bi trary el e ment of A \ (B \ C), we can con clude that

A\ (B \ C) ⊆ (A \ B) ∪ C.
□

Some times you may find it use ful to break a proof into cases even if
the cases are not sug gested by a given of the form P ∨ Q. Any proof
can be bro ken into cases at any time, as long as the cases ex haust all of
the pos si bil i ties.

Ex am ple 3.5.3. Prove that for ev ery in te ger x, the re main der when x2

is di vided by 4 is ei ther 0 or 1.

Scratch work

We start by let ting x be an ar bi trary in te ger and then try to prove that
the re main der when x2 is di vided by 4 is ei ther 0 or 1.

Be cause the goal is a dis junc tion, break ing the proof into cases seems
like a likely ap proach, but there is no given that sug gests what cases to
use. How ever, try ing out a few val ues for x sug gests the right cases:

It ap pears that the re main der is 0 when x is even and 1 when x is odd.
These are the cases we will use. Thus, for case 1 we as sume x is even
and try to prove that the re main der is 0, and for case 2 we as sume x is
odd and prove that the re main der is 1. Be cause ev ery in te ger is ei ther
even or odd, these cases are ex haus tive.

Fill ing in the def i ni tion of even, here are our givens and goal for case
1:
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We im me di ately use the sec ond given and let k stand for some par tic u‐ 
lar in te ger for which x = 2k. Then x2 = (2k)2 = 4k2, so clearly when we
di vide x2 by 4 the quo tient is k2 and the re main der is 0.

Case 2 is quite sim i lar:

Once again we use the sec ond given im me di ately and let k stand for an
in te ger for which x = 2k + 1. Then x2 = (2k + 1)2 = 4k2 + 4k + 1 = 4(k2 +
k) + 1, so when x2 is di vided by 4 the quo tient is k2 + k and the re main‐ 
der is 1.

So lu tion

The o rem. For ev ery in te ger x, the re main der when x2 is di vided by 4 is
ei ther 0 or 1.

Proof. Sup pose x is an in te ger. We con sider two cases.
Case 1. x is even. Then x = 2k for some in te ger k, so x2 = 4k2. Clearly

the re main der when x2 is di vided by 4 is 0.
Case 2. x is odd. Then x = 2k +1 for some in te ger k, so x2 = 4k2 +4k

+1 = 4(k2 + k) + 1. Clearly in this case the re main der when x2 is di vided
by 4 is 1.

□
Some times in a proof of a goal that has the form P ∨ Q it is hard to

fig ure out how to break the proof into cases. Here’s a way of do ing it
that is of ten help ful. Sim ply as sume that P is true in case 1 and as sume
that it is false in case 2. Cer tainly P is ei ther true or false, so these cases
are ex haus tive. In the first case you have as sumed that P is true, so cer‐ 
tainly the goal P ∨ Q is true. Thus, no fur ther rea son ing is needed in
case 1. In the sec ond case you have as sumed that P is false, so the only
way the goal P ∨ Q could be true is if Q is true. Thus, to com plete this
case you should try to prove Q.

To prove a goal of the form P ∨ Q:
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If P is true, then clearly the goal P ∨ Q is true, so you only need to
worry about the case in which P is false. You can com plete the proof in
this case by prov ing that Q is true.

Scratch work

Be fore us ing strat egy:

Af ter us ing strat egy:

Form of fi nal proof:

If P is true, then of course P ∨ Q is true. Now sup pose P is false.

[Proof of Q goes here.]

Thus, P ∨ Q is true.

Thus, this strat egy for prov ing P ∨ Q sug gests that you trans form
the prob lem by adding ¬P as a new given and chang ing the goal to Q. It
is in ter est ing to note that this is ex actly the same as the trans for ma tion
you would use if you were prov ing the goal ¬P → Q! This is not re ally
sur pris ing, be cause we al ready know that the state ments P ∨ Q and ¬P
→ Q are equiv a lent. But we de rived this equiv a lence be fore from the
truth ta ble for the con di tional con nec tive, and this truth ta ble may have
been hard to un der stand at first. Per haps the rea son ing we’ve given
makes this equiv a lence, and there fore the truth ta ble for the con di tional
con nec tive, seem more nat u ral.

Of course, the roles of P and Q could be re versed in us ing this strat‐ 
egy. Thus, you can also prove P ∨ Q by as sum ing that Q is false and
prov ing P.

Ex am ple 3.5.4. Prove that for ev ery real num ber x, if x2 ≥ x then ei‐ 
ther x≤ 0 or x ≥ 1.

Scratch work
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Our goal is ∀x(x2 ≥ x → (x ≤ 0 ∨ x ≥ 1)), so to get started we let x be an
ar bi trary real num ber, as sume x2 ≥ x, and set x ≤ 0 ∨ x ≥ 1 as our goal:

Ac cord ing to our strat egy, to prove this goal we can ei ther as sume x
> 0 and prove x ≥ 1 or as sume x < 1 and prove x ≤ 0. The as sump tion
that x is pos i tive seems more likely to be use ful in rea son ing about in‐ 
equal i ties, so we take the first ap proach.

The proof is now easy. Since x > 0, we can di vide the given in equal‐ 
ity x2 ≥ x by x to get the goal x ≥ 1.

So lu tion

The o rem. For ev ery real num ber x, if x2 ≥ x then ei ther x ≤ 0 or x ≥ 1.

Proof. Sup pose x2 ≥ x. If x ≤ 0, then of course x ≤ 0 or x ≥ 1. Now sup‐ 
pose x > 0. Then we can di vide both sides of the in equal ity x2 ≥ x by x
to con clude that x ≥ 1. Thus, ei ther x ≤ 0 or x ≥ 1.

□
The equiv a lence of P ∨ Q and ¬P → Q also sug gests a rule of in fer‐ 

ence called dis junc tive syl lo gism for us ing a given state ment of the
form P ∨ Q:

To use a given of the form P ∨ Q:
If you are also given ¬P, or you can prove that P is false, then you

can use this given to con clude that Q is true. Sim i larly, if you are given
¬Q or can prove that Q is false, then you can con clude that P is true.

In fact, this rule is the one we used in our first ex am ple of de duc tive
rea son ing in Chap ter 1!

Once again, we end this sec tion with a proof for you to read with out
the ben e fit of a pre lim i nary scratch work anal y sis.

The o rem 3.5.5. Sup pose m and n are in te gers. If mn is even, then ei ther
m is even or n is even.
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Proof. Sup pose mn is even. Then we can choose an in te ger k such that
mn = 2k. If m is even then there is noth ing more to prove, so sup pose m
is odd. Then m = 2j + 1 for some in te ger j. Sub sti tut ing this into the
equa tion mn = 2k, we get (2j + 1)n = 2k, so 2j n + n = 2k, and there fore n
= 2k − 2j n = 2(k − j n). Since k − j n is an in te ger, it fol lows that n is
even.

□

Com men tary. The over all form of the proof is the fol low ing:

Sup pose mn is even.
If m is even, then clearly ei ther m is even or n is even. Now sup‐ 
pose m is not even. Then m is odd.

[Proof that n is even goes here.]
There fore ei ther m is even or n is even.

There fore if mn is even then ei ther m is even or n is even.

The as sump tions that mn is even and m is odd lead, by ex is ten tial in‐ 
stan ti a tion, to the equa tions mn = 2k and m = 2j + 1. Al though the proof
doesn’t say so ex plic itly, you are ex pected to work out for your self that
in or der to prove that n is even it suf fices to find an in te ger c such that n
= 2c. Straight for ward al ge bra leads to the equa tion n = 2(k − j n), so the
choice c = k − j n works.

Ex er cises
PD*1. Sup pose A, B, and C are sets. Prove that A ∩ (B ∪ C) ⊆ (A ∩

B) ∪ C.
PD2. Sup pose A, B, and C are sets. Prove that (A ∪ B) \ C ⊆ A ∪ (B

\ C).
PD3. Sup pose A and B are sets. Prove that A \ (A \ B) = A ∩ B.
PD4. Sup pose A, B, and C are sets. Prove that A\(B \ C) = (A\B)∪(A

∩ C).
PD*5. Sup pose A ∩ C ⊆ B ∩ C and A ∪ C ⊆ B ∪ C. Prove that A ⊆

B.
PD6. Re call from Sec tion 1.4 that the sym met ric dif fer ence of two

sets A and B is the set A B = (A \ B) ∪ (B \ A) = (A ∪ B) \ (A ∩
B). Prove that if A B ⊆ A then B ⊆ A.
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PD7. Sup pose A, B, and C are sets. Prove that A ∪ C ⊆ B ∪ C iff A
\ C ⊆ B \ C.

PD*8. Prove that for any sets A and B, P(A) ∪ P(B) ⊆ P(A ∪ B).
PD9. Prove that for any sets A and B, if P(A) ∪ P(B) = P(A ∪ B)

then ei ther A ⊆ B or B ⊆ A.
10. Sup pose x and y are real num bers and x = 0. Prove that y + 1/x

= 1 + y/x iff ei ther x = 1 or y = 1.
11. Prove that for ev ery real num ber x, if |x − 3| > 3 then x2 > 6x.

(Hint: Ac cord ing to the def i ni tion of |x − 3|, if x − 3 ≥ 0 then
|x − 3| = x − 3, and if x − 3 < 0 then |x − 3| = 3 − x. The eas i est
way to use this fact is to break your proof into cases. As sume
that x − 3 ≥ 0 in case 1, and x − 3 < 0 in case 2.)

*12. Prove that for ev ery real num ber x, |2x − 6| > x iff |x − 4| > 2.
(Hint: Read the hint for ex er cise 11.)

13. (a) Prove that for all real num bers a and b, |a | ≤ b iff −b ≤ a
≤ b.

(b) Prove that for any real num ber x, −|x| ≤ x ≤ |x|. (Hint: Use part
(a).)

(c) Prove that for all real num bers x and y, |x + y| ≤ |x| + |y|. (This
is called the tri an gle in equal ity. One way to prove this is to
com bine parts (a) and (b), but you can also do it by con sid er‐ 
ing a num ber of cases.)

(d) Prove that for all real num bers x and y, |x + y| ≥ |x| − |y|.
(Hint: Start with the equa tion |x| = |(x + y) + (−y)| and then
ap ply the tri an gle in equal ity to the right-hand side.)

14. Prove that for ev ery in te ger x, x2 + x is even.
15. Prove that for ev ery in te ger x, the re main der when x4 is di‐ 

vided by 8 is ei ther 0 or 1.
*16. Sup pose F and G are nonempty fam i lies of sets.

PD(a) Prove that ⋃(F ∪ G) = (⋃F) ∪ (⋃G).

(b) Prove that B ∪ (⋃F) = ⋃AϵF (B ∪ A).

(c) Can you dis cover and prove a sim i lar the o rem about ⋂(F ∪

G)?

17. Sup pose F is a nonempty fam ily of sets and B is a set.
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PD(a) Prove that B ∪ (⋃F) = ⋃(F ∪ {B}).

(b) Prove that B ∪ (⋂F) = ⋂AϵF(B ∪ A).

(c) Can you dis cover and prove sim i lar the o rems about B ∩
(⋃F) and B ∩ (⋂F)?

18. Sup pose F, G, and H are nonempty fam i lies of sets and for

ev ery A ϵ F and ev ery B ϵ G, A ∪ B ϵ H. Prove that ⋂H ⊆ (F)

∪ (G).

PD19. Sup pose A and B are sets. Prove that ∀x(x ϵ A Δ B ↔ (x ϵ A ↔
x ∉B)).

PD*20. Sup pose A, B, and C are sets. Prove that A Δ B and C are dis‐ 
joint iff A ∩ C = B ∩ C.

PD21. Sup pose A, B, and C are sets. Prove that A B ⊆ C iff A∪C =
B∪C.

PD22. Sup pose A, B, and C are sets. Prove that C ⊆ A Δ B iff C ⊆ A
∪ B and A ∩ B ∩ C = ∅.

PD*23. Sup pose A, B, and C are sets.
(a) Prove that A \ C ⊆ (A \ B) ∪ (B \ C).
(b) Prove that A C ⊆ (A B) ∪ (B C).

PD*24. Sup pose A, B, and C are sets.
(a) Prove that (A ∪ B) C ⊆ (A C) ∪ (B C).
(b) Find an ex am ple of sets A, B, and C such that (A ∪ B) C ≠ (A

Δ C)∪ (B Δ C)
PD25. Sup pose A, B, and C are sets.

(a) Prove that (A Δ C) ∩ (B Δ C) ⊆ (A ∩ B) Δ C.
(b) Is it al ways true that (A ∩ B) Δ C ⊆ (A Δ C) ∩ (B Δ C)? Give

ei ther a proof or a coun terex am ple.
PD26. Sup pose A, B, and C are sets. Con sider the sets (A \ B) Δ C and

(A Δ C)\(B Δ C). Can you prove that ei ther is a sub set of the
other? Jus tify your con clu sions with ei ther proofs or coun‐ 
terex am ples.

*27. Con sider the fol low ing pu ta tive the o rem.

The o rem? For ev ery real num ber x, if |x − 3| < 3 then 0 < x < 6.



184

Is the fol low ing proof cor rect? If so, what proof strate gies does it
use? If not, can it be fixed? Is the the o rem cor rect?

Proof. Let x be an ar bi trary real num ber, and sup pose | x − 3| < 3.
We con sider two cases:

Case 1. x − 3 ≥ 0. Then |x − 3| = x − 3. Plug ging this into the as‐ 
sump tion that |x − 3| < 3, we get x − 3 < 3, so clearly x < 6.

Case 2. x −3 < 0. Then |x −3| = 3−x, so the as sump tion |x −3| <
3 means that 3 − x < 3. There fore 3 < 3 + x, so 0 < x.

Since we have proven both 0 < x and x < 6, we can con clude
that 0 < x < 6.

□
28. Con sider the fol low ing pu ta tive the o rem.
The o rem? For any sets A, B, and C, if A \ B ⊆ C and A C then A
∩ B = ∅.

Is the fol low ing proof cor rect? If so, what proof strate gies does it
use? If not, can it be fixed? Is the the o rem cor rect?

Proof. Sup pose A \ B ⊆ C and A C. Since A C, we can choose
some x such that x ϵ A and x ∉ C. Since x ∉ C and A \ B ⊆ C, x
∉ A\B. There fore ei ther x ∉ A or x ϵ B. But we al ready know that
x ϵ A, so it fol lows that x ϵ B. Since x ϵ A and x ϵ B, x ϵ A ∩ B.
There fore A ∩ B ≠ ∅.

□
*29. Con sider the fol low ing pu ta tive the o rem.

The o rem? ∀x ϵ R∃y ϵ R(xy2 ≠ y − x).
Is the fol low ing proof cor rect? If so, what proof strate gies does it
use? If not, can it be fixed? Is the the o rem cor rect?

Proof. Let x be an ar bi trary real num ber.
Case 1. x = 0. Let y = 1. Then xy2 = 0 and y − x = 1 − 0 = 1, so

xy2 ≠ y − x.
Case 2. x = 0. Let y = 0. Then xy2 = 0 and y − x ≠ −x = 0, so xy2

≠ y − x.
Since these cases are ex haus tive, we have shown that ∃y ϵ

R(xy2 ≠ y − x). Since x was ar bi trary, this shows that ∀x ϵ R∃y ϵ
R(xy2 ≠ y − x).
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□
30. Prove that if ∀xP(x) → ∃xQ(x) then ∃x(P(x) → Q(x)). (Hint:

Re mem ber that P → Q is equiv a lent to ¬P ∨ Q.)
*31. Con sider the fol low ing pu ta tive the o rem.

The o rem? Sup pose A, B, and C are sets and A ⊆ B ∪ C. Then ei‐ 
ther A⊆ B or A ⊆ C.

Is the fol low ing proof cor rect? If so, what proof strate gies does it
use? If not, can it be fixed? Is the the o rem cor rect?

Proof. Let x be an ar bi trary el e ment of A. Since A ⊆ B ∪ C, it fol‐ 
lows that ei ther x ϵ B or x ϵ C.

Case 1. x ϵ B. Since x was an ar bi trary el e ment of A, it fol lows
that ∀x ϵ A(x ϵ B), which means that A ⊆ B.

Case 2. x ϵ C. Sim i larly, since x was an ar bi trary el e ment of A,
we can con clude that A ⊆ C.

Thus, ei ther A ⊆ B or A ⊆ C.
□

PD32. Sup pose A, B, and C are sets and A ⊆ B ∪ C. Prove that ei‐ 
ther A ⊆ B or A ∩ C ≠ ∅.

33. Prove ∃x(P(x) → ∀yP(y)). (Note: As sume the uni verse of dis‐ 
course is not the empty set.)

3.6 Ex is tence and Unique ness Proofs
In this sec tion we con sider proofs in which the goal has the form ∃!
xP(x). Re call that this for mula means “there is ex actly one x such that
P(x),” and as we saw in Sec tion 2.2, it can be thought of as an ab bre vi a‐ 
tion for the for mula ∃ x(P(x) ∧ ¬ y(P(y) ∧ y ≠ x)). Ac cord ing to the
proof strate gies dis cussed in pre vi ous sec tions, we could there fore
prove this goal by find ing a par tic u lar value of x for which we could
prove both P(x) and ¬ y(P(y) ∧ y ≠ x). The last part of this proof would
in volve prov ing a negated state ment, but we can re ex press it as an
equiv a lent pos i tive state ment:

¬∃y(P(y) ∧ y ≠ x)

is equiv a lent to ∀y¬(P(y) ∧ y ≠ x) (quan ti fier nega tion law),
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which is equiv a lent to ∀y(¬P(y) ∨ y = x) (De Mor gan’s law),

which is equiv a lent to ∀y(P(y) → y = x) (con di tional law).

Thus, we see that ∃! xP(x) could also be writ ten as ∃x(P(x) ∧ ∀y(P(y)
→ y = x)). In fact, as the next ex am ple shows, sev eral other for mu las
are also equiv a lent to ∃!xP(x), and they sug gest other ap proaches to
prov ing goals of this form.

Ex am ple 3.6.1. Prove that the fol low ing for mu las are all equiv a lent:

1. ∃x(P(x) ∧ ∀y(P(y) → y = x)).

2. ∃x∀y(P(y)↔ y = x).

3. ∃xP(x) ∧ ∀y∀ z((P (y) ∧ P(z)) → y = z).

Scratch work

If we prove di rectly that each of these state ments is equiv a lent to each
of the oth ers, then we will have three bi con di tion als to prove: state ment
1 iff state ment 2, state ment 1 iff state ment 3, and state ment 2 iff state‐ 
ment 3. If we prove each bi con di tional by the meth ods of Sec tion 3.4,
then each will in volve two con di tional proofs, so we will need a to tal of
six con di tional proofs. For tu nately, there is an eas ier way. We will
prove that state ment 1 im plies state ment 2, state ment 2 im plies state‐ 
ment 3, and state ment 3 im plies state-ment 1 – just three con di tion als.
Al though we will not give a sep a rate proof that state ment 2 im plies
state ment 1, it will fol low from the fact that state ment 2 im plies state‐ 
ment 3 and state ment 3 im plies state ment 1. Sim i larly, the other two
con di tion als fol low from the three we will prove. Math e ma ti cians al‐ 
most al ways use some such short cut when prov ing that sev eral state‐ 
ments are all equiv a lent. Be cause we’ll be prov ing three con di tional
state ments, our proof will have three parts, which we will la bel 1 → 2,
2 → 3, and 3 → 1. We’ll need to work out our strat egy for the three
parts sep a rately.

1 → 2. We as sume state ment 1 and prove state ment 2. Be cause state‐ 
ment 1 starts with an ex is ten tial quan ti fier, we choose a name, say x0,
for some ob ject for which both P(x0) and ∀y(P(y) → y = x0) are true.
Thus, we now have the fol low ing sit u a tion:
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Our goal also starts with an ex is ten tial quan ti fier, so to prove it we
should try to find a value of x that makes the rest of the state ment come
out true. Of course, the ob vi ous choice is x = x0. Plug ging in x0 for x, we
see that we must now prove ∀y(P(y) ↔ y = x0). We let y be ar bi trary and
prove both di rec tions of the bi con di tional. The → di rec tion is clear by
the sec ond given. For the ← di rec tion, sup pose y = x0. We also have
P(x0) as a given, and plug ging in y for x0 in this given we get P(y).

2 → 3. State ment 2 is an ex is ten tial state ment, so we let x0 be some
ob ject such that ∀y(P(y) ↔ y = x0). The goal, state ment 3, is a con junc‐ 
tion, so we treat it as two sep a rate goals.

To prove the first goal we must choose a value for x, and of course
the ob vi ous value is x = x0 again. Thus, we must prove P(x0). The nat u‐ 
ral way to use our only given is to plug in some thing for y; and to prove
the goal P(x0), the ob vi ous thing to plug in is x0. This gives us P(x0) ↔
x0 = x0. Of course, x0 = x0 is true, so by the ← di rec tion of the bi con di‐ 
tional, we get P(x0).

For the sec ond goal, we let y and z be ar bi trary, as sume P(y) and P(z),
and try to prove y = z.

Plug ging in each of y and z in the first given we get P(y) ↔ y = x0 and
P(z)↔ z = x0. Since we’ve as sumed P(y) and P(z), this time we use the
→ di rec tions of these bi con di tion als to con clude that y = x0 and z = x0.
Our goal y = z clearly fol lows.

3 → 1. Be cause state ment 3 is a con junc tion, we treat it as two sep a‐ 
rate givens. The first is an ex is ten tial state ment, so we let x0 stand for
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some ob ject such that P(x0) is true. To prove state ment 1 we again let x
= x0, so we have this sit u a tion:

We al ready know the first half of the goal, so we only need to prove
the sec-ond. For this we let y be ar bi trary, as sume P(y), and make y = x0
our goal.

But now we know both P(y) and P(x0), so the goal y = x0 fol lows from
the sec ond given.

So lu tion

The o rem. The fol low ing are equiv a lent:

1. ∃ x(P(x) ∧ ∀y(P(y) → y = x)).

2. ∃x∀y(P(y)↔ y = x).

3. ∃ xP(x) ∧ ∀y∀ z((P (y) ∧ P(z)) → y = z).

Proof. 1 → 2. By state ment 1, we can let x0 be some ob ject such that
P(x0) and ∀y(P(y) → y = x0). To prove state ment 2 we will show that
∀y(P(y)↔ y = x0). Let y be ar bi trary. We al ready know the → di rec tion
of the bi con di tional. For the ← di rec tion, sup pose y = x0. Then since we
know P(x0), we can con clude P(y).

2 → 3. By state ment 2, choose x0 such that ∀y(P(y) ↔ y = x0). Then,
in par tic u lar, P(x0) ↔ x0 = x0, and since clearly x0 = x0, it fol lows that
P(x0) is true. Thus, ∃xP(x). To prove the sec ond half of state ment 3, let y
and z be ar bi trary and sup pose P(y) and P(z). Then by our choice of x0
(as some thing for which ∀y(P(y) ↔ y = x0) is true), it fol lows that y =
x0 and z = x0, so y = z.
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3 → 1. By the first half of state ment 3, let x0 be some ob ject such
that P(x0). State ment 1 will fol low if we can show that ∀y(P(y) → y =
x0), so sup pose P(y). Since we now have both P(x0) and P(y), by the
sec ond half of state ment 3 we can con clude that y = x0, as re quired.

□
Be cause all three of the state ments in the the o rem are equiv a lent to ∃!

xP(x), we can prove a goal of this form by prov ing any of the three
state ments in the the o rem. Prob a bly the most com mon tech nique for
prov ing a goal of the form ∃! xP(x) is to prove state ment 3 of the the o‐ 
rem.

To prove a goal of the form ∃! xP(x):
Prove ∃xP(x) and ∀y∀z((P (y) ∧ P(z)) → y = z). The first of these

goals shows that there ex ists an x such that P(x) is true, and the sec ond
shows that it is unique. The two parts of the proof are there fore some‐ 
times la beled ex is tence and unique ness. Each part is proven us ing
strate gies dis cussed ear lier.

Form of fi nal proof:

Ex is tence: [Proof of ∃xP(x) goes here.]
Unique ness: [Proof of ∀y∀z((P (y) ∧ P(z)) → y = z) goes here.]

Ex am ple 3.6.2. Prove that there is a unique set A such that for ev ery
set B, A∪ B = B.

Scratch work

Our goal is ∃! AP(A), where P(A) is the state ment ∀B(A ∪ B = B). Ac‐ 
cord-ing to our strat egy, we can prove this by prov ing ex is tence and
unique ness sep a rately. For the ex is tence half of the proof we must
prove ∃AP(A), so we try to find a value of A that makes P(A) true. There
is no for mula for find ing this set A, but if you think about what the
state ment P(A) means, you should re al ize that the right choice is A =
∅. Plug ging this value in for A, we see that to com plete the ex is tence
half of the proof we must show that ∀B(∅ ∪ B = B). This is clearly
true. (If you’re not sure of this, work out the proof!)

For the unique ness half of the proof we prove ∀C∀D((P (C) ∧ P(D))
→ C = D). To do this, we let C and D be ar bi trary, as sume P(C) and
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P(D), and prove C = D. Writ ing out what the state ments P(C) and P(D)
mean, we have the fol low ing givens and goal:

To use the givens, we should try to find some thing to plug in for B in
each of them. There is a clever choice that makes the rest of the proof
easy: we plug in D for B in the first given, and C for B in the sec ond.
This gives us C∪ D = D and D ∪ C = C. But clearly C ∪ D = D ∪ C. (If
you don’t see why, prove it!) The goal C = D fol lows im me di ately.

So lu tion

The o rem. There is a unique set A such that for ev ery set B, A ∪ B = B.

Proof. Ex is tence: Clearly ∀B(∅ ∪ B = B), so ∅ has the re quired prop‐ 
erty.

Unique ness: Sup pose ∀B(C ∪ B = B) and ∀B(D ∪ B = B). Ap ply ing
the first of these as sump tions to D we see that C ∪ D = D, and ap ply ing
the sec ond to C we get D ∪ C = C. But clearly C ∪ D = D ∪ C, so C = D.

□

Some times a state ment of the form ∃! xP(x) is proven by prov ing
state ment 1 from Ex am ple 3.6.1. This leads to the fol low ing proof strat‐ 
egy.

To prove a goal of the form ∃! xP(x):
Prove ∃x(P(x) ∧ ∀y(P(y) → y = x)), us ing strate gies from pre vi ous

sec tions.

Ex am ple 3.6.3. Prove that for ev ery real num ber x, if x = 2 then there
is a unique real num ber y such that 2y/(y + 1) = x.

Scratch work

Our goal is ∀x(x ≠ 2 → ∃! y(2y/(y + 1) = x)). We there fore let x be ar bi‐ 
trary, as sume x ≠ 2, and prove ∃! y(2y/(y + 1) = x). Ac cord ing to the pre‐ 
ced ing strat egy, we can prove this goal by prov ing the equiv a lent state‐ 
ment
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We start by try ing to find a value of y that will make the equa tion 2y/(y
+ 1) = x come out true. In other words, we solve this equa tion for y:

Note that we have x ≠ 2 as a given, so the di vi sion by 2 − x in the last
step makes sense. Of course, these steps will not ap pear in the proof.
We sim ply let y = x/(2 − x) and try to prove both 2y/(y + 1) = x and
∀z(2z/(z + 1) = x → z = y).

The first goal is easy to ver ify by sim ply plug ging in x/(2 − x) for y.
For the sec ond, we let z be ar bi trary, as sume 2z/(z + 1) = x, and prove z
= y:

We can show that z = y now by solv ing for z in the third given:

Note that the steps we used here are ex actly the same as the steps we
used ear lier in solv ing for y. This is a com mon pat tern in ex is tence and
unique ness proofs. Al though the scratch work for fig ur ing out an ex is‐ 
tence proof should not ap pear in the proof, this scratch work, or rea son‐ 
ing sim i lar to it, can some times be used to prove that the ob ject shown
to ex ist is unique.

So lu tion
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The o rem. For ev ery real num ber x, if x ≠ 2 then there is a unique real
num ber y such that 2y/(y + 1) = x.

Proof. Let x be an ar bi trary real num ber, and sup pose x ≠ 2. Let y =
x/(2−x), which is de fined since x ≠ 2. Then

To see that this so lu tion is unique, sup pose 2z/(z + 1) = x. Then 2z =
x(z + 1), so z(2 − x) = x. Since x = 2 we can di vide both sides by 2 − x to
get z = x/(2 − x) = y.

□

The the o rem in Ex am ple 3.6.1 can also be used to for mu late strate‐ 
gies for us ing givens of the form ∃!xP(x). Once again, state ment 3 of the
the o rem is the one used most of ten.

To use a given of the form ∃! xP(x):
Treat this as two given state ments, ∃xP(x) and ∀y∀z((P(y) ∧ P(z)) →

y = z). To use the first state ment you should prob a bly choose a name,
say x0, to stand for some ob ject such that P(x0) is true. The sec ond tells
you that if you ever come across two ob jects y and z such that P(y) and
P(z) are both true, you can con clude that y = z.

Ex am ple 3.6.4. Sup pose A, B, and C are sets, A and B are not dis joint,
A and C are not dis joint, and A has ex actly one el e ment. Prove that B
and C are not dis joint.

Scratch work

We treat the last given as two sep a rate givens, as sug gested by our
strat egy. Writ ing out the mean ings of the other givens and the goal, we
have the fol low ing sit u a tion:
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To prove the goal, we must find some thing that is an el e ment of both
B and C. To do this, we turn to the givens. The first given tells us that
we can choose a name, say b, for some thing such that b ϵ A and b ϵ B.
Sim i larly, by the sec ond given we can let c be some thing such that c ϵ A
and c ϵ C. At this point the third given is re dun dant. We al ready know
that there’s some thing in A, be cause in fact we al ready know that b ϵ A
and c ϵ A. We may as well skip to the last given, which says that if we
ever come across two ob jects that are el e ments of A, we can con clude
that they are equal. But as we have just ob served, we know that b ϵ A
and c ϵ A! We can there fore con clude that b = c. Since b ϵ B and b = c ϵ
C, we have found some thing that is an el e ment of both B and C, as re‐ 
quired to prove the goal.

So lu tion

The o rem. Sup pose A, B, and C are sets, A and B are not dis joint, A and
C are not dis joint, and A has ex actly one el e ment. Then B and C are not
dis joint.

Proof. Since A and B are not dis joint, we can let b be some thing such
that b ϵ A and b ϵ B. Sim i larly, since A and C are not dis joint, there is
some ob ject c such that c ϵ A and c ϵ C. Since A has only one el e ment,
we must have b = c. Thus b = c ϵ B ∩ C and there fore B and C are not
dis joint.

□

Ex er cises
*1. Prove that for ev ery real num ber x there is a unique real num‐ 

ber y such that x2y = x − y.
2. Prove that there is a unique real num ber x such that for ev ery

real num ber y, xy + x − 4 = 4y.
3. Prove that for ev ery real num ber x, if x = 0 and x = 1 then

there is a unique real num ber y such that y/x = y − x.
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*4. Prove that for ev ery real num ber x, if x = 0 then there is a
unique real num ber y such that for ev ery real num ber z, zy =
z/x.

5. Re call that if F is a fam ily of sets, then ⋃F = {x| ∃A(A ϵ F ∧

x ϵ A)}. Sup pose we de fine a new set ⋃!F by the for mula ⋃!F

= {x | ∃!A(A ϵ F ∧ x ϵ A)}.

(a) Prove that for any fam ily of sets F, ⋃!F ⊆ ⋃F.

(b) A fam ily of sets F is said to be pair wise dis joint if ev ery

pair of dis tinct el e ments of F are dis joint; that is, ∀A ϵ F∀B

ϵ F(A ≠ B→ A ∩ B = ∅). Prove that for any fam ily of sets F,

⋃!F = ⋃F iff F is pair wise dis joint.

PD*6. Let U be any set.
(a) Prove that there is a unique A ϵ P(U) such that for ev ery B ϵ

P(U), A ∪ B = B.
(b) Prove that there is a unique A ϵ P(U) such that for ev ery B ϵ

P(U), A ∪ B = A.
PD*7. Let U be any set.

(a) Prove that there is a unique A ϵ P(U) such that for ev ery B ϵ
P(U), A ∩ B = B.

(b) Prove that there is a unique A ϵ P(U) such that for ev ery B ϵ
P(U), A ∩ B = A.

PD*8. Let U be any set.
(a) Prove that for ev ery A ϵ P(U) there is a unique B ϵ P(U)

such that for ev ery C ϵ P(U), C \ A = C ∩ B.
(b) Prove that for ev ery A ϵ P(U) there is a unique B ϵ P(U)

such that for ev ery C ϵ P(U), C ∩ A = C \ B.
PD9. Re call that you showed in ex er cise 14 of Sec tion 1.4 that sym‐ 

met ric dif fer ence is as so cia tive; in other words, for all sets A,
B, and C, A Δ (B Δ C) = (A Δ B) Δ C. You may also find it
use ful in this prob lem to note that sym met ric dif fer ence is
clearly com mu ta tive; in other words, for all sets A and B, A Δ
B = B Δ A.
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(a) Prove that there is a unique iden tity el e ment for sym met ric
dif fer-ence. In other words, there is a unique set X such that
for ev ery set A, A Δ X = A.

(b) Prove that ev ery set has a unique in verse for the op er a tion of
sym met ric dif fer ence. In other words, for ev ery set A there is
a unique set B such that A Δ B = X, where X is the iden tity el‐ 
e ment from part (a).

(c) Prove that for any sets A and B there is a unique set C such
that A Δ C = B.

(d) Prove that for ev ery set A there is a unique set B ⊆ A such
that for ev ery set C ⊆ A, B Δ C = A \ C.

PD10. Sup pose A is a set, and for ev ery fam ily of sets F, if ⋃F = A

then A ϵ F. Prove that A has ex actly one el e ment.

PD*11. Sup pose F is a fam ily of sets that has the prop erty that for

ev ery G ⊆ F, ⋃G ϵ F. Prove that there is a unique set A such

that A ϵ F and ∀ B ϵ F(B ⊆ A).

12. (a) Sup pose P(x) is a state ment with a free vari able x. Find
a for mula, us ing the log i cal sym bols we have stud ied,
that means “there are ex actly two val ues of x for which
P(x) is true.”

(b) Based on your an swer to part (a), de sign a proof strat egy for
prov ing a state ment of the form “there are ex actly two val ues
of x for which P(x) is true.”

(c) Prove that there are ex actly two so lu tions to the equa tion x3 =
x2.

13. (a) Prove that there is a unique real num ber c such that
there is a unique real num ber x such that x2 + 3x + c = 0.
(In other words, there is a unique real num ber c such
that the equa tion x2 + 3x + c = 0 has ex actly one so lu‐ 
tion.)

(b) Show that it is not the case that there is a unique real num ber
x such that there is a unique real num ber c such that x2 +3x
+c = 0. (Hint: You should be able to prove that for ev ery real
num ber x there is a unique real num ber c such that x2 + 3x +
c = 0.)
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3.7 More Ex am ples of Proofs
So far, most of our proofs have in volved fairly straight for ward ap pli ca‐ 
tions of the proof tech niques we’ve dis cussed. We end this chap ter with
a few ex am ples of some what more dif fi cult proofs. These proofs use
the tech niques of this chap ter, but for var i ous rea sons they’re a lit tle
harder than most of our ear lier proofs. Some are sim ply longer, in volv‐ 
ing the ap pli ca tion of more proof strate gies. Some re quire clever
choices of which strate gies to use. In some cases it’s clear what strat egy
to use, but some in sight is re quired to see ex actly how to use it. Our
ear lier ex am ples, which were in tended only to il lus trate and clar ify the
proof tech niques, may have made proof writ ing seem me chan i cal and
dull. We hope that by study ing these more dif fi cult ex am ples you will
be gin to see that math e mat i cal rea son ing can also be sur pris ing and
beau ti ful.

Some proof tech niques are par tic u larly dif fi cult to ap ply. For ex am‐ 
ple, when you’re prov ing a goal of the form ∃xP(x), the ob vi ous way to
pro ceed is to try to find a value of x that makes the state ment P(x) true,
but some times it will not be ob vi ous how to find that value of x. Us ing
a given of the form ∀xP(x) is sim i lar. You’ll prob a bly want to plug in a
par tic u lar value for x, but to com-plete the proof you may have to make
a clever choice of what to plug in. Proofs that must be bro ken down into
cases are also some times dif fi cult to fig ure out. It is some times hard to
know when to use cases and what cases to use.

We be gin by look ing again at the proofs from the in tro duc tion. Some
as pects of these proofs prob a bly seemed some what mys te ri ous when
you read them in the in tro duc tion. See if they make more sense to you
now that you have a bet ter un der stand ing of how proofs are con structed.
We will present each proof ex actly as it ap peared in the in tro duc tion
and then fol low it with a com men tary dis cussing the proof tech niques
used.

The o rem 3.7.1. Sup pose n is an in te ger larger than 1 and n is not
prime. Then 2n − 1is not prime.

Proof. Since n is not prime, there are pos i tive in te gers a and b such that
a < n, b < n, and n = ab. Let x = 2b − 1 and y = 1 + 2b + 22b

 + · · · +
2(a−1)b. Then
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Since b < n, we can con clude that x = 2b − 1 < 2n − 1. Also, since ab
= n > a, it fol lows that b > 1. There fore, x = 2b− 1 > 21 − 1 = 1, so y <
xy = 2n − 1. Thus, we have shown that 2n − 1 can be writ ten as the prod‐ 
uct of two pos i tive in te gers x and y, both of which are smaller than 2n

−1, so 2n − 1 is not prime.
□

Com men tary. We are given that n is not prime, and we must prove that
2n − 1 is not prime. Both of these are neg a tive state ments, but for tu‐ 
nately it is easy to re ex press them as pos i tive state ments. To say that an
in te ger larger than 1 is not prime means that it can be writ ten as a prod‐ 
uct of two smaller pos i tive in te gers. Thus, the hy poth e sis that n is not
prime means ∃a ϵ Z+∃b ϵ Z+(ab = n ∧ a < n ∧ b < n), and what we
must prove is that 2n− 1 is not prime, which means ∃x ϵ Z+∃y ϵ Z+(xy =
2n −1∧ x < 2n −1∧ y < 2n −1). In the sec ond sen tence of the proof we
ap ply ex is ten tial in stan ti a tion to the hy poth e sis that n is not prime, and
the rest of the proof is de voted to ex hibit ing num bers x and y with the
prop er ties re quired to prove that 2n− 1 is not prime.

As usual in proofs of ex is ten tial state ments, the proof doesn’t ex plain
how the val ues of x and y were cho sen, it sim ply demon strates that
these val ues work. Af ter the val ues of x and y have been given, the goal
re main ing to be proven is xy = 2n − 1 ∧ x < 2n − 1 ∧ y < 2n − 1. Of
course, this is treated as three sep a rate goals, which are proven one at a
time. The proofs of these three goals in volve only el e men tary al ge bra.

One of the at trac tive fea tures of this proof is the cal cu la tion used to
show that xy = 2n − 1. The for mu las for x and y are some what com pli‐ 
cated, and at first their prod uct looks even more com pli cated. It is a
pleas ant sur prise when most of the terms in this prod uct can cel and, as
if by magic, the an swer 2n − 1 ap pears. Of course, we can see with hind‐ 
sight that it was this cal cu la tion that mo ti vated the choice of x and y.
There is, how ever, one as pect of this cal cu la tion that may bother you.
The use of “· · · “in the for mu las in di cates that the proof de pends on a
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pat tern in the cal cu la tion that is not be ing spelled out. We’ll give a
more rig or ous proof that xy = 2n − 1 in Chap ter 6, af ter we have in tro-
duced the method of proof by math e mat i cal in duc tion (see The o rem
6.5.2).

The o rem 3.7.2. There are in fin itely many prime num bers.

Proof. Sup pose there are only fi nitely many prime num bers. Let p1,p2, .
. . , pn be a list of all prime num bers. Let m = p1p2 · · · pn + 1. Note that
m is not di vis i ble by p1, since di vid ing m by p1 gives a quo tient of p2p3
· · · pn and a re main der of 1. Sim i larly, m is not di vis i ble by any of p2,
p3, . . . , pn.

We now use the fact that ev ery in te ger larger than 1 is ei ther prime or
can be writ ten as a prod uct of primes. (We’ll see a proof of this fact in
Chap ter 6 – see The o rem 6.4.2.) Clearly m is larger than 1, so m is ei‐ 
ther prime or a prod uct of primes. Sup pose first that m is prime. Note
that m is larger than all of the num bers in the list p1, p2, . . . , pn, so
we’ve found a prime num ber not in this list. But this con tra dicts our as‐ 
sump tion that this was a list of all prime num bers.

Now sup pose m is a prod uct of primes. Let q be one of the primes in
this prod uct. Then m is di vis i ble by q. But we’ve al ready seen that m is
not di vis i ble by any of the num bers in the list p1, p2, . . . , pn, so once
again we have a con tra dic tion with the as sump tion that this list in‐ 
cluded all prime num bers.

Since the as sump tion that there are fi nitely many prime num bers has
led to a con tra dic tion, there must be in fin itely many prime num bers.

□

Com men tary. Be cause in fi nite means not fi nite, the state ment of the
the o rem might be con sid ered to be a neg a tive state ment. It is there fore
not sur pris ing that the proof pro ceeds by con tra dic tion. The as sump tion
that there are fi nitely many primes means that there ex ists a nat u ral
num ber n such that there are n primes, and the state ment that there are n
primes means that there is a list of dis tinct num bers p1, p2, . . . , pn such
that ev ery num ber in the list is prime, and there are no primes that are
not in the list. Thus, the sec ond sen tence of the proof ap plies ex is ten tial
in stan ti a tion to in tro duce the num bers n and p1, p2, . . . , pn into the
proof. At this point in the proof we have the fol low ing sit u a tion:
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The sec ond given could be re ex pressed as a pos i tive state ment, but
since we are do ing a proof by con tra dic tion, an other rea son able ap‐ 
proach would be to try to reach a con tra dic tion by prov ing that ∃q(q is
prime ∧ q ∉ {p1, p2, . . . , pn}}). This is the strat egy used in the proof.
Thus, the goal for the rest of the proof is to show that there is a prime
num ber not in the list p1, p2, . . . , pn – an “un listed prime.”

Be cause our goal is now an ex is ten tial state ment, it is not sur pris ing
that the next step in the proof is to in tro duce the new num ber m, with out
any ex pla na tion of how m was cho sen. What is sur pris ing is that m may
or may not be the un listed prime we are look ing for. The prob lem is that
m might not be prime. All we can be sure of is that m is ei ther prime or
a prod uct of primes. Be cause this state ment is a dis junc tion, it sug gests
proof by cases, and this is the method used in the rest of the proof. Al‐ 
though the cases are not ex plic itly la beled as cases in the proof, it is im‐ 
por tant to re al ize that the rest of the proof has the form of a proof by
cases. In case 1 we as sume that m is prime, and in case 2 we as sume
that it is a prod uct of primes. In both cases we are able to pro duce an
un listed prime as re quired to com plete the proof.

Our next proof uses fac to rial no ta tion. Re call that for any pos i tive in‐ 
te ger n, n fac to rial is the num ber n ! = 1 · 2 · 3 · · ·n.

The o rem 3.7.3. For ev ery pos i tive in te ger n, there is a se quence of n
con sec u tive pos i tive in te gers con tain ing no primes.

Proof. Sup pose n is a pos i tive in te ger. Let x = (n + 1)! +2. We will show
that none of the num bers x, x + 1, x + 2, . . . , x + (n − 1) is prime. Since
this is a se quence of n con sec u tive pos i tive in te gers, this will prove the
the o rem.

To see that x is not prime, note that

Thus, x can be writ ten as a prod uct of two smaller pos i tive in te gers, so x
is not prime.

Sim i larly, we have
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so x + 1 is also not prime. In gen eral, con sider any num ber x + i, where
0 ≤ i ≤ n − 1. Then we have

so x + i is not prime.
□

Com men tary. A se quence of n con sec u tive pos i tive in te gers is a se‐ 
quence of the form x, x + 1, x + 2, . . . , x + (n − 1), where x is a pos i tive
in te ger. Thus, the log i cal form of the state ment to be proven is ∀n > 0∃x
> 0∀i(0 ≤ i ≤ n − 1 → x + i is not prime), where all vari ables range over
the in te gers. The over all plan of the proof is ex actly what one would ex‐ 
pect for a proof of a state ment of this form: we let n > 0 be ar bi trary,
spec ify a value for x, let i be ar bi trary, and then as sume that 0 ≤ i ≤ n −
1 and prove that x + i is not prime. As in the proof of The o rem 3.7.1, to
prove that x + i is not prime we show how to write it as a prod uct of two
smaller pos i tive in te gers.

Be fore the demon stra tion that x + i is not prime, where i is an ar bi‐ 
trary in te ger be tween 0 and n − 1, the proof in cludes ver i fi ca tions that x
and x + 1 are not prime. These are com pletely un nec es sary and are only
in cluded to make the proof eas ier to read.

Ex am ple 3.7.4. Prove that there is a unique real num ber m with the
fol low ing two prop er ties:

1. For ev ery real num ber x, x2 + 2x + 3 ≥ m.
2. If y is any real num ber with the prop erty that for ev ery real num ber

x, x2 + 2 x + 3 ≥ y, then m ≥ y.

Scratch work

It will be con ve nient to have a name for prop erty 1. We will say that m
is a lower bound for the ex pres sion x2 + 2 x + 3 if prop erty 1 holds; that
is, if for ev ery real num ber x, x2 + 2x + 3 ≥ m. Prop erty 2 then says that
if y is any lower bound for x2 + 2x + 3, then m ≥ y. In other words, no
lower bound can be larger than m, so m is the great est lower bound. (We
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will have more to say about lower bounds and great est lower bounds in
Sec tion 4.4 of Chap ter 4.)

We will have to prove both ex is tence and unique ness of the num ber
m. For the ex is tence half of the proof, the hard est part is com ing up
with the right value for m. We can get a hint at how to choose m by
com plet ing the square:

x2 + 2x + 3 = x2 + 2x + 1 + 2 = (x + 1)2 + 2.

Since (x + 1)2 can not be neg a tive, for ev ery real num ber x we will have
x2 + 2x + 3 = (x + 1)2 + 2 ≥ 2, so m = 2 will work in prop erty 1 – in other
words, 2 is a lower bound for x2 + 2x + 3. Of course, any smaller num‐ 
ber would also be a lower bound, but prop erty 2 re quires that m must be
the great est lower bound, so m can’t be smaller than 2. Per haps m = 2 is
the right choice. Let’s see if we can prove prop erty 2 with this choice of
m.

To prove that prop erty 2 holds with m = 2, we must prove ∀y[∀x(x2 +
2x + 3 ≥ y) → 2 ≥ y]. The ob vi ous way to pro ceed is to let y be ar bi trary,
as sume ∀x(x2 + 2 x + 3 ≥ y), and then prove 2 ≥ y, which gives us the
fol low ing sit u a tion:

The nat u ral way to use our given is to plug some thing in for x. Look ing
at the goal, we see that if only there were a value of x for which x2 + 2x
+ 3 = 2, then plug ging in this value of x in the given would lead di rectly
to the goal. Solv ing the equa tion x2 + 2x + 3 = 2, we find that set ting x =
−1 will com plete the proof.

We still have to prove unique ness of m. For this we should as sume
that m1 and m2 are two num bers that have prop er ties 1 and 2, and then
prove m1 = m2. This gives us the fol low ing givens and goal:

We should prob a bly ap ply uni ver sal in stan ti a tion to one or more of the
givens, but which ones, and what val ues should we plug in? The key ob‐ 
ser va tion is that the first two givens sug gest that it would be use ful to

DELL
高亮

DELL
高亮



202

plug in m1 or m2 for y in the third and fourth givens. In fact we will set
y = m2 in the third given and y = m1 in the fourth. (You might want to
com pare this to the strat egy we used for the unique ness proof in Ex am‐ 
ple 3.6.2.) This gives us m1 ≥ m2 and m2 ≥ m1, and the goal m1 = m2 fol‐ 
lows.

So lu tion

The o rem. There is a unique real num ber m with the fol low ing two prop‐ 
er ties:

1. For ev ery real num ber x, x2 + 2 x + 3 ≥ m.
2. If y is any real num ber with the prop erty that for ev ery real

num ber x, x2 + 2 x + 3 ≥ y, then m ≥ y.

Proof. Ex is tence: Let m = 2. To prove prop erty 1, let x be an ar bi trary
real num ber. Then

x2 + 2x + 3 = (x + 1)2 + 2 ≥ 2 = m,

as re quired. This shows that 2 is a lower bound for x2 + 2x + 3.
For prop erty 2, let y be an ar bi trary num ber with the prop erty that for

ev ery x,x2 + 2 x + 3 ≥ y. In par tic u lar, set ting x = −1 we find that

y ≤ (−1)2 + 2(−1) + 3 = 2 = m.

Since y was ar bi trary, this proves prop erty 2.
Unique ness: Sup pose m1 and m2 both have prop er ties 1 and 2. In

other words, m1 and m2 are both lower bounds for x2 + 2x + 3, and also
if y is any lower bound, then m1 ≥ y and m2 ≥ y. Ap ply ing this last fact
to both y = m1 and y = m2 we get m1 ≥ m2 and m2 ≥ m1, so m1 = m2.

□

For read ers who are fa mil iar with the def i ni tion of lim its from cal cu‐ 
lus, we give one more ex am ple, show ing how proofs in volv ing lim its
can be worked out us ing the tech niques in this chap ter. Read ers who are
not fa mil iar with this def i ni tion should skip this ex am ple.

Ex am ple 3.7.5. Show that
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Scratch work

Ac cord ing to the def i ni tion of lim its, our goal means that for ev ery pos‐ 
i tive num ber there is a pos i tive num ber δ such that if x is any num ber
such that 0 < |x − 3| < δ, then |(2x2 − 5 x − 3)/(x − 3)− 7|<. Trans lat ing
this into log i cal sym bols, we have

We there fore start by let ting be an ar bi trary pos i tive num ber and then
try to find a pos i tive num ber δ for which we can prove

The scratch work in volved in find ing δ will not ap pear in the proof, of
course. In the fi nal proof we’ll just write “Let δ = (some pos i tive num‐ 
ber)” and then pro ceed to prove

Be fore work ing out the value of δ, let’s fig ure out what the rest of the
proof will look like. Based on the form of the goal at this point, we
should pro ceed by let ting x be ar bi trary, as sum ing 0 < |x − 3| < δ, and
then prov ing |(2x2 − 5x − 3)/(x − 3) − 7| < ϵ. Thus, the en tire proof will
have the fol low ing form:

Let ϵ be an ar bi trary pos i tive num ber.
Let δ = (some pos i tive num ber).

Let x be ar bi trary.
Sup pose 0 < |x − 3| < δ.

[Proof of |(2x2 − 5x − 3)/(x − 3) − 7| < goes here.]
There fore 0 < |x − 3| < δ → |(2x2 − 5x − 3)/(x − 3) − 7| < ϵ.
Since x was ar bi trary, we can con clude that ∀x(0 < |x − 3| < δ → |
(2x2 − 5x − 3)/(x − 3) − 7| <).

There fore ∃δ > 0∀x(0 < |x −3| < δ → |(2x2−5x −3)/(x−3)−7| <) ϵ.
Since ϵ was ar bi trary, it fol lows that ∀ϵ> 0∃δ > 0∀x(0 < |x − 3| < δ → |
(2x2 − 5x − 3)/(x − 3) − 7| <) ϵ.
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Two steps re main to be worked out. We must de cide what value to as‐ 
sign to δ, and we must fill in the proof of |(2x2 − 5 x − 3)/(x − 3)− 7| < ϵ.
We’ll work on the sec ond of these steps first, and in the course of work‐ 
ing out this step it will be come clear what value we should use for δ.
The givens and goal for this sec ond step are as fol lows:

First of all, note that we have 0 < |x − 3| as a given, so x = 3 and
there fore the frac tion (2x2 − 5x − 3)/(x − 3) is de fined. Fac tor ing the nu‐ 
mer a tor, we find that

Now we also have as a given that |x − 3| < δ, so 2|x − 3| < 2δ. Com‐ 
bin ing this with the pre vi ous equa tion, we get |(2x2 − 5x − 3)/(x − 3) − 7|
< 2δ, and our goal is |(2x2 − 5x − 3)/(x − 3) − 7| < ϵ. Thus, if we chose δ
so that 2δ = ϵ, we’d be done. In other words, we should let δ = ϵ/2. Note
that since ϵ > 0, this is a pos i tive num ber, as re quired.

So lu tion

The o rem. 

Proof. Sup pose ϵ > 0. Let δ = /2, which is also clearly pos i tive. Let x be
an ar bi trary real num ber, and sup pose that 0 <| x − 3|< δ. Then

□

Ex er cises
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PD*1. Sup pose F is a fam ily of sets. Prove that there is a unique set

A that has the fol low ing two prop er ties:
(a) F ⊆ P(A).

(b) ∀ B(F⊆ P(B) → A ⊆ B).

(Hint: First try an ex am ple. Let F = {{1, 2, 3}, {2, 3, 4}, {3,

4, 5}}. Can you find the set A that has prop er ties (a) and
(b)?)

2. Prove that there is a unique pos i tive real num ber m that has
the fol low ing two prop er ties:

(a) For ev ery pos i tive real num ber 
(b) If y is any pos i tive real num ber with the prop erty that for ev‐ 

ery pos i tive real num ber  then m ≤ y.
PD3. Sup pose A and B are sets. What can you prove about P(A\B) \

(P(A)\ P(B))? (No, it’s not equal to ∅. Try some ex am ples
and see what you get.)

PD4. Sup pose that A, B, and C are sets. Prove that the fol low ing
state ments are equiv a lent:

(a) (A Δ C)∩ (B Δ C) = ∅.
(b) A ∩ B ⊆ C ⊆ A ∪ B. (Note: This is a short hand way of say‐ 

ing that A ∩ B ⊆ C and C ⊆ A ∪ B.)
(c) A Δ C ⊆ A Δ B.
*5. Sup pose {Ai | i ϵ I} is a fam ily of sets. Prove that if P(⋃i ϵ I Ai)

⊆ ⋃i ϵ I P(Ai), then there is some i ϵ I such that ∀j ϵ I(Aj ⊆
Ai).

6. Sup pose F is a nonempty fam ily of sets. Let I = ⋃F and J =

⋃F. Sup pose also that J ≠ ∅, and no tice that it fol lows that

for ev ery X ϵ F, X ≠ ∅, and also that I ≠ ∅. Fi nally, sup pose

that {Ai | i ϵ I} is an in dexed fam ily of sets.

(a) Prove that ⋃i ϵ I Ai = ⋃x ϵ F(⋃i ϵ X Ai).
(b) Prove that ⋃i ϵ I Ai = ⋃x ϵ F(⋃i ϵ X Ai).
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(c) Prove that ⋃i ϵ J Ai ⊆ ⋃x ϵ F(⋃i ϵ X Ai). Is it al ways the case

that ⋃i ϵ J Ai = ⋃x ϵ F( ⋃i ϵ X Ai)? Give ei ther a proof or a coun‐ 

terex am ple to jus tify your an swer.
(d) Dis cover and prove a the o rem re lat ing ⋃i ϵ J Ai and ⋃x ϵ F(⋃i ϵ X

Ai).

7. Prove that 
*8. Prove that if limx→ c f(x) = L and L > 0, then there is some

num ber δ > 0 such that for all x, if 0 < | x − c | < δ then f(x) >
0.

9. Prove that if limx→ c f(x) = L then limx→ c 7f(x) = 7L.
*10. Con sider the fol low ing pu ta tive the o rem.

The o rem? There are ir ra tional num bers a and b such that ab is
ra tio nal.

Is the fol low ing proof cor rect? If so, what proof strate gies does
it use? If not, can it be fixed? Is the the o rem cor rect? (Note: The
proof uses the fact that  is ir ra tional, which we’ll prove in
Chap ter 6 – see The o rem 6.4.5.)

Proof. Ei ther  is ra tio nal or it’s ir ra tional.
Case 1.  is ra tio nal. Let  Then a and b are ir ra‐ 

tional, and  which we are as sum ing in this case is ra tio‐ 
nal.

Case 2.  is ir ra tional. Let  and  Then a is
ir ra tional by as sump tion, and we know that b is also ir ra tional.
Also,

□
which is ra tio nal.
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4

Re la tions

4.1 Or dered Pairs and Carte sian Prod ucts
In Chap ter 1 we dis cussed truth sets for state ments con tain ing a sin gle
free vari able. In this chap ter we ex tend this idea to in clude state ments
with more than one free vari able.

For ex am ple, sup pose P(x, y) is a state ment with two free vari ables x
and y. We can’t speak of this state ment as be ing true or false un til we
have spec i fied two val ues – one for x and one for y. Thus, if we want the
truth set to iden tify which as sign ments of val ues to free vari ables make
the state ment come out true, then the truth set will have to con tain not
in di vid ual val ues, but pairs of val ues. We will spec ify a pair of val ues
by writ ing the two val ues in paren the ses sep a rated by a comma. For ex‐ 
am ple, let D(x, y) mean “x di vides y.” Then D(6, 18) is true, since 6 | 18,
so the pair of val ues (6, 18) is an as sign ment of val ues to the vari ables x
and y that makes the state ment D(x, y) come out true. Note that 18 does
not di vide 6, so the pair of val ues (18, 6) makes the state ment D(x, y)
false. We must there fore dis tin guish be tween the pairs (18, 6) and (6,
18). Be cause the or der of the val ues in the pair makes a dif fer ence, we
will re fer to a pair (a, b) as an or dered pair, with first co or di nate a and
sec ond co or di nate b.

You have prob a bly seen or dered pairs be fore when study ing points in
the xy-plane. The use of x and y co or di nates to iden tify points in the
plane works by as sign ing to each point in the plane an or dered pair,
whose co or di nates are the x and y co or di nates of the point. The pairs
must be or dered be cause, for ex am ple, the points (2, 5) and (5, 2) are
dif fer ent points in the plane. In this case the co or di nates of the or dered
pairs are real num bers, but or dered pairs can have any thing at all as
their co or di nates. For ex am ple, sup pose we let C(x, y) stand for the
state ment “x has y chil dren.” In this state ment the vari able x ranges
over the set of all peo ple, and y ranges over the set of all nat u ral num‐ 
bers. Thus, the only or dered pairs it makes sense to con sider when dis‐ 
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cussing as sign ments of val ues to the vari ables x and y in this state ment
are pairs in which the first co or di nate is a per son and the sec ond is a
nat u ral num ber. For ex am ple, the as sign ment (Prince Charles, 2) makes
the state ment C(x, y) come out true, be cause Prince Charles does have
two chil dren, whereas the as sign ment (An gelina Jolie, 37) makes the
state ment false. Note that the as sign ment (2, Prince Charles) makes no
sense, be cause it would lead to the non sen si cal state ment “2 has Prince
Charles chil dren.”

In gen eral, if P(x, y) is a state ment in which x ranges over some set A
and y ranges over a set B, then the only as sign ments of val ues to x and y
that will make sense in P(x, y) will be or dered pairs in which the first
co or di nate is an el e ment of A and the sec ond comes from B. We there‐ 
fore make the fol low ing def i ni tion:

Def i ni tion 4.1.1. Sup pose A and B are sets. Then the Carte sian prod uct
of A and B, de noted A × B, is the set of all or dered pairs in which the
first co or di nate is an el e ment of A and the sec ond is an el e ment of B. In
other words,

A × B = {(a, b) | a ∈ A and b ∈ B}.

Ex am ple 4.1.2.

1. If A = {red, green} and B = {2, 3, 5} then

A × B = {(red, 2), (red, 3), (red, 5), (green, 2), (green, 3), (green, 5)}.

2. If P = the set of all peo ple then

These are the or dered pairs that make sense as as sign ments of
val ues to the free vari ables x and y in the state ment C(x, y).

3. R × R = {(x, y) | x and y are real num bers}. These are the co or di‐ 
nates of all the points in the plane. For ob vi ous rea sons, this set is
some times writ ten R2.

The in tro duc tion of a new math e mat i cal con cept gives us an op por tu‐ 
nity to prac tice our proof-writ ing tech niques by prov ing some ba sic
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prop er ties of the new con cept. Here’s a the o rem giv ing some ba sic
prop er ties of Carte sian prod ucts.

The o rem 4.1.3. Sup pose A, B, C, and D are sets.

1. A × (B ∩ C) = (A × B) ∩ (A × C).
2. A × (B ∪ C) = (A × B) ∪ (A × C).

3. (A × B) ∩ (C × D) = (A ∩ C) × (B ∩ D).
4. (A × B) ∪ (C × D) ⊆ (A ∪ C) × (B ∪ D).

5. A × ∅ = ∅ × A = ∅.

Proof of 1. Let p be an ar bi trary el e ment of A ×(B∩C). Then by the def i‐ 
ni tion of Carte sian prod uct, p must be an or dered pair whose first co or‐ 
di nate is an el e ment of A and sec ond co or di nate is an el e ment of B ∩ C.
In other words, p = (x, y) for some x ∈ A and y ∈ B∩C. Since y ∈
B∩C, y ∈ B and y ∈ C. Since x ∈ A and y ∈ B, p = (x, y) ∈ A × B,
and sim i larly p ∈ A × C. Thus, p ∈ (A × B) ∩ (A × C). Since p was an
ar bi trary el e ment of A × (B ∩ C), it fol lows that A × (B ∩ C) ⊆ (A × B)
∩ (A × C).

Now let p be an ar bi trary el e ment of (A × B) ∩ (A × C). Then p ∈ A ×
B, so p = (x, y) for some x ∈ A and y ∈ B. Also, (x, y) = p ∈ A × C, so
y ∈ C. Since y ∈ B and y ∈ C, y ∈ B ∩ C. Thus, p =(x, y) ∈ A × (B ∩
C). Since p was an ar bi trary el e ment of (A × B) ∩ (A × C) we can con‐ 
clude that (A × B) ∩ (A × C) ⊆ A × (B ∩ C), so A × (B ∩ C) = (A × B) ∩
(A × C).

Com men tary. Be fore con tin u ing with the proofs of the other parts, we
give a brief com men tary on the proof just given. State ment 1 is an
equa tion be tween two sets, so as we saw in Ex am ple 3.4.5, there are two
nat u ral ap proaches we could take to prove it. We could prove ∀p[p ∈ A
× (B ∩ C) ↔ p ∈ (A × B) ∩ (A × C)] or we could prove both A × (B ∩
C) ⊆ (A × B) ∩ (A × C) and (A × B) ∩ (A × C) ⊆ A × (B ∩ C). In this
proof, we have taken the sec ond ap proach. The first para graph gives the
proof that A × (B ∩ C) ⊆ (A × B) ∩ (A × C), and the sec ond gives the
proof that (A × B) ∩(A × C) ⊆ A × (B ∩ C).

In the first of these proofs we take the usual ap proach of let ting p be
an ar bi trary el e ment of A × (B ∩ C) and then prov ing p ∈ (A × B) ∩ (A
× C). Be cause p ∈ A × (B ∩ C) means ∃x∃y(x ∈ A ∧ y ∈ B ∩ C ∧ p =
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(x, y)), we im me di ately in tro duce the vari ables x and y by ex is ten tial in‐ 
stan ti a tion. The rest of the proof in volves sim ply work ing out the def i‐ 
ni tions of the set the ory op er a tions in volved. The proof of the op po site
in clu sion in the sec ond para graph is sim i lar.

Note that in both parts of this proof we in tro duced an ar bi trary ob ject
p that turned out to be an or dered pair, and we were there fore able to
say that p = (x, y) for some ob jects x and y. In most proofs in volv ing
Carte sian prod ucts math e ma ti cians sup press this step. If it is clear from
the be gin ning that an ob ject will turn out to be an or dered pair, it is usu‐ 
ally just called (x, y) from the out set. We will fol low this prac tice in our
proofs.

We leave the proofs of state ments 2 and 3 as ex er cises (see ex er cise
5).

Proof of 4. Let (x, y) be an ar bi trary el e ment of (A × B) ∪ (C × D). Then
ei ther (x, y) ∈ A × B or (x, y) ∈ C × D.

Case 1. (x, y) ∈ A × B. Then x ∈ A and y ∈ B, so clearly x ∈ A ∪ C
and y ∈ B ∪ D. There fore (x, y) ∈ (A ∪ C) × (B ∪ D).

Case 2. (x, y) ∈ C × D. A sim i lar ar gu ment shows that (x, y) ∈ (A ∪
C) × (B∪D).

Since (x, y) was an ar bi trary el e ment of (A × B) ∪ (C × D), it fol lows
that (A × B) ∪ (C × D) ⊆ (A ∪ C) × (B ∪ D).

Proof of 5. Sup pose A × ∅ = ∅. Then A × ∅ has at least one el e ment,
and by the def i ni tion of Carte sian prod uct this el e ment must be an or‐ 
dered pair (x, y) for some x ∈ A and y ∈ ∅. But this is im pos si ble, be‐ 
cause ∅ has no el e ments. Thus, A × ∅ = ∅. The proof that ∅ × A = ∅
is sim i lar.

Com men tary. State ment 4 says that one set is a sub set of an other, and
the proof fol lows the usual pat tern for state ments of this form: we start
with an ar bi trary el e ment of the first set and then prove that it’s an el e‐ 
ment of the sec ond. It is clear that the ar bi trary el e ment of the first set
must be an or dered pair, so we have writ ten it as an or dered pair from
the be gin ning.

Thus, for the rest of the proof we have (x, y) ∈ (A × B) ∪ (C × D) as
a given, and the goal is to prove that (x, y) ∈ (A ∪ C) × (B ∪ D). The
given means (x, y) ∈ A × B ∨ (x, y) ∈ C × D, so proof by cases is an
ap pro pri ate strat egy. In each case it is easy to prove the goal.
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State ment 5 means A × ∅ = ∅ ∧ ∅ × A = ∅, so we treat this as two
goals and prove A × ∅ = ∅ and ∅ × A = ∅ sep a rately. To say that a
set equals the empty set is ac tu ally a neg a tive state ment, al though it
may not look like it on the sur face, be cause it means that the set does
not have any el e ments. Thus, it is not sur pris ing that the proof that A ×
∅ = ∅ pro ceeds by con tra dic tion. The as sump tion that A × ∅ = ∅
means ∃p(p ∈ A × ∅), so our next step is to in tro duce a name for an el‐ 
e ment of A × ∅. Once again, it is clear that the new ob ject be ing in tro‐ 
duced in the proof is an or dered pair, so we have writ ten it as an or dered
pair (x, y) from the be gin ning. Writ ing out the mean ing of (x, y) ∈ A ×
∅ leads im me di ately to a con tra dic tion.

The proof that ∅ × A = ∅ is sim i lar, but sim ply say ing this doesn’t
prove it. Thus, the claim in the proof that this part of the proof is sim i‐ 
lar is re ally an in di ca tion that the sec ond half of the proof is be ing left
as an ex er cise. You should work through the de tails of this proof in your
head (or if nec es sary write them out on pa per) to make sure that a proof
sim i lar to the proof in the first half will re ally work.

Be cause the or der of the co or di nates in an or dered pair mat ters, A × B
and B × A mean dif fer ent things. Does it ever hap pen that A × B = B ×
A? Well, one way this could hap pen is if A = B. Clearly if A = B then A ×
B = A × A = B × A. Are there any other pos si bil i ties?

Here’s an in cor rect proof that A × B = B × A only if A = B: The first
co or di nates of the or dered pairs in A × B come from A, and the first co‐ 
or di nates of the or dered pairs in B × A come from B. But if A × B = B ×
A, then the first co or di nates in these two sets must be the same, so A =
B.

This is a good ex am ple of why it’s im por tant to stick to the rules of
proof writ ing we’ve stud ied rather than al low ing your self to be con‐ 
vinced by any rea son ing that looks plau si ble. The in for mal rea son ing in
the pre ced ing para graph is in cor rect, and we can find the er ror by try ing
to re for mu late this rea son ing as a for mal proof. Sup pose A × B = B × A.
To prove that A = B we could let x be ar bi trary and then try to prove x
∈ A → x ∈ B and x ∈ B → x ∈ A. For the first of these we as sume x
∈ A and try to prove x ∈ B. Now the in cor rect proof sug gests that we
should try to show that x is the first co or di nate of some or dered pair in
A × B and then use the fact that A × B = B × A. We could do this by try‐ 
ing to find some ob ject y ∈ B and then form ing the or dered pair (x, y).
Then we would have (x, y) ∈ A × B and A × B = B × A, and it would fol‐ 
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low that (x, y) ∈ B × A and there fore x ∈ B. But how can we find an
ob ject y ∈ B? We don’t have any given in for ma tion about B, other than
the fact that A × B = B × A. In fact, B could be the empty set! This is the
flaw in the proof. If B = ∅, then it will be im pos si ble to choose y ∈ B,
and the proof will fall apart. For sim i lar rea sons, the other half of the
proof won’t work if A = ∅.

Not only have we found the flaw in the proof, but we can now fig ure
out what to do about it. We must take into ac count the pos si bil ity that A
or B might be the empty set.

The o rem 4.1.4. Sup pose A and B are sets. Then A × B = B × A iff ei‐ 
ther A= ∅, B= ∅, or A=B.

Proof. (→) Sup pose A × B = B × A. If ei ther A = ∅ or B = ∅, then there
is noth ing more to prove, so sup pose A = ∅ and B = ∅. We will show
that A = B. Let x be ar bi trary, and sup pose x ∈ A. Since B = ∅ we can
choose some y ∈ B. Then (x, y) ∈ A × B = B × A, so x ∈ B.

Now sup pose x ∈ B. Since A = ∅ we can choose some z ∈ A. There‐ 
fore (x, z) ∈ B × A = A × B, so x ∈ A. Thus A = B, as re quired.

(←) Sup pose ei ther A = ∅, B = ∅, or A = B.
Case 1. A= ∅. Then A × B = ∅ × B = ∅ = B × ∅ = B × A.
Case 2. B = ∅. Sim i lar to case 1.
Case 3. A = B. Then A × B = A × A = B × A.

Com men tary. Of course, the state ment to be proven is an iff state ment,
so we prove both di rec tions sep a rately. For the → di rec tion, our goal is
A = ∅ ∨ B = ∅ ∨ A = B, which could be writ ten as (A = ∅ ∨ B = ∅)
∨ A = B, so by one of our strate gies for dis junc tions from Chap ter 3 we
can as sume ¬(A = ∅ ∨ B = ∅) and prove A = B. Note that by one of
De Mor gan’s laws, ¬(A = ∅ ∨ B = ∅) is equiv a lent to A = ∅ ∧ B =
∅, so we treat this as two as sump tions, A = ∅ and B = ∅. Of course
we could also have pro ceeded dif fer ently, for ex am ple by as sum ing A =
B and B = ∅ and then prov ing A = ∅. But re call from the com men tary
on part 5 of The o rem 4.1.3 that A = ∅ and B = ∅ are ac tu ally neg a tive
state ments, so be cause it is gen er ally bet ter to work with pos i tive than
neg a tive state ments, we’re bet ter off negat ing both of them to get the
as sump tions A = ∅ and B = ∅ and then prov ing the pos i tive state ment
A = B. The as sump tions A = ∅ and B = ∅ are ex is ten tial state ments, so



213

they are used in the proof to jus tify the in tro duc tion of y and z. The
proof that A = B pro ceeds in the ob vi ous way, by in tro duc ing an ar bi‐ 
trary ob ject x and then prov ing x ∈ A ↔ x ∈ B.

For the ← di rec tion of the proof, we have A = ∅ ∨ B = ∅ ∨ A = B
as a given, so it is nat u ral to use proof by cases. In each case, the goal is
easy to prove.

This the o rem is a bet ter il lus tra tion of how math e mat ics is re ally
done than most of the ex am ples we’ve seen so far. Usu ally when you’re
try ing to find the an swer to a math e mat i cal ques tion you won’t know in
ad vance what the an swer is go ing to be. You might be able to take a
guess at the an swer and you might have an idea for how the proof might
go, but your guess might be wrong and your idea for the proof might be
flawed. It is only by turn ing your idea into a for mal proof, ac cord ing to
the rules in Chap ter 3, that you can be sure your an swer is right. Of ten
in the course of try ing to con struct a for mal proof you will dis cover a
flaw in your rea son ing, as we did ear lier, and you may have to re vise
your ideas to over come the flaw. The fi nal the o rem and proof are of ten
the re sult of re peated mis takes and cor rec tions. Of course, when math e‐ 
ma ti cians write up their the o rems and proofs, they fol low our rule that
proofs are for jus ti fy ing the o rems, not for ex plain ing thought pro cesses,
and so they don’t de scribe all the mis takes they made. But just be cause
math e ma ti cians don’t ex plain their mis takes in their proofs, you
shouldn’t be fooled into think ing they don’t make any!

Now that we know how to use or dered pairs and Carte sian prod ucts to
talk about as sign ing val ues to free vari ables, we’re ready to de fine truth
sets for state ments con tain ing two free vari ables.

Def i ni tion 4.1.5. Sup pose P(x, y) is a state ment with two free vari ables
in which x ranges over a set A and y ranges over an other set B. Then A ×
B is the set of all as sign ments of val ues to x and y that make sense in
the state ment P(x,y). The truth set of P(x, y) is the sub set of A × B con‐ 
sist ing of those as sign ments that make the state ment come out true. In
other words, the truth set of P(x, y) is the set {(a, b) ∈ A × B | P(a, b)}.

Ex am ple 4.1.6. What are the truth sets of the fol low ing state ments?

1. “x has y chil dren,” where x ranges over the set P of all peo ple and y
ranges over N.
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2. “x is lo cated in y,” where x ranges over the set C of all cities and y
ranges over the set N of all coun tries.

3. “y = 2x − 3,” where x and y range over R.

So lu tions
1. {(p, n) ∈ P×N | the per son p has n chil dren} = {(Prince Charles, 2),

…}.
2. {(c, n) ∈ C × N | the city c is lo cated in the coun try n} = {(New

York, United States), (Tokyo, Japan), (Paris, France), …}.
3. {(x, y) ∈ R × R | y = 2x − 3} = {(0, −3), (1, −1), (2, 1), …}. You are

prob a bly al ready fa mil iar with the fact that the or dered pairs in this
set are the co or di nates of points in the plane that lie along a cer tain
straight line, called the graph of the equa tion y = 2x − 3. Thus, you
can think of the graph of the equa tion as a pic ture of its truth set!

Many of the facts about truth sets for state ments with one free vari‐ 
able that we dis cussed in Chap ter 1 carry over to truth sets for state‐ 
ments with two free vari ables. For ex am ple, sup pose T is the truth set of
a state ment P(x, y), where x ranges over some set A and y ranges over B.
Then for any a ∈ A and b ∈ B the state ment (a, b) ∈ T means the
same thing as P(a, b). Also, if P(x, y) is true for ev ery x ∈ A and y ∈
B, then T = A × B, and if P(x, y) is false for ev ery x ∈ A and y ∈ B,
then T = ∅. If S is the truth set of an other state ment Q(x, y), then the
truth set of the state ment P(x, y) ∧ Q(x, y) is T ∩ S, and the truth set of
P(x, y) ∨ Q(x, y) is T ∪ S.

Al though we’ll be con cen trat ing on or dered pairs for the rest of this
chap ter, it is pos si ble to work with or dered triples, or dered quadru ples,
and so on. These might be used to talk about truth sets for state ments
con tain ing three or more free vari ables. For ex am ple, let L(x, y, z) be
the state ment “x has lived in y for z years,” where x ranges over the set
P of all peo ple, y ranges over the set C of all cities, and z ranges over N.
Then the as sign ments of val ues to the free vari ables that make sense in
this state ment would be or dered triples (p,c, n), where p is a per son, c is
a city, and n is a nat u ral num ber. The set of all such or dered triples
would be writ ten P × C × N, and the truth set of the state ment L(x, y, z)
would be the set {(p, c, n) ∈ P × C × N | the per son p has lived in the
city c for n years}.
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Ex er cises
*1. What are the truth sets of the fol low ing state ments? List a

few el e ments of each truth set.
(a) “x is a par ent of y,” where x and y both range over the set P of

all peo ple.
(b) “There is some one who lives in x and at tends y,” where x

ranges over the set C of all cities and y ranges over the set U
of all uni ver si ties.

2. What are the truth sets of the fol low ing state ments? List a
few el e ments of each truth set.

(a) “x lives in y,” where x ranges over the set P of all peo ple and y
ranges over the set C of all cities.

(b) “The pop u la tion of x is y,” where x ranges over the set C of all
cities and y ranges over N.

3. The truth sets of the fol low ing state ments are sub sets of R2.
List a few el e ments of each truth set. Draw a pic ture show ing
all the points in the plane whose co or di nates are in the truth
set.

(a) y = x2 − x − 2.
(b) y < x.
(c) Ei ther y = x2 − x − 2 or y = 3x − 2.
(d) y <x, and ei ther y = x2 − x − 2 or y = 3 x − 2.
*4. Let A = {1, 2, 3}, B = {1, 4}, C = {3, 4}, and D = {5}. Com‐ 

pute all the sets men tioned in The o rem 4.1.3 and ver ify that
all parts of the the o rem are true.

5. Prove parts 2 and 3 of The o rem 4.1.3.
*6. What’s wrong with the fol low ing proof that for any sets A, B,

C, and D, (A ∪ C) × (B ∪ D) ⊆ (A × B) ∪ (C × D)? (Note that
this is the re verse of the in clu sion in part 4 of The o rem 4.1.3.)

Proof. Sup pose (x, y) ∈ (A ∪ C) × (B ∪ D). Then x ∈ A ∪ C
and y ∈ B ∪ D, so ei ther x ∈ A or x ∈ C, and ei ther y ∈ B
or y ∈ D. We con sider these cases sep a rately.
Case 1. x ∈ A and y ∈ B. Then (x, y) ∈ A × B.

Case 2. x ∈ C and y ∈ D. Then (x, y) ∈ C × D.
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Thus, ei ther (x, y) ∈ A × B or (x, y) ∈ C × D, so (x, y) ∈
(A × B) ∪ (C × D).

□
7. If A has m el e ments and B has n el e ments, how many el e‐ 

ments does A × B have?
PD*8. Is it true that for any sets A, B, and C, A×(B \C) = (A × B)\

(A×C)? Give ei ther a proof or a coun terex am ple to jus tify your
an swer.

PD9. Prove that for any sets A, B, and C, A × (B Δ C)= (A × B)(A ×
C).

PD*10. Prove that for any sets A, B, C, and D, (A \ C) × (B \ D) ⊆ (A
× B) \ (C×D).

PD11. Prove that for any sets A, B, C, and D, (A × B) \ (C × D) = [A ×
(B\D)] ∪ [ (A\ C) × B].

PD12. Prove that for any sets A, B, C, and D, if A × B and C × D are
dis joint, then ei ther A and C are dis joint or B and D are dis‐ 
joint.

13. Sup pose I = ∅. Prove that for any in dexed fam ily of sets {Ai |
i ∈ I} and any set B, (∩

i ∈ I
 Ai) × B = ∩

i ∈ I
 (Ai × B). Where

in the proof does the as sump tion that I = ∅ get used?
14. Sup pose {Ai | i ∈ I} and {Bi | i ∈ I} are in dexed fam i lies of

sets.
(a) Prove that ∪ i∈I (Ai × Bi) ⊆ (∪i∈I Ai) × (∪i∈I Bi).
(b) For each (i, j) ∈ I × I let C(i,,j) = Ai × Bj, and let P = I × I.

Prove that ∪ p∈P Cp = (∪i∈I Bi

*15. This prob lem was sug gested by Pro fes sor Alan Tay lor
of Union Col lege, NY. Con sider the fol low ing pu ta tive the o‐ 
rem.

The o rem? For any sets A, B, C, and D, if A × B ⊆ C × D then
A⊆ C and B ⊆ D.
Is the fol low ing proof cor rect? If so, what proof strate gies
does it use? If not, can it be fixed? Is the the o rem cor rect?

Proof. Sup pose A × B ⊆ C × D. Let a be an ar bi trary el e ment
of A and let b be an ar bi trary el e ment of B. Then (a, b) ∈ A ×
B, so since A × B ⊆ C × D, (a, b) ∈ C × D. There fore a ∈ C
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and b ∈ D. Since a and b were ar bi trary el e ments of A and B,
re spec tively, this shows that A⊆ C and B ⊆ D.

□

4.2 Re la tions
Sup pose P(x, y) is a state ment with two free vari ables x and y. Of ten
such a state ment can be thought of as ex press ing a re la tion ship be tween
x and y. The truth set of the state ment P(x, y) is a set of or dered pairs
that records when this re la tion ship holds. In fact, it is of ten use ful to
think of any set of or dered pairs in this way, as a record of when some
re la tion ship holds. This is the mo ti va tion be hind the fol low ing def i ni‐ 
tion.

Def i ni tion 4.2.1. Sup pose A and B are sets. Then a set R ⊆ A × B is
called a re la tion from A to B.

If x ranges over A and y ranges over B, then clearly the truth set of
any state ment P(x, y) will be a re la tion from A to B. How ever, note that
Def i ni tion 4.2.1 does not re quire that a set of or dered pairs be de fined
as the truth set of some state ment for the set to be a re la tion. Al though
think ing about truth sets was the mo ti va tion for this def i ni tion, the def i‐ 
ni tion says noth ing ex plic itly about truth sets. Ac cord ing to the def i ni‐ 
tion, any sub set of A × B is to be called a re la tion from A to B.

Ex am ple 4.2.2. Here are some ex am ples of re la tions from one set to
an other.

1. Let A = {1, 2, 3}, B = {3, 4, 5}, and R = {(1, 3), (1, 5), (3, 3)}.
Then R ⊆ A×B, so R is a re la tion from A to B.

2. Let G = {(x, y) ∈ R × R | x > y}. Then G is a re la tion from R to
R.

3. Let A = {1, 2} and B = P(A) = {∅, {1}, {2}, {1, 2}}. Let E = {(x,
y) ∈ A × B | x ∈ y}. Then E is a re la tion from A to B. In this case,
E = {(1, {1}), (1, {1, 2}), (2, {2}), (2, {1, 2})}.

For the next three ex am ples, let S be the set of all stu dents at
your school, R the set of all dorm rooms, P the set of all pro fes‐ 
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sors, and C the set of all cour ses.
4. Let L = {(s, r) ∈ S × R | the stu dent s lives in the dorm room r}.

Then L is a re la tion from S to R.
5. Let E = {(s, c) ∈ S × C | the stu dent s is en rolled in the course c}.

Then E is a re la tion from S to C.
6. Let T = {(c, p) ∈ C × P | the course c is taught by the pro fes sor

p}. Then T is a re la tion from C to P.

So far we have con cen trated mostly on de vel op ing your proof-writ ing
skills. An other im por tant skill in math e mat ics is the abil ity to un der‐ 
stand and ap ply new def i ni tions. Here are the def i ni tions for sev eral
new con cepts in volv ing re la tions. We’ll soon give ex am ples il lus trat ing
these con cepts, but first see if you can un der stand the con cepts based on
their def i ni tions.

Def i ni tion 4.2.3. Sup pose R is a re la tion from A to B. Then the do main
of R is the set

Dom(R) = {a ∈ A | ∃b ∈ B((a, b) ∈ R)}.

The range of R is the set

Ran(R) = {b ∈ B | ∃a ∈ A((a, b) ∈ R)}.

The in verse of R is the re la tion R−1 from B to A de fined as fol lows:

R−1 = {(b, a) ∈ B × A |(a, b) ∈ R}.

Fi nally, sup pose R is a re la tion from A to B and S is a re la tion from B to
C. Then the com po si tion of S and R is the re la tion S ◦ R from A to C de‐ 
fined as fol lows:

S◦ R = {(a, c) ∈ A × C | ∃ b ∈ B((a, b) ∈ R and (b, c) ∈ S)}.

No tice that we have as sumed that the sec ond co or di nates of pairs in R
and the first co or di nates of pairs in S both come from the same set B,
be cause that is the sit u a tion in which we will most of ten be in ter ested in
S ◦ R. How ever, this re stric tion is not re ally nec es sary, as we ask you to
show in ex er cise 15.

Ac cord ing to Def i ni tion 4.2.3, the do main of a re la tion from A to B is
the set con tain ing all the first co or di nates of or dered pairs in the re la‐ 
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tion. This will in gen eral be a sub set of A, but it need not be all of A.
For ex am ple, con sider the re la tion L from part 4 of Ex am ple 4.2.2,
which pairs up stu dents with the dorm rooms in which they live. The
do main of L would con tain all stu dents who ap pear as the first co or di‐ 
nate in some or dered pair in L – in other words, all stu dents who live in
some dorm room – but would not con tain, for ex am ple, stu dents who
live in apart ments off cam pus. Work ing it out more care fully from the
def i ni tion as stated, we have

Sim i larly, the range of a re la tion is the set con tain ing all the sec ond co‐ 
or di nates of its or dered pairs. For ex am ple, the range of the re la tion L
would be the set of all dorm rooms in which some stu dent lives. Any
dorm rooms that are un oc cu pied would not be in the range of L.

The in verse of a re la tion con tains ex actly the same or dered pairs as
the orig i nal re la tion, but with the or der of the co or di nates of each pair
re versed. Thus, in the case of the re la tion L, if Joe Smith lives in room
213 Davis Hall, then (Joe Smith, 213 Davis Hall) ∈ L and (213 Davis
Hall, Joe Smith) ∈ L−1. In gen eral, for any stu dent s and dorm room r,
we would have (r, s) ∈ L−1 iff (s, r) ∈ L. For an other ex am ple, con‐ 
sider the re la tion G from part 2 of Ex am ple 4.2.2. It con tains all or dered
pairs of real num bers (x, y) in which x is greater than y. We might call it
the “greater-than” re la tion. Its in verse is

In other words, the in verse of the greater-than re la tion is the less-than
re la tion!

The most dif fi cult con cept in tro duced in Def i ni tion 4.2.3 is the con‐ 
cept of the com po si tion of two re la tions. For an ex am ple of this con‐ 
cept, con sider the re la tions E and T from parts 5 and 6 of Ex am ple
4.2.2. Re call that E is a re la tion from the set S of all stu dents to the set
C of all cour ses, and T is a re la tion from C to the set P of all pro fes sors.
Ac cord ing to Def i ni tion 4.2.3, the com po si tion T ◦  E is the re la tion
from S to P de fined as fol lows:
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Thus, if Joe Smith is en rolled in Bi ol ogy 12 and Bi ol ogy 12 is taught by
Prof. Evans, then (Joe Smith, Bi ol ogy 12) ∈ E and (Bi ol ogy 12, Prof.
Evans) ∈ T, and there fore (Joe Smith, Prof. Evans) ∈ T ◦ E. In gen eral,
if s is some par tic u lar stu dent and p is a par tic u lar pro fes sor, then (s, p)
∈ T ◦ E iff there is some course c such that (s, c) ∈ E and (c, p) ∈ T.
This no ta tion may seem back ward at first. If (s, c) ∈ E and (c, p) ∈ T,
then you might be tempted to write (s, p) ∈ E ◦ T, but ac cord ing to our
def i ni tion, the proper no ta tion is (s, p) ∈ T ◦ E. The rea son we’ve cho‐ 
sen to write com po si tions of re la tions in this way will be come clear in
Chap ter 5. For the mo ment, you’ll just have to be care ful about this no‐ 
ta tional de tail when work ing with com po si tions of re la tions.

Ex am ple 4.2.4. Let S, R, C, and P be the sets of stu dents, dorm rooms,
cour ses, and pro fes sors at your school, as be fore, and let L, E, and T be
the re la tions de fined in parts 4–6 of Ex am ple 4.2.2. De scribe the fol‐ 
low ing re la tions.

1. E−1.

2. E◦L−1.

3. E−1 ◦ E.

4. E◦E−1.

5. T◦ (E ◦ L−1).

6. (T◦ E) ◦ L−1.

So lu tions

1. E−1 = {(c, s) ∈ C × S |(s, c) ∈ E} = {(c, s) ∈ C × S | the stu dent s
is en rolled in the course c}. For ex am ple, if Joe Smith is en rolled
in Bi ol ogy 12, then (Joe Smith, Bi ol ogy 12) ∈ E and (Bi ol ogy 12,
Joe Smith) ∈ E−1.
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2. Be cause L−1 is a re la tion from R to S and E is a re la tion from S to
C, E◦L−1 will be the re la tion from R to C de fined as fol lows.

Re turn ing to our fa vorite stu dent Joe Smith, who is en rolled in
Bi ol ogy 12 and lives in room 213 Davis Hall, we have (213 Davis
Hall, Joe Smith) ∈ L−1 and (Joe Smith, Bi ol ogy 12)∈ E. Ac cord‐ 
ing to the def i ni tion of com po si tion, it fol lows that (213 Davis
Hall, Bi ol ogy 12) ∈ E ◦ L−1.

3. Be cause E is a re la tion from S to C and E−1 is a re la tion from C to
S, E−1 ◦ E is the re la tion from S to S de fined as fol lows.

(Note that an ar bi trary el e ment of S × S is writ ten (s, t), not (s, s),
be cause we don’t want to as sume that the two co or di nates are
equal.)

4. This is not the same as the last ex am ple! Be cause E−1 is a re la tion
from C to S and E is a re la tion from S to C, E ◦ E−1 is a re la tion
from C to C. It is de fined as fol lows.

5. We saw in part 2 that E ◦ L−1 is a re la tion from R to C, and T is a
re la tion from C to P, so T ◦(E ◦ L−1) is the re la tion from R to P de‐ 
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fined as fol lows.

6.

No tice that our an swers for parts 3 and 4 of Ex am ple 4.2.4 were dif‐ 
fer ent, so com po si tion of re la tions is not com mu ta tive. How ever, our
an swers for parts 5 and 6 turned out to be the same. Is this a co in ci‐ 
dence, or is it true in gen eral that com po si tion of re la tions is as so cia‐ 
tive? Of ten, look ing at ex am ples of a new con cept will sug gest gen eral
rules that might ap ply to it. Al though one coun terex am ple is enough to
show that a rule is in cor rect, we should never ac cept a rule as cor rect
with out a proof. The next the o rem sum ma rizes some of the ba sic prop‐ 
er ties of the new con cepts we have in tro duced.

The o rem 4.2.5. Sup pose R is a re la tion from A to B, S is a re la tion from
B to C, and T is a re la tion from C to D. Then:

1. (R−1)−1 = R.

2. Dom(R−1) = Ran (R).

3. Ran(R−1) = Dom (R).
4. T◦ (S ◦ R) = (T ◦ S) ◦ R.

5. (S◦R)−1 = R−1 ◦ S−1.
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Proof. We will prove 1, 2, and half of 4, and leave the rest as ex er cises.
(See ex er cise 7.)

1. First of all, note that R−1 is a re la tion from B to A, so (R−1)−1 is a
re la tion from A to B, just like R. To see that (R−1)−1 = R, let (a, b)
be an ar bi trary or dered pair in A × B. Then

(a, b) ∈(R−1)−1 iff (b, a) ∈ R−1 iff (a, b) ∈ R.

2. First note that Dom (R−1) and Ran (R) are both sub sets of B. Now
let b be an ar bi trary el e ment of B. Then

4. Clearly T ◦ (S ◦ R) and (T ◦ S) ◦ R are both re la tions from A to D.
Let (a, d) be an ar bi trary el e ment of A × D.

First, sup pose (a, d) ∈ T ◦ (S ◦ R). By the def i ni tion of com po‐ 
si tion, this means that we can choose some c ∈ C such that (a, c)
∈ S ◦ R and (c, d) ∈ T. Since (a, c) ∈ S ◦ R, we can again use the
def i ni tion of com po si tion and choose some b ∈ B such that (a, b)
∈ R and (b, c) ∈ S. Now since (b, c) ∈ S and (c, d) ∈ T, we can
con clude that (b, d) ∈ T ◦ S. Sim i larly, since (a, b) ∈ R and (b, d)
∈ T ◦ S, it fol lows that (a, d) ∈ (T ◦ S) ◦ R.

Now sup pose (a, d) ∈ (T ◦ S) ◦ R. A sim i lar ar gu ment, which is
left to the reader, shows that (a, d) ∈ T ◦ (S ◦ R). Thus, T ◦ (S ◦ R)
= (T ◦ S) ◦ R.

□

Com men tary. State ment 1 means ∀p(p ∈(R−1)−1 ↔ p ∈ R), so the
proof should pro ceed by in tro duc ing an ar bi trary ob ject p and then
prov ing p ∈ (R−1)−1 ↔ p ∈ R. But be cause R and (R−1)−1 are both re la‐ 
tions from A to B, we could think of the uni verse over which p ranges as
be ing A × B, so p must be an or dered pair. Thus, in the pre ced ing proof
we’ve writ ten it as an or dered pair (a, b) from the start. The proof of the
bi con di tional state ment (a, b) ∈(R−1)−1 ↔ (a, b) ∈ R uses the method,
in tro duced in Ex am ple 3.4.5, of string ing to gether a se quence of equiv‐ 
a lences.

The proofs of state ments 2 and 4 are sim i lar, ex cept that the bi con di‐ 
tional proof for state ment 4 can not eas ily be done by string ing to gether
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equiv a lences, so we prove the two di rec tions sep a rately. Only one di rec‐ 
tion was proven. The key to this proof is to rec og nize that the given (a,
d) ∈ T ◦ (S ◦ R) is an exis-ten tial state ment, since it means ∃c ∈ C((a,
c) ∈ S ◦ R and (c, d) ∈ T), so we should in tro duce a new vari able c into
the proof to stand for some el e ment of C such that (a, c) ∈ S◦R and (c,
d) ∈ T. Sim i larly, (a, c) ∈ S◦R is an ex is ten tial state ment, so it sug‐ 
gests in tro duc ing the vari able b. Once these new vari ables have been in‐ 
tro duced, it is easy to prove the goal (a, d) ∈ (T ◦ S) ◦ R.

State ment 5 of The o rem 4.2.5 per haps de serves some com ment. First
of all, no tice that the right-hand side of the equa tion is R−1 ◦ S−1, not S−1

◦  R−1; the or der of the re la tions has been re versed. You are asked to
prove state ment 5 in ex er cise 7, but it might be worth while to try an ex‐ 
am ple first. We’ve al ready seen that, for the re la tions E and T from
parts 5 and 6 of Ex am ple 4.2.2,

It fol lows that

To com pute E−1 ◦ T−1, first note that T−1 is a re la tion from P to C and
E−1 is a re la tion from C to S, so E−1 ◦ T−1 is a re la tion from P to S. Now,
ap ply ing the def i ni tion of com po si tion, we get

Thus, (T ◦ E)−1 = E−1 ◦ T−1.

Ex er cises
*1. Find the do mains and ranges of the fol low ing re la tions.
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(a) {(p, q) ∈ P × P | the per son p is a par ent of the per son q}, where P
is the set of all liv ing peo ple.

(b) {(x, y) ∈ R2 | y > x2}.

2. Find the do mains and ranges of the fol low ing re la tions.
(a) {(p, q) ∈ P × P | the per son p is a brother of the per son q}, where

P is the set of all liv ing peo ple.
(b) {(x, y) ∈ R2 | y2 = 1 − 2/(x2 + 1)}.

3. Let L and E be the re la tions de fined in parts 4 and 5 of Ex am ple
4.2.2. De scribe the fol low ing re la tions:

(a) L−1 ◦ L.
(b) E◦(L−1 ◦ L).
4. Let E and T be the re la tions de fined in parts 5 and 6 of Ex am ple

4.2.2. Also, as in that ex am ple, let C be the set of all cour ses at
your school, and let D = {Mon day, Tues day, Wednes day, Thurs‐ 
day, Fri day}. Let M = {(c, d) ∈ C × D | the course c meets on the
day d}. De scribe the fol low ing re la tions:

(a) M◦E.
(b) M◦ T−1.
*5. Sup pose that A = {1, 2, 3}, B = {4, 5, 6}, R = {(1, 4), (1, 5), (2, 5),

(3, 6)}, and S = {(4, 5), (4, 6), (5, 4), (6, 6)}. Note that R is a re la‐ 
tion from A to B and S is a re la tion from B to B. Find the fol low‐ 
ing re la tions:

(a) S◦R.
(b) S◦S−1.
6. Sup pose that A = {1, 2, 3}, B = {4, 5}, C = {6, 7, 8}, R = {(1, 7),

(3, 6), (3, 7)}, and S = {(4, 7),(4, 8),(5, 6)}. Note that R is a re la‐ 
tion from A to C and S is a re la tion from B to C. Find the fol low‐ 
ing re la tions:

(a) S−1 ◦ R.
(b) R−1 ◦ S.
7. (a) Prove part 3 of The o rem 4.2.5 by im i tat ing the proof of part

2 in the text.
(b) Give an al ter na tive proof of part 3 of The o rem 4.2.5 by show ing

that it fol lows from parts 1 and 2.
(c) Com plete the proof of part 4 of The o rem 4.2.5.
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(d) Prove part 5 of The o rem 4.2.5.
*8. Let E = {(p, q) ∈ P × P | the per son p is an en emy of the per son

q}, and F = {(p, q) ∈ P × P | the per son p is a friend of the per son
q}, where P is the set of all peo ple. What does the say ing “an en‐ 
emy of one’s en emy is one’s friend” mean about the re la tions E
and F?

9. Sup pose R is a re la tion from A to B and S is a re la tion from B to
C.

(a) Prove that Dom (S ◦ R) ⊆ Dom (R).
(b) Prove that if Ran (R) ⊆ Dom (S) then Dom (S ◦ R) = Dom (R).
(c) For mu late and prove sim i lar the o rems about Ran (S ◦ R).
10. Sup pose R and S are re la tions from A to B. Must the fol low ing

state-ments be true? Jus tify your an swers with proofs or coun‐ 
terex am ples.

(a) R⊆ Dom (R)× Ran (R).
(b) If R ⊆ S then R−1 ⊆ S−1.
(c) (R∪S)−1 = R−1 ∪ S−1.

*11. Sup pose R is a re la tion from A to B and S is a re la tion from B to
C. Prove that S ◦ R = ∅ iff Ran (R) and Dom (S) are dis joint.

PD12. Sup pose R is a re la tion from A to B and S and T are re la tions
from B to C.

(a) Prove that (S ◦ R) \ (T ◦ R) ⊆ (S \ T) ◦ R.
(b) What’s wrong with the fol low ing proof that (S \ T) ◦ R ⊆ (S ◦ R) \

(T◦R) ?

Proof. Sup pose (a, c) ∈ (S \ T) ◦ R. Then we can choose some b
∈ B such that (a, b) ∈ R and (b, c) ∈ S \ T, so (b, c) ∈ S and (b,
c) ∉ T. Since (a, b) ∈ R and (b, c) ∈ S, (a, c) ∈ S ◦ R. Sim i larly,
since (a, b) ∈ R and (b, c) ∉ T, (a, c) ∉ T ◦ R. There fore (a, c)
∈ (S ◦ R) \ (T ◦ R). Since (a, c) was ar bi trary, this shows that (S \
T) ◦ R ⊆ (S ◦ R) \ (T ◦ R).

(c) Must it be true that (S \ T) ◦ R ⊆ (S ◦ R) \ (T ◦ R)? Jus tify your an‐ 
swer with ei ther a proof or a coun terex am ple.

13. Sup pose R and S are re la tions from A to B and T is a re la tion from
B to C. Must the fol low ing state ments be true? Jus tify your an‐ 
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swers with proofs or coun terex am ples.
(a) If R and S are dis joint, then so are R−1 and S−1.
(b) If R and S are dis joint, then so are T ◦ R and T ◦ S.
(c) If T ◦ R and T ◦ S are dis joint, then so are R and S.
PD14. Sup pose R is a re la tion from A to B, and S and T are re la tions

from B to C. Must the fol low ing state ments be true? Jus tify your
an swers with proofs or coun terex am ples.

(a) If S ⊆ T then S ◦ R ⊆ T ◦ R.
(b) (S∩ T) ◦ R ⊆ (S ◦ R) ∩ (T ◦ R).
(c) (S∩ T) ◦ R = (S ◦ R) ∩ (T ◦ R).
(d) (S∪ T) ◦ R = (S ◦ R) ∪ (T ◦ R).

15. Sup pose R is a re la tion from A to B and S is a re la tion from C to
D. Show that there is a set E such that R is a re la tion from A to E
and S is a re la tion from E to D, and there fore the def i ni tion of S ◦
R in Def i ni tion 4.2.3 can be ap plied. Fur ther more, the def i ni tion
gives the same re sult no mat ter which such set E is used.

4.3 More About Re la tions
Al though we have de fined re la tions to be sets of or dered pairs, it is
some times use ful to be able to think about them in other ways. Of ten
even a small change in no ta tion can help us see things dif fer ently. One
al ter na tive no ta tion that math e ma ti cians some times use with re la tions
is mo ti vated by the fact that in math e mat ics we of ten ex press a re la‐ 
tion ship be tween two ob jects x and y by putting some sym bol be tween
them. For ex am ple, the no ta tions x = y, x < y, x ∈ y, and x ⊆ y ex press
four im por tant math e mat i cal re la tion ships be tween x and y. Im i tat ing
these no ta tions, if R is a re la tion from A to B, x ∈ A, and y ∈ B, math e‐ 
ma ti cians some times write xRy to mean (x, y) ∈ R.

For ex am ple, if L is the re la tion de fined in part 4 of Ex am ple 4.2.2,
then for any stu dent s and dorm room r, sLr means (s, r) ∈ L, or in
other words, the stu dent s lives in the dorm room r. Sim i larly, if E and
T are the re la tions de fined in parts 5 and 6 of Ex am ple 4.2.2, then sEc
means that the stu dent s is en rolled in the course c, and cTp means that
the course c is taught by the pro fes sor p. The def i ni tion of com po si tion
of re la tions could have been stated by say ing that if R is a re la tion from
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A to B and S is a re la tion from B to C, then S ◦ R = {(a, c) ∈ A × C | ∃b
∈ B(aRb and bSc)}.

An other way to think about re la tions is to draw pic tures of them. Fig‐ 
ure 4.1 shows a pic ture of the re la tion R = {(1, 3), (1, 5), (3, 3)} from
part 1 of Ex am ple 4.2.2. Re call that this was a re la tion from the set A =
{1, 2, 3} to the set B = {3, 4, 5}. In the fig ure, each of these sets is rep‐ 
re sented by an oval, with the el e ments of the set rep re sented by dots in‐ 
side the oval. Each or dered pair (a, b) ∈ R is rep re sented by an ar row
from the dot rep re sent ing a to the dot rep re sent ing b. For ex am ple,
there is an ar row from the dot in side A la beled 1 to the dot in side B la‐ 
beled 5 be cause the or dered pair (1, 5) is an el e ment of R.

In gen eral, any re la tion R from a set A to a set B can be rep re sented
by such a pic ture. The dots rep re sent ing the el e ments of A and B in such
a pic ture are called ver tices, and the ar rows rep re sent ing the or dered
pairs in R are called edges. It doesn’t mat ter ex actly how the ver tices
rep re sent ing el e ments of A and B are ar ranged on the page; what’s im‐ 
por tant is that the edges cor re spond pre cisely to the or dered pairs in R.
Draw ing these pic tures may help you un der stand the con cepts dis cussed
in the last sec tion. For ex am ple, you should be able to con vince your‐ 
self that you could find the do main of R by lo cat ing those ver tices in A
that have edges point ing away from them. Sim i larly, the range of R
would con sist of those el e ments of B whose ver tices have edges point‐ 
ing to ward them. For the re la tion R shown in Fig ure 4.1, we have Dom
(R) = {1, 3} and Ran (R) = {3, 5}. A pic ture of R−1 would look just like
a pic ture of R but with the di rec tions of all the ar rows re versed.

Fig ure 4.1.
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Pic tures il lus trat ing the com po si tion of two re la tions are a lit tle
harder to un der stand. For ex am ple, con sider again the re la tions E and T
from parts 5 and 6 of Ex am ple 4.2.2. Fig ure 4.2 shows what part of both
re la tions might look like. (The com plete pic ture might be quite large if
there are many stu dents, cour ses, and pro fes sors at your school.) We
can see in this pic ture that, for ex am ple, Joe Smith is tak ing Bi ol ogy 12
and Math 21, that Bi ol ogy 12 is taught by Prof. Evans, and that Math 21
is taught by Prof. An drews. Thus, ap ply ing the def i ni tion of com po si‐ 
tion, we can see that the pairs (Joe Smith, Prof. Evans) and (Joe Smith,
Prof. An drews) are both el e ments of the re la tion T ◦ E.

Fig ure 4.2.

To see more clearly how the com po si tion T ◦ E is rep re sented in this
pic ture, first note that for any stu dent s, course c, and pro fes sor p, there
is an ar row from s to c iff sEc, and there is an ar row from c to p iff cTp.
Thus, ac cord ing to the def i ni tion of com po si tion,

For ex am ple, start ing at the ver tex la beled Mary Ed wards, we can get to
Prof. An drews in two steps (go ing by way of ei ther Math 21 or Math
13), so we can con clude that (Mary Ed wards, Prof. An drews) ∈ T ◦ E.

In some sit u a tions we draw pic tures of re la tions in a slightly dif fer‐ 
ent way. For ex am ple, if A is a set and R ⊆ A × A, then ac cord ing to
Def i ni tion 4.2.1, R would be called a re la tion from A to A. Such a re la‐ 
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tion is also some times called a re la tion on A (or a bi nary re la tion on A).
Re la tions of this type come up of ten in math e mat ics; in fact, we have
al ready seen a few of them. For ex am ple, we de scribed the re la tion G in
part 2 of Ex am ple 4.2.2 as a re la tion from R to R, but in our new ter mi‐ 
nol ogy we could call it a re la tion (or a bi nary re la tion) on R. The re la‐ 
tion E−1 ◦ E from Ex am ple 4.2.4 was a re la tion on the set S, and E ◦ E−1

was a re la tion on C.

Ex am ple 4.3.1. Here are some more ex am ples of re la tions on sets.

1. Let A = {1, 2} and B = P(A) = {∅, {1}, {2}, {1, 2}} as in part 3
of Ex am ple 4.2.2. Let

Then S is a re la tion on B.
2. Sup pose A is a set. Let iA = {(x, y) ∈ A × A | x = y}. Then iA is a

re la tion on A. (It is called the iden tity re la tion on A.) For ex am ple,
if A = {1, 2, 3}, then iA = {(1, 1),(2, 2),(3, 3)}. Note that iA could
also be de fined by writ ing iA = {(x, x) | x ∈ A}.

3. For each pos i tive real num ber r, let Dr = {(x, y) ∈ R × R | x and y
dif fer by less than r, or in other words |x − y| < r}. Then Dr is a re‐ 
la tion on R.

Sup pose R is a re la tion on a set A. If we used the method de scribed
ear lier to draw a pic ture of R, then we would have to draw two copies of
the set A and then draw edges from one copy of A to the other to rep re‐ 
sent the or dered pairs in R. An eas ier way to draw the pic ture would be
to draw just one copy of A and then con nect the ver tices rep re sent ing
the el e ments of A with edges to rep re sent the or dered pairs in R. For ex‐ 
am ple, Fig ure 4.3 shows a pic ture of the re la tion S from part 1 of Ex am‐ 
ple 4.3.1. Pic tures like the one in Fig ure 4.3 are called di rected graphs.
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Fig ure 4.3.

Note that in this di rected graph there is an edge from ∅ to it self, be‐ 
cause (∅, ∅)∈ S. Edges such as this one that go from a ver tex to it self
are called loops. In fact, in Fig ure 4.3 there is a loop at ev ery ver tex, be‐ 
cause S has the prop erty that ∀x ∈ B((x, x) ∈ S). We de scribe this sit u‐ 
a tion by say ing that S is re flex ive.

Def i ni tion 4.3.2. Sup pose R is a re la tion on A.

1. R is said to be re flex ive on A (or just re flex ive, if A is clear from
con text) if ∀x ∈ A(xRx), or in other words ∀x ∈ A((x, x) ∈ R).

2. R is sym met ric if ∀x ∈ A ∀y ∈ A(xRy → yRx).

3. R is tran si tive if ∀x ∈ A ∀y ∈ A ∀z ∈ A((xRy ∧ yRz) → xRz).

As we saw in Ex am ple 4.3.1, if R is re flex ive on A, then the di rected
graph rep re sent ing R will have loops at all ver tices. If R is sym met ric,
then when ever there is an edge from x to y, there will also be an edge
from y to x. If x and y are dis tinct, it fol lows that there will be two
edges con nect ing x and y, one point ing in each di rec tion. Thus, if R is
sym met ric, then all edges ex cept loops will come in such pairs. If R is
tran si tive, then when ever there is an edge from x to y and y to z, there is
also an edge from x to z.

Ex am ple 4.3.3. Is the re la tion G from part 2 of Ex am ple 4.2.2 re flex‐ 
ive? Is it sym met ric? Tran si tive? Are the re la tions in Ex am ple 4.3.1 re‐ 
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flex ive, sym met ric, or tran si tive?

So lu tion

Re call that the re la tion G from Ex am ple 4.2.2 is a re la tion on R and that
for any real num bers x and y, xGy means x > y. Thus, to say that G is re‐ 
flex ive would mean that ∀x ∈ R(xGx), or in other words ∀x ∈ R(x >
x), and this is clearly false. To say that G is sym met ric would mean that
∀x ∈ R∀y ∈ R(x > y → y > x), and this is also clearly false. Fi nally,
to say that G is tran si tive would mean that ∀x ∈ R∀y ∈ R∀z ∈ R((x >
y ∧ y > z) → x > z), and this is true. Thus, G is tran si tive, but not re‐ 
flex ive or sym met ric.

The anal y sis of the re la tions in Ex am ple 4.3.1 is sim i lar. For the re la‐ 
tion S in part 1 we use the fact that for any x and y in B, xSy means x ⊆
y. As we have al ready ob served, S is re flex ive, since ∀x ∈ B(x ⊆ x),
but it is not true that ∀x ∈ B∀y ∈ B(x ⊆ y → y ⊆ x). For ex am ple,
{1} ⊆ {1, 2}, but {1, 2} ⊈ {1}. You can see this in Fig ure 4.3 by not ing
that there is an edge from {1} to {1, 2} but not from {1, 2} to {1}.
Thus, S is not sym met ric. S is tran si tive, be cause the state ment ∀x ∈
B∀y ∈ B∀z ∈ B((x ⊆ y ∧ y ⊆ z) → x ⊆ z) is true.

For any set A the iden tity re la tion iA will be re flex ive, sym met ric,
and tran si tive, be cause the state ments ∀x ∈ A(x = x), ∀x ∈ A∀y ∈ A(x
= y → y = x), and ∀x ∈ A∀y ∈ A∀z ∈ A((x = y ∧ y = z) → x = z) are
all clearly true. Fi nally, sup pose r is a pos i tive real num ber and con‐ 
sider the re la tion Dr. For any real num ber x, |x − x| = 0 < r, so (x, x) ∈
Dr. Thus, Dr is re flex ive. Also, for any real num bers x and y, |x − y| = |y
− x|, so if |x − y| < r then |y − x| < r. There fore, if (x, y) ∈ Dr then (y, x)
∈ Dr, so Dr is sym met ric. But Dr is not tran si tive. To see why, let x be
any real num ber. Let y = x +2r/3 and z = y +2r/3 = x +4r/3. Then |x −y| =
2r/3 < r and |y−z| = 2r/3 < r, but |x − z| = 4r/3 > r. Thus, (x, y) ∈ Dr
and (y, z) ∈ Dr, but (x, z) ∈/ Dr.

Per haps you’ve al ready guessed that the prop er ties of re la tions de‐ 
fined in Def i ni tion 4.3.2 are re lated to the op er a tions de fined in Def i ni‐ 
tion 4.2.3. To say that a re la tion R is sym met ric in volves re vers ing the
roles of two vari ables in a way that may re mind you of the def i ni tion of
R−1. The def i ni tion of tran si tiv ity of a re la tion in volves string ing to‐ 
gether two or dered pairs, just as the def i ni tion of com po si tion of re la‐ 
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tions does. The fol low ing the o rem spells these con nec tions out more
care fully.

The o rem 4.3.4. Sup pose R is a re la tion on a set A.

1. R is re flex ive iff iA ⊆ R, where as be fore iAis the iden tity re la tion
on A.

2. R is sym met ric iff R = R−1.
3. R is tran si tive iff R◦ R ⊆ R.

Proof. We will prove 2 and leave the proofs of 1 and 3 as ex er cises (see
ex er cises 7 and 8).

2. (→) Sup pose R is sym met ric. Let (x, y) be an ar bi trary el e ment of
R. Then xRy, so since R is sym met ric,yRx. Thus,(y, x) ∈ R, so by the
def i ni tion of R−1, (x, y) ∈ R−1. Since (x, y) was ar bi trary, it fol lows that
R ⊆ R−1.

Now sup pose (x, y) ∈ R−1. Then (y, x) ∈ R, so since R is sym met ric,
(x, y) ∈ R. Thus,R−1 ⊆ R, so R = R−1.

(←) Sup pose R = R−1, and let x and y be ar bi trary el e ments of A. Sup‐ 
pose xRy. Then (x, y) ∈ R, so since R = R−1,(x, y) ∈ R−1. By the def i ni‐ 
tion of R−1 this means (y,x) ∈ R, so yRx. Thus, ∀x ∈ A ∀y ∈ A(xRy →
yRx), so R is sym met ric.

□

Com men tary. This proof is fairly straight for ward. The state ment to be
proven is an iff state ment, so we prove both di rec tions sep a rately. In the
→ half we must prove that R = R−1, and this is done by prov ing both R
⊆ R−1 and R−1 ⊆ R. Each of these goals is proven by tak ing an ar bi‐ 
trary el e ment of the first set and show ing that it is in the sec ond set. In
the ← half we must prove that R is sym met ric, which means ∀x ∈ A∀y
∈ A(xRy → yRx). We use the ob vi ous strat egy of let ting x and y be ar‐ 
bi trary el e ments of A, as sum ing xRy, and prov ing yRx.

Ex er cises
*1. Let L = {a, b, c, d, e} and W = {bad, bed, cab}. Let R = {(l, w) ∈

L × W | the let ter l oc curs in the word w}. Draw a di a gram (like



234

the one in Fig ure 4.1) of R.
2. Let A = {cat, dog, bird, rat}, and let R = {(x, y) ∈ A × A | there is

at least one let ter that oc curs in both of the words x and y}. Draw
a di rected graph (like the one in Fig ure 4.3) for the re la tion R. Is R
re flex ive? Sym met ric? Tran si tive?

*3. Let A = {1, 2, 3, 4}. Draw a di rected graph for iA, the iden tity re la‐ 
tion on A.

4. List the or dered pairs in the re la tions rep re sented by the di rected
graphs in Fig ure 4.4. De ter mine whether each re la tion is re flex‐ 
ive, sym met ric, or tran si tive.

Fig ure 4.4.

*5. Fig ure 4.5 shows two re la tions R and S. Find S ◦ R.
6. Sup pose r and s are two pos i tive real num bers. Let Dr and Ds be

de fined as in part 3 of Ex am ple 4.3.1. What is Dr ◦  Ds? Jus tify
your an swer with a proof. (Hint: In your proof, you may find it
help ful to use the tri an gle in equal ity; see ex er cise 13(c) of Sec‐ 
tion 3.5.)

*7. Prove part 1 of The o rem 4.3.4.
8. Prove part 3 of The o rem 4.3.4.
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9. Sup pose A and B are sets.
(a) Show that for ev ery re la tion R from A to B, R ◦ iA = R.
(b) Show that for ev ery re la tion R from A to B, iB ◦ R = R.

*10. Sup pose S is a re la tion on A. Let D = Dom (S) and R = Ran (S).
Prove that iD ⊆ S−1 ◦ S and iR ⊆ S ◦ S−1.

11. Sup pose R is a re la tion on A. Prove that if R is re flex ive then R ⊆
R ◦ R.

Fig ure 4.5.

12. Sup pose R is a re la tion on A.
(a) Prove that if R is re flex ive, then so is R−1

(b) Prove that if R is sym met ric, then so is R−1.
(c) Prove that if R is tran si tive, then so is R−1.
*13. Sup pose R1 and R2 are re la tions on A. For each part, give ei ther

a proof or a coun terex am ple to jus tify your an swer.
(a) If R1 and R2 are re flex ive, must R1 ∪ R2 be re flex ive?
(b) If R1 and R2 are sym met ric, must R1 ∪ R2 be sym met ric?
(c) If R1 and R2 are tran si tive, must R1 ∪ R2 be tran si tive?

14. Sup pose R1 and R2 are re la tions on A. For each part, give ei ther a
proof or a coun terex am ple to jus tify your an swer.

(a) If R1 and R2 are re flex ive, must R1 ∩ R2 be re flex ive?
(b) If R1 and R2 are sym met ric, must R1 ∩ R2 be sym met ric?
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(c) If R1 and R2 are tran si tive, must R1 ∩ R2 be tran si tive?

15. Sup pose R1 and R2 are re la tions on A. For each part, give ei ther a
proof or a coun terex am ple to jus tify your an swer.

(a) If R1 and R2 are re flex ive, must R1 \ R2 be re flex ive?
(b) If R1 and R2 are sym met ric, must R1 \ R2 be sym met ric?
(c) If R1 and R2 are tran si tive, must R1 \ R2 be tran si tive?

16. Sup pose R and S are re flex ive re la tions on A. Prove that R◦S is re‐ 
flex ive.

*17. Sup pose R and S are sym met ric re la tions on A. Prove that R ◦ S
is sym met ric iff R ◦ S = S ◦ R.

18. Sup pose R and S are tran si tive re la tions on A. Prove that if S ◦ R
⊆ R ◦ S then R ◦ S is tran si tive.

19. Con sider the fol low ing pu ta tive the o rem.

The o rem? Sup pose R is a re la tion on A, and de fine a re la tion S on
P(A) as fol lows:

S = {(X, Y) ∈ P(A) × P(A) | ∃X ∈ X ∃y ∈ Y(xRy)}.

If R is tran si tive, then so is S.

(a) What’s wrong with the fol low ing proof of the the o rem?
Proof. Sup pose R is tran si tive. Sup pose (X, Y) ∈ S and (Y, Z) ∈ S.
Then by the def i ni tion of S, xRy and yRz, where x ∈ X, y ∈ Y, and
z ∈ Z. Since xRy, yRz, and R is tran si tive, xRz. But then since x ∈
X and z ∈ Z, it fol lows from the def i ni tion of S that (X, Z) ∈ S.
Thus, S is tran si tive.

□
(b) Is the the o rem cor rect? Jus tify your an swer with ei ther a proof or a

coun terex am ple.

*20. Sup pose R is a re la tion on A. Let B = {X ∈ P(A) | X ≠ ∅}, and
de fine a re la tion S on B as fol lows:

S = {(X, Y) ∈ B × B | ∀x ∈ X ∀y ∈ Y(xRy)}.

Prove that if R is tran si tive, then so is S. Why did the empty set
have to be ex cluded from the set B to make this proof work?
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21. Sup pose R is a re la tion on A, and de fine a re la tion S on P(A) as
fol lows:

S = {(X, Y) ∈ P(A) × P(A) | ∀x ∈ X ∃y ∈ Y(xRy)}.

For each part, give ei ther a proof or a coun terex am ple to jus tify
your an swer.

(a) If R is re flex ive, must S be re flex ive?
(b) If R is sym met ric, must S be sym met ric?
(c) if R is tran si tive, must S be tran si tive?
22. Con sider the fol low ing pu ta tive the o rem:

The o rem? Sup pose R is a re la tion on A. If R is sym met ric and
tran si tive, then R is re flex ive.

Is the fol low ing proof cor rect? If so, what proof strate gies does it
use? If not, can it be fixed? Is the the o rem cor rect?

Proof. Let x be an ar bi trary el e ment of A. Let y be any el e ment of
A such that xRy. Since R is sym met ric, it fol lows that yRx. But
then by tran si tiv ity, since xRy and yRx we can con clude that xRx.
Since x was ar bi trary, we have shown that ∀x ∈ A(xRx), so R is
re flex ive.

□
*23. This prob lem was sug gested by Pro fes sor William Zwicker of

Union Col lege, NY. Sup pose A is a set, and F ⊆ P(A). Let R = {(a,

b) ∈ A × A | for ev ery X ⊆ A \ {a,b}, if X ∪ {a} ∈ F then X ∪ {b}

∈ F}. Show that R is tran si tive.

24. Let R = {(m, n) ∈ N × N | |m − n| ≤ 1}, which is a re la tion on N.
Note that R ⊆ Z × Z, so R is also a re la tion on Z. This ex er cise will
il lus trate why, in part 1 of Def i ni tion 4.3.2, we de fined the phrase
“R is re flex ive on A,” rather than sim ply “R is re flex ive.”

(a) Is R re flex ive on N?
(b) Is R re flex ive on Z?

4.4 Or der ing Re la tions
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Con sider the re la tion L = {(x, y) ∈ R × R | x ≤ y}. You should be able to
check for your self that it is re flex ive and tran si tive, but not sym met ric.
It fails to be sym met ric in a rather ex treme way be cause there are many
pairs (x, y) such that xLy is true but yLx is false. In fact, the only way
xLy and yLx can both be true is if x ≤ y and y ≤ x, and thus x = y. We
there fore say that L is an ti sym met ric. Here is the gen eral def i ni tion.

Def i ni tion 4.4.1. Sup pose R is a re la tion on a set A. Then R is said to be
an ti sym met ric if ∀x ∈ A ∀y ∈ A((xRy ∧ yRx) → x = y).

We have al ready seen a re la tion with many of the same prop er ties as
L. Look again at the re la tion S de fined in part 1 of Ex am ple 4.3.1. Re‐ 
call that in that ex am ple we let A = {1, 2}, B = P(A), and S = {(x, y) ∈
B × B | x ⊆ y}. Thus, if x and y are el e ments of B, then xSy means x ⊆
y. We checked in the last sec tion that S is re flex ive and tran si tive, but
not sym met ric. In fact, S is also an ti sym met ric, be cause for any sets x
and y, if x ⊆ y and y ⊆ x then x = y. You may find it use ful to look
back at Fig ure 4.3 in the last sec tion, which shows the di rected graph
rep re sent ing S.

In tu itively, L and S are both re la tions that have some thing to do with
com par ing the sizes of two ob jects. Each of the state ments x ≤ y and x
⊆ y can be thought of as say ing that, in some sense, y is “at least as
large as” x. You might say that each of these state ments spec i fies what
or der x and y come in. This mo ti vates the fol low ing def i ni tion.

Def i ni tion 4.4.2. Sup pose R is a re la tion on a set A. Then R is called a
par tial or der on A(or just a par tial or der if A is clear from con text) if it
is re flex ive, tran si tive, and an ti sym met ric. It is called a to tal or der on A
(or just a to tal or der) if it is a par tial or der, and in ad di tion it has the
fol low ing prop erty:

∀x ∈ A ∀y ∈ A(xRy ∨ yRx).

The re la tions L and S just con sid ered are both par tial or ders. S is not
a to tal or der, be cause it is not true that ∀x ∈ B∀y ∈ B(x ⊆ y ∨ y ⊆
x). For ex am ple, if we let x = {1} and y = {2}, then x ⊈ y and y ⊈ x.
Thus, al though we can think of the re la tion S as in di cat ing a sense in
which one el e ment of B might be at least as large as an other, it does not
give us a way of com par ing ev ery pair of el e ments of B. For some pairs,
such as {1} and {2}, S doesn’t pick out ei ther one as be ing at least as
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large as the other. This is the sense in which the or der ing is par tial. On
the other hand, L is a to tal or der, be cause if x and y are any two real
num bers, then ei ther x ≤ y or y ≤ x. Thus, L does give us a way of com‐ 
par ing any two real num bers.

Ex am ple 4.4.3. Which of the fol low ing re la tions are par tial or ders?
Which are to tal or ders?

1. Let A be any set, and let B = P(A) and S = {(x, y) ∈ B × B | x ⊆
y}.

2. Let A = {1, 2} and B = P(A) as be fore. Let

3. D = {(x, y) ∈ Z+ × Z+ | x di vides y}.

4. G = {(x, y) ∈ R × R | x ≥y}.

So lu tions

1. This is just a gen er al iza tion of one of the ex am ples dis cussed ear‐ 
lier, and it is easy to check that it is a par tial or der. As long as A
has at least two el e ments, it will not be a to tal or der. To see why,
just note that if a and b are dis tinct el e ments of A, then {a} and
{b} are el e ments of B for which {a} ⊈ {b} and {b} ⊈ {a}.

2. Note that ({1}, {2}) ∈ R and ({2}, {1}) ∈ R, but of course {1} ≠
{2}. Thus, R is not an ti sym met ric, so it is not a par tial or der. Al‐ 
though R was de fined by pick ing out pairs (x, y) in which y is, in a
cer tain sense, at least as large as x, it does not sat isfy the def i ni‐ 
tion of par tial or der. This ex am ple shows that our de scrip tion of
par tial or ders as re la tions that in di cate a sense in which one ob ject
is at least as large as an other should not be taken too se ri ously.
This was the mo ti va tion for the def i ni tion of par tial or der, but it is
not the def i ni tion it self.

3. Clearly ev ery pos i tive in te ger is di vis i ble by it self, so D is re flex‐ 
ive. Also, as we showed in The o rem 3.3.7, if x | y and y | z then x |
z. Thus, if (x, y) ∈ D and (y, z) ∈ D then (x, z) ∈ D, so D is tran‐ 
si tive. Fi nally, sup pose (x, y) ∈ D and (y, x) ∈ D. Then x | y and y
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| x, and be cause x and y are pos i tive it fol lows that x ≤ y and y ≤ x,
so x = y. Thus, D is an ti sym met ric, so it is a par tial or der. It is
easy to find ex am ples il lus trat ing that D is not a to tal or der. For
ex am ple, (3, 5) ∉ D and (5, 3) ∉ D.

Per haps you were sur prised to dis cover that D is a par tial or der.
It doesn’t seem to in volve com par ing the sizes of things, like the
other par tial or ders we’ve seen. But we have shown that it does
share with these other re la tions the im por tant prop er ties of re flex‐ 
iv ity, tran si tiv ity, and an ti sym me try. In fact, this is one of the rea‐ 
sons for for mu lat ing def i ni tions such as Def i ni tion 4.4.2. They
help us to see sim i lar i ties be tween things that, on the sur face,
might not seem sim i lar at all.

4. You should be able to check for your self that G is a to tal or der.
No tice that in this case it seems more rea son able to think of xGy
as mean ing that y is as least as small as x rather than at least as
large. The def i ni tion of par tial or der, though mo ti vated by think‐ 
ing about or der ings that go in one di rec tion, ac tu ally ap plies to or‐ 
der ings in ei ther di rec tion. In fact, this ex am ple might lead you to
con jec ture that if R is a par tial or der on A, then so is R−1. You are
asked to prove this con jec ture in ex er cise 13.

So far we have al ways used let ters as the names for our re la tions, but
some-times math e ma ti cians rep re sent re la tions with sym bols rather
than let ters. For ex am ple, in part 4 of Ex am ple 4.4.3 we used the let ter
G as the name for a re la tion. But in that ex am ple, for all real num bers x
and y, xGy meant the same thing as x ≥ y. This sug gests that we didn’t
re ally need to in tro duce the let ter G; we could sim ply have treated the
sym bol ≥ as the name for the re la tion. Us ing this no ta tion, we could say
that ≥ is a to tal or der on R.

Here’s an other ex am ple of a par tial or der. Let A be the set of all
words in Eng lish, and let R = {(x, y) ∈ A × A | all the let ters in the word
x ap pear, con sec u tively and in the right or der, in the word y}. For ex am‐ 
ple, (can, can not), (tar, start), and (ball, ball) are all el e ments of R, but
(can, an chor) and (can, car ni val) are not. You should be able to check
that R is re flex ive, tran si tive, and an ti sym met ric, so R is a par tial or der.
Now con sider the set B = {me, men, tame, men tal} ⊆ A. Clearly many
or dered pairs of words in B are in the re la tion R, but note in par tic u lar
that the or dered pairs (me, me), (me, men), (me, tame), and (me, men‐ 
tal) are all in R. If we think of xRy as mean ing that y is in some sense at



241

least as large as x, then we could say that the word me is the small est el‐ 
e ment of B, in the sense that it is smaller than ev ery thing else in the set.

Not ev ery set of words will have an el e ment that is small est in this
sense. For ex am ple, con sider the set C = {a, me, men, tame, men tal} ⊆
A. Each of the words men, tame, and men tal is larger than at least one
other word in the set, but nei ther a nor me is larger than any thing else in
the set. We’ll call a and me min i mal el e ments of C. But note that nei ther
a nor me is the small est el e ment of C in the sense de scribed in the last
para graph, be cause nei ther is smaller than the other. The set C has two
min i mal el e ments but no small est el e ment.

These ex am ples might raise a num ber of ques tions in your mind
about small est and min i mal el e ments. The set C has two min i mal el e‐ 
ments, but B has only one small est el e ment. Can a set ever have more
than one small est el e ment? Un til we have set tled this ques tion, we
should only talk about an ob ject be ing a small est el e ment of a set,
rather than the small est el e ment. If a set has only one min i mal el e ment,
must it be a small est el e ment? Can a set have a small est el e ment and a
min i mal el e ment that are dif fer ent? Would the an swers to these ques‐ 
tions be dif fer ent if we re stricted our at ten tion to to tal or ders rather
than all par tial or ders? Be fore we try to an swer any of these ques tions,
we should state the def i ni tions of the terms small est and min i mal more
care fully.

Def i ni tion 4.4.4. Sup pose R is a par tial or der on a set A, B ⊆ A, and b
∈ B. Then b is called an R-small est el e ment of B (or just a small est el e‐ 
ment if R is clear from the con text) if ∀x ∈ B(bRx). It is called an R-
min i mal el e ment (or just a min i mal el e ment) if ¬∃x ∈ B(xRb ∧ x = b).

Ex am ple 4.4.5.

1. Let L = {(x, y) ∈ R × R | x ≤ y}, as be fore. Let B = {x ∈ R | x ≥
7}. Does B have any L-small est or L-min i mal el e ments? What
about the set C = { x ∈ R | x > 7}? As men tioned ear lier, we
could do with out the let ter L here and ask for ≤-small est or ≤-
min i mal el e ments of B and C.

2. Let D be the di vis i bil ity re la tion de fined in part 3 of Ex am ple
4.4.3. Let B = {3, 4, 5, 6, 7, 8, 9}. Does B have any D-small est or
D-min i mal el e ments?
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3. Let S = {(X, Y) ∈ P(N) × P(N) | X ⊆ Y}, which is a par tial or‐ 
der on the set P(N). Let F = {X ∈ P(N) | 2 ∈ X and 3 ∈ X}.

Note that the el e ments of F are not nat u ral num bers, but sets of
nat u ral num bers. For ex am ple, {1, 2, 3} and {n ∈ N | n is prime}
are both el e ments of F. Does F have any S-small est or S-min i mal

el e ments? What about the set G = {X ∈ P(N) | ei ther 2 ∈ X or 3
∈ X}?

So lu tions

1. Clearly 7 ≤ x for ev ery x ∈ B, so ∀x ∈ B(7Lx) and there fore 7 is
a small est el e ment of B. It is also a min i mal el e ment, since noth‐ 
ing in B is smaller than 7, so ¬∃x ∈ B(xL7 ∧ x ≠ 7). There are no
other small est or min i mal el e ments. Note that 7 is not a small est
or min i mal el e ment of C, since 7 ∉ C. Ac cord ing to Def i ni tion
4.4.4, a small est or min i mal el e ment of a set must ac tu ally be an
el e ment of the set. In fact, C has no small est or min i mal el e ments.

2. First of all, note that 6 and 9 are not min i mal be cause both are di‐ 
vis i ble by 3, and 8 is not min i mal be cause it is di vis i ble by 4. All
the other el e ments of B are min i mal el e ments, but none is a
small est el e ment.

3. The set {2, 3} is a small est el e ment of F, since 2 and 3 are el e‐ 

ments of ev ery set in F, and there fore ∀X ∈ F({2, 3} ⊆ X). It is

also a min i mal el e ment, since no other el e ment of F is a sub set of

it, and there are no other small est or min i mal el e ments. The set G

has two min i mal el e ments, {2} and {3}. Ev ery other set in G must

con tain one of these two as a sub set, so no other set can be min i‐ 
mal. Nei ther set is small est, since nei ther is a sub set of the other.

We are now ready to an swer some of the ques tions we raised be fore
Def i ni tion 4.4.4.

The o rem 4.4.6. Sup pose R is a par tial or der on a set A, and B ⊆ A.

1. If B has a small est el e ment, then this small est el e ment is unique.
Thus, we can speak of the small est el e ment of B rather than a
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small est el e ment.
2. Sup pose b is the small est el e ment of B. Then b is also a min i mal

el e ment of B, and it is the only min i mal el e ment.
3. If R is a to tal or der and b is a min i mal el e ment of B, then b is the

small est el e ment of B.

Scratch work

These proofs are some what harder than ear lier ones in this chap ter, so
we do some scratch work be fore the proofs.

1. Of course, we start by as sum ing that B has a small est el e ment,
and be cause this is an ex is ten tial state ment, we im me di ately in‐ 
tro duce a name, say b, for a small est el e ment of B. We must prove
that b is the only small est el e ment. As we saw in Sec tion 3.6, this
can be writ ten ∀c(c is a small est el e ment of B → b = c), so our
next step should be to let c be ar bi trary, as sume it is also a small‐ 
est el e ment, and prove b = c.

At this point, we don’t know much about b and c. We know they’re
both el e ments of B, but we don’t even know what kinds of ob jects are in
B – whether they’re num bers, or sets, or some other type of ob ject – so
this doesn’t help us much in de cid ing how to prove that b = c. The only
other fact we know about b and c is that they are both small est el e ments
of B, which means ∀x ∈ B(bRx) and ∀x ∈ B(cRx). The most promis ing
way to use these state ments is to plug some thing in for x in each state‐ 
ment. What we plug in should be an el e ment of B, and we only know of
two el e ments of B at this point, b and c. Plug ging in both of them in
both state ments, we get bRb, bRc, cRb, and cRc. Of course, we al ready
knew bRb and cRc, since R is re flex ive. But when you see that bRc and
cRb, you should think of an ti sym me try. Since R is a par tial or der, it is
an ti sym met ric, so from bRc and cRb it fol lows that b = c.

2. Our first goal is to prove that b is a min i mal el e ment of B, which
means ¬∃x ∈ B(xRb ∧ x ≠ b). Be cause this is a neg a tive state‐ 
ment, it might help to re ex press it as an equiv a lent pos i tive state‐ 
ment:
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Thus, to prove that b is min i mal we could let x be an ar bi trary el e ment
of B, as sume that xRb, and prove x = b.

Once again, it’s a good idea to take stock of what we know at this
point about b and x. We know xRb, and we know that b is the small est
el e ment of B, which means ∀x ∈ B(bRx). If we ap ply this last fact to
our ar bi trary x, then as in part 1 we can use an ti sym me try to com plete
the proof.

We still must prove that b is the only min i mal el e ment, and as in part
1 this means ∀c(c is a min i mal el e ment of B → b = c). So we let c be
ar bi trary and as sume that c is a min i mal el e ment of B, and we must
prove that b = c. The as sump tion that c is a min i mal el e ment of B
means that c ∈ B and ¬ x ∈ B(xRc ∧ x = c), but as be fore, we can re‐ 
ex press this last state ment in the equiv a lent pos i tive form ∀x ∈ B(xRc
→ x = c). To use this state ment we should plug in some thing for x, and
be cause our goal is to show that b = c, plug ging in b for x seems like a
good idea. This gives us bRc → b = c, so if only we could show bRc, we
could com plete the proof by us ing modus po nens to con clude that b = c.
But we know b is the small est el e ment of B, so of course bRc is true.

3. Of course, we start by as sum ing that R is a to tal or der and b is a
min i mal el e ment of B. We must prove that b is the small est el e‐ 
ment of B, which means ∀x ∈ B(bRx), so we let x be an ar bi trary
el e ment of B and try to prove bRx.

We know from ex am ples we’ve looked at that min i mal el e‐ 
ments in par tial or ders are not al ways small est el e ments, so the
as sump tion that R is a to tal or der must be cru cial. The as sump tion
that R is to tal means ∀x ∈ A∀y ∈ A(xRy ∨ yRx), so to use it we
should plug in some thing for x and y. The only likely can di dates
for what to plug in are b and our ar bi trary ob ject x, and plug ging
these in we get xRb ∨ bRx. Our goal is bRx, so this cer tainly
looks like progress. If only we could rule out the pos si bil ity that
xRb, we’d be done. So let’s see if we can prove ¬xRb.

Be cause this is a neg a tive state ment, we try proof by con tra dic‐ 
tion. Sup pose xRb. What given state ment can we con tra dict? The
only given we haven’t used yet is the fact that b is min i mal, and
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since this is a neg a tive state ment, it is the nat u ral place to look
for a con tra dic tion. To con tra dict the fact that b is min i mal, we
should try to show that ∃x ∈ B(xRb ∧ x ≠ b). But we’ve al ready
as sumed xRb, so if we could show x ≠ b we’d be done.

You should try prov ing x = b at this point. You won’t get any‐ 
where. The fact is, we started out by let ting x be an ar bi trary el e‐ 
ment of B, and this means that it could be any el e ment of B, in‐ 
clud ing b. We then as sumed that xRb, but since R is re flex ive, this
still doesn’t rule out the pos si bil ity that x = b. There re ally isn’t
any hope of prov ing x ≠ b. We seem to be stuck.

Let’s re view our over all plan for the proof. We needed to show
∀x ∈ B(bRx), so we let x be an ar bi trary el e ment of B, and we’re
try ing to show bRx. We’ve now run into prob lems be cause of the
pos si bil ity that x = b. But if our ul ti mate goal is to prove bRx,
then the pos si bil ity that x = b re ally isn’t a prob lem af ter all.
Since R is re flex ive, if x = b then of course bRx will be true!

Now, how should we struc ture the fi nal write-up of the proof? It
ap pears that our rea son ing to es tab lish bRx will have to be dif fer‐ 
ent de pend ing on whether or not x = b. This sug gests proof by
cases. In case 1 we as sume that x = b, and use the fact that R is re‐ 
flex ive to com plete the proof. In case 2 we as sume that x = b, and
then we can use our orig i nal line of at tack, start ing with the fact
that R is to tal.

Proof.

1. Sup pose b is a small est el e ment of B, and sup pose c is also a
small est el e ment of B. Since b is a small est el e ment, ∀x ∈

B(bRx), so in par tic u lar bRc. Sim i larly, since c is a small est el e‐ 
ment,cRb. But now since R is a par tial or der, it must be an ti sym‐ 
met ric, so from bRc and cRb we can con clude b = c.

2. Let x be an ar bi trary el e ment of B and sup pose that xRb. Since b is
the small est el e ment of B, we must have bRx, and now by an ti‐ 
sym me try it fol lows that x = b. Thus, there can be no x ∈ B such
that xRb and x ≠ b, so b is a min i mal el e ment.

To see that it is the only one, sup pose c is also a min i mal el e‐ 
ment. Since b is the small est el e ment of B, bRc. But then since c
is min i mal we must have b = c. Thus b is the only min i mal el e‐ 
ment of B.
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3. Sup pose R is a to tal or der and b is a min i mal el e ment of B. Let x
be an ar bi trary el e ment of B. If x = b, then since R is re flex ive,
bRx. Now sup pose x ≠ b. Since R is a to tal or der, we know that ei‐ 
ther xRb or bRx. But xRb can’t be true, since by com bin ing xRb
with our as sump tion that x ≠ b we could con clude that b is not
min i mal, thereby con tra dict ing our as sump tion that it is min i mal.
Thus, bRx must be true. Since x was ar bi trary, we can con clude
that ∀x ∈ B(bRx), so b is the small est el e ment of B.

□

When com par ing sub sets of some set A, math e ma ti cians of ten use the
par tial or der S = {(X, Y) ∈ P(A) × P(A) | X ⊆ Y}, al though this is not
al ways made ex plicit. Re call that if F ⊆ P(A) and X ∈ F, then ac‐ 

cord ing to Def i ni tion 4.4.4, X is the S-small est el e ment of F iff ∀Y ∈

F(X ⊆ Y). In other words, to say that an el e ment of F is the small est el‐ 

e ment means that it is a sub set of ev ery el e ment of F. Sim i larly, math e‐ 

ma ti cians some times talk of a set be ing the small est one with a cer tain
prop erty. Gen er ally this means that the set has the prop erty in ques tion,
and fur ther more it is a sub set of ev ery set that has the prop erty. For ex‐ 
am ple, we might de scribe our con clu sion in part 3 of Ex am ple 4.4.5 by
say ing that {2, 3} is the small est set X ⊆ N with the prop erty that 2 ∈
X and 3 ∈ X. We will see more ex am ples of this idea in later chap ters.

Ex am ple 4.4.7.

1. Find the small est set of real num bers X such that 5 ∈ X and for
all real num bers x and y, if x ∈ X and x < y then y ∈ X.

2. Find the small est set of real num bers X such that X ≠ ∅ and for
all real num bers x and y, if x ∈ X and x < y then y ∈ X.

So lu tions

1. An other way to phrase the ques tion would be to say that we are
look ing for the small est el e ment of the fam ily of sets F = {X ⊆ R

| 5 ∈ X and ∀x∀ y((x ∈ X ∧ x < y) → y ∈ X)}, where it is un‐ 
der stood that small est means small est with re spect to the sub set
par tial or der. Now for any set x ∈ F we know that 5 ∈ X, and we



247

know that ∀x∀y((x ∈ X ∧ x < y) → y ∈ X). In par tic u lar, since 5
∈ X we can say that ∀y(5 < y → y ∈ X). Thus, if we let A = {y ∈
R | 5 ≤ y}, then we can con clude that ∀X ∈ F(A⊆X). But it is

easy to see that A ∈ F, so A is the small est el e ment of F.

2. We must find the small est el e ment of the fam ily of sets F = {X ⊆

R | X ≠ ∅ and ∀x∀y((x ∈ X ∧ x < y) → y ∈ X)}. The set A = {y
∈ R | 5 ≤ y} from part 1 is an el e ment of F, but it is not the

small est el e ment, or even a min i mal el e ment, be cause the set A =
{y ∈ R | 6 ≤ y} is smaller – in other words, A ⊆ A and A = A. But
A is also not the small est el e ment, since A = {y ∈ R | 7 ≤ y} is
still smaller. In fact, this fam ily has no small est, or even min i mal,
el e ment. You’re asked to ver ify this in ex er cise 12. This ex am ple
shows that we must be care ful when talk ing about the small est set
with some prop erty. There may be no such small est set!

You have prob a bly al ready guessed how to de fine max i mal and
largest el e ments in par tially or dered sets. Sup pose R is a par tial or der
on A, B ⊆ A, and b ∈ B. We say that b is the largest el e ment of B if ∀x
∈ B(xRb), and it is a max i mal el e ment of B if ¬∃x ∈ B(bRx ∧ b ≠ x).
Of course, these def i ni tions are quite sim i lar to the ones in Def i ni tion
4.4.4. You are asked in ex er cise 14 to work out some of the con nec tions
among these ideas. An other use ful re lated idea is the con cept of an up‐ 
per or lower bound for a set.

Def i ni tion 4.4.8. Sup pose R is a par tial or der on A, B ⊆ A, and a ∈ A.
Then a is called a lower bound for B if ∀x ∈ B(aRx). Sim i larly, it is an
up per bound for B if ∀x ∈ B(xRa).

Note that a lower bound for B need not be an el e ment of B. This is the
only dif fer ence be tween lower bounds and small est el e ments. A small‐ 
est el e ment of B is just a lower bound that is also an el e ment of B. For
ex am ple, in part 1 of Ex am ple 4.4.5, we con cluded that 7 was not a
small est el e ment of the set C = {x ∈ R | x > 7} be cause 7 ∉ C. But 7 is
a lower bound for C. In fact, so is ev ery real num ber smaller than 7, but
not any num ber larger than 7. Thus, the set of all lower bounds of C is
the set {x ∈ R | x ≤ 7}, and 7 is its largest el e ment. We say that 7 is the
great est lower bound of the set C.
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Def i ni tion 4.4.9. Sup pose R is a par tial or der on A and B ⊆ A. Let U be
the set of all up per bounds for B, and let L be the set of all lower
bounds. If U has a small est el e ment, then this small est el e ment is called
the least up per bound of B. If L has a largest el e ment, then this largest
el e ment is called the great est lower boundofB. The phrases least up per
bound and great est lower bound are some times ab bre vi ated l.u.b. and
g.l.b.

Ex am ple 4.4.10.

1. Let L = {(x, y) ∈ R × R | x ≤ y}, a to tal or der on R. Let B = {1/n |
n ∈ Z+} = {1, 1/2, 1/3, 1/4, 1/5, …} ⊆ R. Does B have any up per
or lower bounds? Does it have a least up per bound or great est
lower bound?

2. Let A be the set of all Eng lish words, and let R be the par tial or der
on A de scribed af ter Ex am ple 4.4.3. Let B = {hold, up}. Does B
have any up per or lower bounds? Does it have a least up per bound
or a great est lower bound?

So lu tions

1. Clearly the largest el e ment of B is 1. It is also an up per bound for
B, as is any num ber larger than 1. By def i ni tion, an up per bound
for B must be at least as large as ev ery el e ment of B, so in par tic u‐ 
lar it must be at least as large as 1. Thus, no num ber smaller than
1 is an up per bound for B, so the set of up per bounds for B is {x
∈ R | x ≥ 1}. Clearly the small est el e ment of this set is 1, so 1 is
the l.u.b. of B.

Clearly 0 is a lower bound for B, as is any neg a tive num ber. On
the other hand, sup pose a is a pos i tive num ber. Then for a large
enough in te ger n we will have 1/n < a. (You should con vince
your self that any in te ger n larger than 1/a would do.) Thus, it is
not the case that ∀x ∈ B(a ≤ x), and there fore a is not a lower
bound for B. So the set of all lower bounds for B is {x ∈ R | x ≤
0}, and the g.l.b. of B is 0.

2. Clearly holdup and up hold are up per bounds for B. In fact, no
shorter word could be an up per bound, so they are both min i mal
el e ments of the set of all up per bounds. Ac cord ing to part 2 of
The o rem 4.4.6, a set that has more than one min i mal el e ment can
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have no small est el e ment, so the set of all up per bounds for B
does not have a small est el e ment, and there fore B doesn’t have a
least up per bound.

The words hold and up have no let ters in com mon, so B has no
lower bounds.

No tice that in part 1 of Ex am ple 4.4.10, the largest el e ment of B also
turned out to be its least up per bound. You might won der whether
largest el e ments are al ways least up per bounds and whether small est el‐ 
e ments are al ways great est lower bounds. You are asked to prove that
they are in ex er cise 20. An other in ter est ing fact about this ex am ple is
that, al though B did not have a small est el e ment, it did have a great est
lower bound. This was not a co in ci dence. It is an im por tant fact about
the real num bers that ev ery nonempty set of real num bers that has a
lower bound has a great est lower bound and, sim i larly, ev ery nonempty
set of real num bers that has an up per bound has a least up per bound.
The proof of this fact is be yond the scope of this book, but it is im por‐ 
tant to re al ize that it is a spe cial fact about the real num bers; it does not
ap ply to all par tial or ders or even to all to tal or ders. For ex am ple, the
set B in the sec ond part of Ex am ple 4.4.10 had up per bounds but no
least up per bound.

We end this sec tion by look ing once again at how these new con cepts
ap ply to the sub set par tial or der on P(A), for any set A. It turns out that
in this par tial or der, least up per bounds and great est lower bounds are
our old friends unions and in ter sec tions.

The o rem 4.4.11. Sup pose A is a set, F ⊆ P(A), and F ≠ ∅. Then the

least up per bound of F (in the sub set par tial or der) is ⋂F and the great‐ 

est lower bound of F is ⋂ F.

Proof. See ex er cise 23.

Ex er cises
*1. In each case, say whether or not R is a par tial or der on A. If so, is

it a to tal or der?
(a) A = {a,b, c}, R = {(a,a), (b, a), (b, b), (b, c), (c, c)}.
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(b) A = R, R = {(x, y) ∈ R × R | |x| ≤ |y|}.
(c) A = R, R = {(x, y) ∈ R × R | |x| < |y| or x = y}.

2. In each case, say whether or not R is a par tial or der on A. If so, is
it a to tal or der?

(a) A = the set of all words of Eng lish, R = {(x, y) ∈ A × A | the word
y oc curs at least as late in al pha bet i cal or der as the word x}.

(b) A = the set of all words of Eng lish, R = {(x, y) ∈ A × A | the first
let ter of the word y oc curs at least as late in the al pha bet as the
first let ter of the word x}.

(c) A = the set of all coun tries in the world, R = {(x, y) ∈ A × A | the
pop u la tion of the coun try y is at least as large as the pop u la tion
of the coun try x}.

3. In each case find all min i mal and max i mal el e ments of B. Also
find, if they ex ist, the largest and small est el e ments of B, and the
least up per bound and great est lower bound of B.

(a) R = the re la tion shown in the di rected graph in Fig ure 4.6, B = {2,
3, 4}.

Fig ure 4.6.

(b) R = {(x, y) ∈ R × R | x ≤ y}, B = { x ∈ R | 1 ≤ x < 2}.
(c) R = {(x, y) ∈ P(N)×P(N)| x ⊆ y}, B = { x ∈ P(N)| x has at

most 5 el e ments}.
*4. Sup pose R is a re la tion on A. You might think that R could not be

both an ti sym met ric and sym met ric, but this isn’t true. Prove that
R is both an ti sym met ric and sym met ric iff R ⊆ iA.
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5. Sup pose R is a par tial or der on A and B ⊆ A. Prove that R ∩ (B ×
B) is a par tial or der on B.

6. Sup pose R1 and R2 are par tial or ders on A. For each part, give ei‐ 
ther a proof or a coun terex am ple to jus tify your an swer.

(a) Must R1 ∩ R2 be a par tial or der on A?
(b) Must R1 ∪ R2 be a par tial or der on A?

7. Sup pose R1 is a par tial or der on A1, R2 is a par tial or der on A2, and
A1 ∩ A2 = ∅.

(a) Prove that R1 ∪ R2 is a par tial or der on A1 ∪ A2.
(b) Prove that R1 ∪ R2 ∪ (A1 × A2) is a par tial or der on A1 ∪ A2.
(c) Sup pose that R1 and R2 are to tal or ders. Are the par tial or ders in

parts (a) and (b) also to tal or ders?
*8. Sup pose R is a par tial or der on A and S is a par tial or der on B.

De fine a re la tion T on A × B as fol lows: T = {((a, b), (a′, b′)) ∈ (A
× B) × (A × B) | aRa′ and bSb′}. Show that T is a par tial or der on A
× B. If both R and S are to tal or ders, will T also be a to tal or der?

9. Sup pose R is a par tial or der on A and S is a par tial or der on B. De‐ 
fine a re la tion L on A × B as fol lows: L = {((a, b), (a′, b′)) ∈ (A ×
B) × (A × B) | aRa′, and if a = a′ then bSb′}. Show that L is a par‐ 
tial or der on A × B. If both R and S are to tal or ders, will L also be
a to tal or der?

10. Sup pose R is a par tial or der on A. For each x ∈ A, let Px = {a ∈ A
| aRx}. Prove that ∀x ∈ A ∀y ∈ A(xRy ↔ Px ⊆ Py).

*11. Let D be the di vis i bil ity re la tion de fined in part 3 of Ex am ple
4.4.3. Let B = { x ∈ Z | x > 1}. Does B have any min i mal el e‐ 
ments? If so, what are they? Does B have a small est el e ment? If
so, what is it?

12. Show that, as was stated in part 2 of Ex am ple 4.4.7, {X ⊆ R | X ≠
∅ and ∀x∀y((x ∈ X ∧ x < y) → y ∈ X)} has no min i mal el e‐ 
ment.

13. Sup pose R is a par tial or der on A. Prove that R−1 is also a par tial
or der on A. If R is a to tal or der, will R−1 also be a to tal or der?

*14. Sup pose R is a par tial or der on A, B ⊆ A, and b ∈ B. Ex er cise 13
shows that R−1 is also a par tial or der on A.
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(a) Prove that b is the R-largest el e ment of B iff it is the R−1-small est
el e ment of B.

(b) Prove that b is an R-max i mal el e ment of B iff it is an R−1-min i mal
el e ment of B.

15. Sup pose R1 and R2 are par tial or ders on A, R1 ⊆ R2, B ⊆ A, and b
∈ B.

(a) Prove that if b is the R1-small est el e ment of B, then it is also the
R2-small est el e ment of B.

(b) Prove that if b is an R2-min i mal el e ment of B, then it is also an
R1-min i mal el e ment of B.

16. Sup pose R is a par tial or der on A, B ⊆ A, and b ∈ B. Prove that if
b is the largest el e ment of B, then b is also a max i mal el e ment of
B, and it’s the only max i mal el e ment.

*17. If a sub set of a par tially or dered set has ex actly one min i mal el‐ 
e ment, must that el e ment be a small est el e ment? Give ei ther a
proof or a coun terex am ple to jus tify your an swer.

18. Sup pose R is a par tial or der on A, B1 ⊆ A, B2 ⊆ A, ∀x ∈ B1∃y ∈
B2(xRy), and ∀x ∈ B2∃y ∈ B1(xRy).

(a) Prove that for all x ∈ A, x is an up per bound of B1 iff x is an up per
bound of B2.

(b) Prove that if B1 and B2 are dis joint then nei ther of them has a
max i mal el e ment.

19. Con sider the fol low ing pu ta tive the o rem.

The o rem? Sup pose R is a to tal or der on A and B ⊆ A. Then ev ery el ‐
e ment of B is ei ther the small est el e ment of B or the largest el e ment of
B.

(a) What’s wrong with the fol low ing proof of the the o rem?
Proof. Sup pose b ∈ B. Let x be an ar bi trary el e ment of B. Since R is a
to tal or der, ei ther bRx or xRb.

Case 1. bRx. Since x was ar bi trary, we can con clude that ∀x ∈

B(bRx), so b is the small est el e ment of R.
Case 2. xRb. Since x was ar bi trary, we can con clude that ∀x ∈

B(xRb), so b is the largest el e ment of R.
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Thus, b is ei ther the small est el e ment of B or the largest el e ment of
B. Since b was ar bi trary, ev ery el e ment of B is ei ther its small est el e‐ 
ment or its largest el e ment.
(b) Is the the o rem cor rect? Jus tify your an swer with ei ther a proof or

a coun terex am ple.
20. Sup pose R is a par tial or der on A, B ⊆ A, and b ∈ B.
(a) Prove that if b is the small est el e ment of B, then it is also the

great est lower bound of B.
(b) Prove that if b is the largest el e ment of B, then it is also the least

up per bound of B.
*21. Sup pose R is a par tial or der on A and B ⊆ A. Let U be the set of

all up per bounds for B.
(a) Prove that U is closed up ward; that is, prove that if x ∈ U and

xRy, then y ∈ U.
(b) Prove that ev ery el e ment of B is a lower bound for U.
(c) Prove that if x is the great est lower bound of U, then x is the least

up per bound of B.
22. Sup pose that R is a par tial or der on A, B1 ⊆ A, B2 ⊆ A, x1 is the

least up per bound of B1, and x2 is the least up per bound of B2.
Prove that if B1 ⊆ B2 then x1Rx2.

23. Prove The o rem 4.4.11.
*24. Sup pose R is a re la tion on A. Let S = R ∪ R−1.
(a) Show that S is a sym met ric re la tion on A and R ⊆ S.
(b) Show that if T is a sym met ric re la tion on A and R ⊆ T then S ⊆

T.
Note that this ex er cise shows that S is the small est el e ment of the set
F = {T ⊆ A × A | R ⊆ T and T is sym met ric}; in other words, it is the

small est sym met ric re la tion on A that con tains R as a sub set. The re la‐ 
tion S is called the sym met ric clo sure of R.

25. Sup pose that R is a re la tion on A. Let F = {T ⊆ A × A | R ⊆ T and

T is tran si tive}.
(a) Show that F ≠ ∅.

(b) Show that ⋂F is a tran si tive re la tion on A and R ⊆ ⋂F.
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(c) Show that ⋂F is the small est tran si tive re la tion on A that con tains

R as a sub set. The re la tion ⋂F is called the tran si tive clo sure of

R.
26. Sup pose R1 and R2 are re la tions on A and R1 ⊆ R2.

(a) Let S1 and S2 be the sym met ric clo sures of R1 and R2, re spec‐ 
tively. Prove that S1 ⊆ S2. (See ex er cise 24 for the def i ni tion of
sym met ric clo sure.)

(b) Let T1 and T2 be the tran si tive clo sures of R1 and R2, re spec tively.
Prove that T1 ⊆ T2. (See ex er cise 25 for the def i ni tion of tran si‐ 
tive clo sure.)

*27. Sup pose R1 and R2 are re la tions on A, and let R = R1 ∪ R2.

(a) Let S1, S2, and S be the sym met ric clo sures of R1, R2, and R, re‐ 
spec tively. Prove that S1 ∪ S2 = S. (See ex er cise 24 for the def i ni‐ 
tion of sym met ric clo sure.)

(b) Let T1, T2, and T be the tran si tive clo sures of R1, R2, and R, re‐ 
spec tively. Prove that T1 ∪ T2 ⊆ T, and give an ex am ple to show
that it may hap pen that T1 ∪ T2 ≠ T. (See ex er cise 25 for the def i‐ 
ni tion of tran si tive clo sure.)

28. Sup pose A is a set.
(a) Prove that if A has at least two el e ments then there is no largest

an ti sym met ric re la tion on A. In other words, there is no re la tion
R on A such that R is an ti sym met ric, and for ev ery an ti sym met ric
re la tion S on A, S ⊆ R.

(b) Sup pose R is a to tal or der on A. Prove that R is a max i mal anti-
sym met ric re la tion on A. In other words, there is no an ti sym met‐ 
ric re la tion S on A such that R ⊆ S and R ≠ S.

29. Sup pose R is a re la tion on A. We say that R is ir reflex ive if ∀x ∈
A((x, x) ∉ R). R is called a strict par tial or der on A if it is ir‐ 
reflex ive and tran si tive. It is called a strict to tal or der if it is a
strict par tial or der and in ad di tion ∀x ∈ A∀y ∈ A(xRy ∨ yRx ∨
x = y). (Note that the ter mi nol ogy here is some what mis lead ing,
be cause a strict par tial or der isn’t a spe cial kind of par tial or der.
It’s not a par tial or der at all, since it’s not re flex ive!)
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(a) Let L = {(x, y) ∈ R × R | x < y}. Show that L is a strict to tal or der
on R.

(b) Show that if R is a par tial or der on A, then R \ iA is a strict par tial
or der on A, and if R is a to tal or der on A, then R \ iA is a strict to‐ 
tal or der on A.

(c) Show that if R is a strict par tial or der on A, then R ∪ iA is a par tial
or der on A, and if R is a strict to tal or der on A, then R ∪ iA is a to‐ 
tal or der on A.

30. Sup pose R is a re la tion on A, and let T be the tran si tive clo sure of
R. Prove that if R is sym met ric, then so is T. (Hint: As sume that R
is sym met ric. Prove that R ⊆ T−1 and T−1 is tran si tive. What can
you con clude about T and T−1? See ex er cise 25 for the def i ni tion
of tran si tive clo sure.)

4.5 Equiv a lence Re la tions
We saw in Ex am ple 4.3.3 that the iden tity re la tion iA on any set A is
al ways re flex ive, sym met ric, and tran si tive. Re la tions with this com‐ 
bi na tion of prop er ties come up of ten in math e mat ics, and they have
some im por tant prop er ties that we will in ves ti gate in this sec tion.
These re la tions are called equiv a lence re la tions.

Def i ni tion 4.5.1. Sup pose R is a re la tion on a set A. Then R is called
an equiv a lence re la tion on A(or just an equiv a lence re la tion if A is
clear from con text) if it is re flex ive, sym met ric, and tran si tive.

As we ob served ear lier, the iden tity re la tion iA on a set A is an
equiv a lence re la tion. For an other ex am ple, let T be the set of all tri an‐ 
gles, and let C be the re la tion of con gru ence of tri an gles. In other
words, C = {(s, t) ∈ T × T | the tri an gle s is con gru ent to the tri an gle
t}. (Re call that a tri an gle is con gru ent to an other if it can be moved
with out dis tort ing it so that it co in cides with the other.) Clearly ev ery
tri an gle is con gru ent to it self, so C is re flex ive. Also, if tri an gle s is
con gru ent to tri an gle t, then t is con gru ent to s, so C is sym met ric;
and if r is con gru ent to s and s is con gru ent to t, then r is con gru ent to
t, so C is tran si tive. Thus, C is an equiv a lence re la tion on T.



256

As an other ex am ple, let P be the set of all peo ple, and let B = {(p,
q) ∈ P × P | the per son p has the same birth day as the per son q}. (By
“same birth day” we mean same month and day, but not nec es sar ily
the same year.) Ev ery one has the same birth day as him self or her self,
so B is re flex ive. If p has the same birth day as q, then q has the same
birth day as p, so B is sym met ric. And if p has the same birth day as q
and q has the same birth day as r, then p has the same birth day as r, so
B is tran si tive. There fore B is an equiv a lence re la tion.

It may be in struc tive to look at the re la tion B more closely. We can
think of this re la tion as split ting the set P of all peo ple into 366 cat e‐ 
gories, one for each pos si ble birth day. (Re mem ber, some peo ple were
born on Feb ru ary 29!) An or dered pair of peo ple will be an el e ment of
B if the peo ple come from the same cat e gory, but will not be an el e‐ 
ment of B if the peo ple come from dif fer ent cat e gories. We could
think of these cat e gories as form ing a fam ily of sub sets of P, which
we could write as an in dexed fam ily as fol lows. First of all, let D be
the set of all pos si ble birth days. In other words, D = {Jan. 1, Jan. 2,
Jan. 3, . . . , Dec. 30, Dec. 31}. Now for each d ∈ D, let Pd = {p ∈ P |
the per son p was born on the day d}. Then the fam ily F = {Pd | d ∈

D} is an in dexed fam ily of sub sets of P. The el e ments of F are called

equiv a lence classes for the re la tion B, and ev ery per son is an el e ment
of ex actly one of these equiv a lence classes. The re la tion B con sists of
those pairs (p, q) ∈ P × P such that the peo ple p and q are in the same
equiv a lence class. In other words,

We will call the fam ily F a par ti tion of P be cause it breaks the set

P into dis joint pieces. It turns out that ev ery equiv a lence re la tion on a
set A de ter mines a par ti tion of A, whose el e ments are the equiv a lence
classes for the equiv a lence re la tion. But be fore we can work out the
de tails of why this is true, we must de fine the terms par ti tion and
equiv a lence class more care fully.
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Def i ni tion 4.5.2. Sup pose A is a set and F ⊆ P(A). We will say that

F is pair wise dis joint if ev ery pair of dis tinct el e ments of F are dis‐ 

joint, or in other words ∀X ∈ F∀Y ∈ F(X = Y → X ∩ Y = ∅). (This

con cept was dis cussed in ex er cise 5 of Sec tion 3.6.) F is called a par‐ 
ti tion of A if it has the fol low ing prop er ties:

1. ⋃F = A.

2. F is pair wise dis joint.

3. ∀x ∈ F(X ≠ ∅).

For ex am ple, sup pose A = {1, 2, 3, 4} and F = {{2}, {1, 3}, {4}}.

Then ⋂F = {2} ∪F {1, 3} ∪ {4} = {1, 2, 3, 4} = A, so F sat is fies the

first clause in the def i ni tion of par ti tion. Also, no two sets in F have

any el e ments in com mon, so F is pair wise dis joint, and clearly all the

sets in F are nonempty. Thus, F is a par ti tion of A. On the other hand,

the fam ily G = {{1, 2}, {1, 3}, {4}} is not pair wise dis joint, be cause

{1, 2} ∩ {1, 3} = {1} ≠ ∅, so it is not a par ti tion of A. The fam ily H

= {∅, {2}, {1, 3}, {4}} is also not a par ti tion of A, be cause it fails on
the third re quire ment in the def i ni tion.

Def i ni tion 4.5.3. Sup pose R is an equiv a lence re la tion on a set A, and
x ∈ A. Then the equiv a lence class of x with re spect to R is the set

[x]R = {y ∈ A | yRx}.

If R is clear from con text, then we just write [x] in stead of [x]
R
. The

set of all equiv a lence classes of el e ments of A is called A mod ulo R,
and is de noted A/R. Thus,

A/R = {[x]R | x ∈ A} = { X ⊆ A | ∃x ∈ A(X = [x]R)}.

In the case of the same-birth day re la tion B, if p is any per son, then
ac cord ing to Def i ni tion 4.5.3,
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For ex am ple, if John was born on Au gust 10, then

In the no ta tion we in tro duced ear lier, this is just the set Pd, for d =
Au gust 10. In fact, it should be clear now that for any per son p, if we
let d be p’s birth day, then [p]B = Pd. This is in agree ment with our ear‐ 
lier state ment that the sets Pd are the equiv a lence classes for the
equiv a lence re la tion B. Ac cord ing to Def i ni tion 4.5.3, the set of all of
these equiv a lence classes is called P mod ulo B:

P /B = {[p]B | p ∈ P} = {Pd | d ∈ D}.

You are asked to give a more care ful proof of this equa tion in ex er cise
6. As we ob served be fore, this fam ily is a par ti tion of P.

Let’s con sider one more ex am ple. Let S be the re la tion on R de‐ 
fined as fol lows:

S = {(x, y) ∈ R × R | x − y ∈ Z}.

For ex am ple, (5.73, 2.73) ∈ S and (−1.27, 2.73) ∈ S, since 5.73 −
2.73 = 3 ∈ Z and −1.27 − 2.73 = −4 ∈ Z, but (1.27, 2.73) ∉ S, since
1.27 − 2.73 = −1.46 ∉ Z. Clearly for any x ∈ R, x −x = 0 ∈ Z, so (x,
x) ∈ S, and there fore S is re flex ive. To see that S is sym met ric, sup‐ 
pose (x, y) ∈ S. By the def i ni tion of S, this means that x − y ∈ Z. But
then y − x = −(x − y) ∈ Z too, since the neg a tive of any in te ger is also
an in te ger, so (y, x) ∈ S. Be cause (x, y) was an ar bi trary el e ment of S,
this shows that S is sym met ric. Fi nally, to see that S is tran si tive, sup‐ 
pose that (x, y) ∈ S and (y, z) ∈ S. Then x − y ∈ Z and y − z ∈ Z.
Be cause the sum of any two in te gers is an in te ger, it fol lows that x − z
= (x − y) + (y − z) ∈ Z, so (x, z) ∈ S, as re quired. Thus, S is an equiv‐ 
a lence re la tion on R.

What do the equiv a lence classes for this equiv a lence re la tion look
like? We have al ready ob served that (5.73, 2.73) ∈ S and (−1.27,
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2.73) ∈ S, so 5.73 ∈ [2.73] and −1.27 ∈ [2.73]. In fact, it is not hard
to see what the other el e ments of this equiv a lence class will be:

[2.73] = {…, −1.27, −0.27, 0.73, 1.73, 2.73, 3.73, 4.73, 5.73, …}.

In other words, the equiv a lence class con tains all pos i tive real num‐ 
bers of the form “._73” and all neg a tive real num bers of the form
“−_.27.” In gen eral, for any real num ber x, the equiv a lence class of x
will con tain all real num bers that dif fer from x by an in te ger amount:

[x] = {…, x − 3, x − 2, x − 1, x, x + 1, x + 2, x + 3, …}.

Here are a few facts about these equiv a lence classes that you might
try to prove to your self. As you can see in the last equa tion, x is al‐ 
ways an el e ment of [x]. If we choose any num ber x ∈ [2.73], then [x]
will be ex actly the same as [2.73]. For ex am ple, tak ing x = 4.73 we
find that

[4.73] = {…, −1.27, −0.27, 0.73, 1.73, 2.73, 3.73, 4.73, 5.73, …} =
[2.73].

Thus, [4.73] and [2.73] are just two dif fer ent names for the same set.
But if we choose x ∉ [2.73], then [x] will be dif fer ent from [2.73].
For ex am ple,

[1.3] = {…, −1.7, −0.7, 0.3, 1.3, 2.3, 3.3, 4.3, …}.

In fact, you can see from these equa tions that [1.3] and [2.73] have no
el e ments in com mon. In other words, [1.3] is ac tu ally dis joint from
[2.73]. In gen eral, for any two real num bers x and y, the equiv a lence
classes [x] and [y] are ei ther iden ti cal or dis joint. Each equiv a lence
class has many dif fer ent names, but dif fer ent equiv a lence classes are
dis joint. Be cause [x] al ways con tains x as an el e ment, ev ery equiv a‐ 
lence class is nonempty, and ev ery real num ber x is in ex actly one
equiv a lence class, namely [x]. In other words, the set of all of the
equiv a lence classes, R/S, is a par ti tion of R. This is an other il lus tra‐ 
tion of the fact that the equiv a lence classes de ter mined by an equiv a‐ 
lence re la tion al ways form a par ti tion.

The o rem 4.5.4. Sup pose R is an equiv a lence re la tion on a set A. Then
A/R is a par ti tion of A.
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The proof of The o rem 4.5.4 will be eas ier to un der stand if we first
prove a few facts about equiv a lence classes. Facts that are proven pri‐ 
mar ily for the pur pose of us ing them to prove a the o rem are usu ally
called lem mas.

Lemma 4.5.5. Sup pose R is an equiv a lence re la tion on A. Then:

1. For ev ery x ∈ A, x ∈ [x].
2. For ev ery x ∈ A and y ∈ A, y ∈ [x] iff [y] = [x].
Proof.

1. Let x ∈ A be ar bi trary. Since R is re flex ive, xRx. There fore, by
the def i ni tion of equiv a lence class, x ∈ [x].

2. (→) Sup pose y ∈ [x]. Then by the def i ni tion of equiv a lence
class, yRx. Now sup pose z ∈ [y]. Then zRy. Since zRy and yRx,
by tran si tiv ity of R we can con clude that zRx, so z ∈ [x]. Since z
was ar bi trary, this shows that [y] ⊆ [x].

Now sup pose z ∈ [x], so zRx. We al ready know yRx, and since R
is sym met ric we can con clude that xRy. Ap ply ing tran si tiv ity to zRx
and xRy, we can con clude that zRy, so z ∈ [y]. There fore [x] ⊆ [y],
so [x] = [y].

(←) Sup pose [y] = [x]. By part 1 we know that y ∈ [y], so since
[y] = [x], it fol lows that y ∈ [x].

□

Com men tary.

1. Ac cord ing to the def i ni tion of equiv a lence classes, x ∈ [x]
means xRx. This is what leads us to ap ply the fact that R is re‐ 
flex ive.

2. Of course, the iff form of the goal leads us to prove both di rec‐ 
tions sep a rately. For the → di rec tion, the goal is [y] = [x], and,
since [y] and [x] are sets, we can prove this by prov ing [y] ⊆ [x]
and [x] ⊆ [y]. We prove each of these state ments by the usual
method of tak ing an ar bi trary el e ment of one set and prov ing
that it is in the other. Through out the proof we use the def i ni tion
of equiv a lence classes re peat edly, as we did in the proof of
state ment 1.
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Proof of The o rem 4.5.4. To prove that A/R is a par ti tion of A, we must
prove the three prop er ties in Def i ni tion 4.5.2. For the first, we must
show that ⋃ (A/R)= A, or in other words that ⋃x ∈ A[x] = A. Now ev ery
equiv a lence class in A/R is a sub set of A, so it should be clear that
their union is also a sub set of A. Thus, ⋃(A/R)⊆ A, so all we need to
show to fin ish the proof is that A⊆ ⋃(A/R). To prove this, sup pose x
∈ A. Then by Lemma 4.5.5, x ∈ [x], and of course [x] ∈ A/R, so x ∈
⋃(A/R). Thus, ⋃ (A/R)= A.

To see that A/R is pair wise dis joint, sup pose that X and Y are two
el e ments of A/R, and X ∩ Y ≠ ∅. By def i ni tion of A/R, X and Y are
equiv a lence classes, so we must have X = [x] and Y = [y] for some x, y
∈ A. Since X ∩ Y ≠ ∅, we can choose some z such that z ∈ X ∩ Y =
[x] ∩ [y]. Now by Lemma 4.5.5, since z ∈ [x] and z ∈ [y], it fol lows
that [x] = [z] = [y]. Thus, X = Y. This shows that if X ≠ Y then X ∩ Y =
∅, so A/R is pair wise dis joint.

Fi nally, for the last clause of the def i ni tion of par ti tion, sup pose X
∈ A/R. As be fore, this means that X = [x] for some x ∈ A. Now by
Lemma 4.5.5, x ∈ [x] = X, so X ≠ ∅, as re quired.

□
Com men tary. We have given an in tu itive rea son why ⋃(A/R)⊆ A, but
if you’re not sure why this is cor rect, you should write out a for mal
proof. (You might also want to look at ex er cise 16 in Sec tion 3.3.) The
proof that A⊆ ⋃(A/R)is straight for ward.

The def i ni tion of pair wise dis joint sug gests that to prove that A/R is
pair wise dis joint we should let X and Y be ar bi trary el e ments of A/R
and then prove X ≠ Y → X ∩ Y = ∅. Re call that the state ment that a
set is empty is re ally a neg a tive state ment, so both the an tecedent and
the con se quent of this con di tional are neg a tive. This sug gests that it
will prob a bly be eas ier to prove the con tra pos i tive, so we as sume X ∩
Y ≠ ∅ and prove X = Y. The givens X ∈ A/R, Y ∈ A/R, and X ∩ Y ≠
∅ are all ex is ten tial state ments, so we use them to in tro duce the vari‐ 
ables x, y, and z. Lemma 4.5.5 now takes care of the proof that X = Y
as well as the proof of the fi nal clause in the def i ni tion of par ti tion.

The o rem 4.5.4 shows that if R is an equiv a lence re la tion on A then
A/R is a par ti tion of A. In fact, it turns out that ev ery par ti tion of A
arises in this way.
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The o rem 4.5.6. Sup pose A is a set and F is a par ti tion of A. Then

there is an equiv a lence re la tion R on A such that A/R = F.

Be fore prov ing this the o rem, it might be worth while to dis cuss the
strat egy for the proof briefly. Be cause the con clu sion of the the o rem
is an ex is ten tial state ment, we should try to find an equiv a lence re la‐ 
tion R such that A/R = F. Clearly for dif fer ent choices of F we will

need to choose R dif fer ently, so the def i ni tion of R should de pend on
F in some way. Look ing back at the same-birth day ex am ple at the

start of this sec tion may help you see how to pro ceed. Re call that in
that ex am ple the equiv a lence re la tion B con sisted of all pairs of peo‐ 
ple (p, q) such that p and q were in the same set in the par ti tion {Pd | d
∈ D}. In fact, we found that we could also ex press this by say ing that
B = ⋃d∈D (Pd × Pd). This sug gests that in the proof of The o rem 4.5.6
we should let R be the set of all pairs (x, y) ∈ A × A such that x and y
are in the same set in the par ti tion F. An al ter na tive way to write this

would be R = ⋃X∈F (X × X).

For ex am ple, con sider again the ex am ple of a par ti tion given af ter
Def i ni tion 4.5.2. In that ex am ple we had A = {1, 2, 3, 4} and F =

{{2}, {1, 3}, {4}}. Now let’s de fine a re la tion R on A as sug gested in
the last para graph. This gives us:

The di rected graph for this re la tion is shown in Fig ure 4.7. We will let
you check that R is an equiv a lence re la tion and that the equiv a lence
classes are

[2] = {2}, [1] = [3] = {1, 3}, [4] = {4}.

Thus, the set of all equiv a lence classes is A/R = {{2}, {1, 3}, {4}},
which is pre cisely the same as the par ti tion F we started with.
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Of course, the rea son ing that led us to the for mula R = ⋃X∃F(X × X)

not be part of the proof of The o rem 4.5.6. When we write the proof,
we can sim ply de fine R in this way and then ver ify that it is an equiv‐ 
a lence re la tion on A and that A/R = F. It may make the proof eas ier to

fol low if we once again prove some lem mas first.

Fig ure 4.7.

Lemma 4.5.7. Sup pose A is a set and F is a par ti tion of A. Let R =

⋃X∈F(X × X). Then R is an equiv a lence re la tion on A. We will call R

the equiv a lence re la tion de ter mined by F.

Proof. We’ll prove that R is re flex ive and leave the rest for you to do
in ex er cise 8. Let x be an ar bi trary el e ment of A. Since F is a par ti tion

of A, ⋃F = A, so x ∈ ⋃F. Thus, we can choose some X ∈ F such that

x ∈ X. But then (x, x) ∈ X × X, so (x, x) ∈ ⋃X∈F (X × X) = R. There‐ 

fore, R is re flex ive.
□

Com men tary. Af ter let ting x be an ar bi trary el e ment of A, we must
prove (x, x) ∈ R. Be cause R = ⋃X∈F (X × X), this means we must

prove ∃X ∈ F((x, x) ∈ X × X), or in other words ∃X ∈ F(x ∈ X). But

this just means x ∈ ⋃F, so this sug gests us ing the first clause in the

def i ni tion of par ti tion, which says that ⋃F = A.
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Lemma 4.5.8. Sup pose A is a set and F is a par ti tion of A. Let R be

the equiv a lence re la tion de ter mined by F. Sup pose X ∈ F and x ∈ X.

Then [x]R = X.

Proof. Sup pose y ∈ [x]R. Then (y, x) ∈ R, so by the def i ni tion of R
there must be some Y ∈ F such that (y, x) ∈ Y × Y, and there fore y

∈ Y and x ∈ Y. Since x ∈ X and x ∈ Y, X ∩ Y ≠ ∅, and since F is

pair wise dis joint it fol lows that X = Y. Thus, since y ∈ Y, y ∈ X.
Since y was an ar bi trary el e ment of [x]R, we can con clude that [x]R ⊆
X.

Now sup pose y ∈ X. Then (y, x) ∈ X × X, so (y, x) ∈ R and there‐ 
fore y ∈ [x]R. Thus X ⊆ [x]R, so [x]R = X.

□
Com men tary. To prove [x]R = X we prove [x]R ⊆ X and X ⊆ [x]R. For
the first we start with an ar bi trary y ∈ [x]R and prove y ∈ X. Writ ing
out the def i ni tion of [x]R we get (y, x) ∈ R, and since R was de fined
to be ⋃Y∈F (Y × Y), this means ∃ ∃Y ∈ F((y, x) ∈ Y × Y). Of course,

since this is an ex is ten tial state ment we im me di ately in tro duce the
new vari able Y by ex is ten tial in stan ti a tion. Since this gives us y ∈ Y
and our goal is y ∈ X, it is not sur pris ing that the proof is com pleted
by prov ing Y = X.

The proof that X ⊆ [x]R also uses the def i ni tions of [x]R and R, but
is more straight for ward.

Proof of The o rem 4.5.6. Let R = ⋃X∈F ((X×X). We have al ready seen

that R is an equiv a lence re la tion, so we need only check that A/R = F.

To see this, sup pose X ∈ A/R. This means that X = [x] for some x ∈
A. Since F is a par ti tion, we know that ⋃F = A, so x ∈ ⋃F, and there‐ 

fore we can choose some Y ∈ F such that x ∈ Y. But then by Lemma

4.6.8, [x] = Y. Thus X = Y ∈ F, so A/R ⊆ F.

Now sup pose X ∈ F. Then since F is a par ti tion, X ≠ ∅, so we can

choose some x ∈ X. There fore by Lemma 4.6.8, X = [x] ∈ A/R, so F
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⊆ A/R. Thus, A/R = F.

□
Com men tary. We prove that A/R = F by prov ing that A/R ⊆ F and F

⊆ A/R. For the first, we take an ar bi trary X ∈ A/R and prove that X
∈ F. Be cause X ∈ A/R means ∃x ∈ A(X = [x]), we im me di ately in‐ 

tro duce the new vari able x to stand for an el e ment of A such that X =
[x]. The proof that x ∈ F now pro ceeds by the slightly round about

route of find ing a set Y ∈ F such that X = Y. This is mo ti vated by

Lemma 4.5.8, which sug gests a way of show ing that an el e ment of F

is equal to [x] = X. The proof that F ⊆ A/R also re lies on Lemma

4.5.8.

We have seen how an equiv a lence re la tion R on a set A can be used
to de fine a par ti tion A/R of A and also how a par ti tion F of A can be

used to de fine an equiv a lence re la tion ⋃X∈F (X × X) on A. The proof

of The o rem 4.5.6 demon strates an in ter est ing re la tion ship be tween
these op er a tions. If you start with a par ti tion F of A, use F to de fine

the equiv a lence re la tion R = ⋃X∈F (X × X), and then use R to de fine a

par ti tion A/R, then you end up back where you started. In other words,
the fi nal par ti tion A/R is the same as the orig i nal par ti tion F. You
might won der if the same idea would work in the other or der. In other
words, sup pose you start with an equiv a lence re la tion R on A, use R to
de fine a par ti tion F = A/R, and then use F to de fine an equiv a lence re‐ 

la tion S = ⋃X∈F (X × X). Would the fi nal equiv a lence re la tion S be the

same as the orig i nal equiv a lence re la tion R? You are asked in ex er cise
10 to show that the an swer is yes.

We end this sec tion by con sid er ing a few more ex am ples of equiv a‐ 
lence re la tions. A very use ful fam ily of equiv a lence re la tions is given
by the next def i ni tion.

Def i ni tion 4.5.9. Sup pose m is a pos i tive in te ger. For any in te gers x
and y, we will say that x is con gru ent to y mod ulo m if ∃k ∈ Z(x − y =
km). In other words, x is con gru ent to y mod ulo m iff m | (x − y). We
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will use the no ta tion x ≡ y (mod m) to mean that x is con gru ent to y
mod ulo m.

For ex am ple, 12 ≡ 27 (mod 5), since 12 − 27 = −15 = (−3) · 5. Now
for any pos i tive in te ger m we can con sider the re la tion {(x, y) ∈ Z ×
Z | x ≡ y (modm)}. As we men tioned in the last sec tion, math e ma ti‐ 
cians some times use sym bols rather than let ters as names of re la tions.
In this case, mo ti vated by the no ta tion in Def i ni tion 4.5.9, we will use
the sym bol ≡m as our name for this re la tion. Thus, for any in te gers x
and y, x ≡m y means the same thing as x ≡ y (mod m). It turns out that
this re la tion is an other ex am ple of an equiv a lence re la tion.

The o rem 4.5.10. For ev ery pos i tive in te ger m, ≡m is an equiv a lence
re la tion on Z.

Proof. We will check tran si tiv ity for ≡m and let you check re flex iv ity
and sym me try in ex er cise 11. To see that ≡m is tran si tive, sup pose that
x ≡m y and y ≡m z. This means that x ≡ y (mod m) and y ≡ z (mod m),
or in other words m | (x − y) and m | (y − z). There fore, by ex er cise
18(a) in Sec tion 3.3, m | [(x − y) + (y − z)]. But (x − y) + (y − z) = x − z,
so it fol lows that m| (x −z), and there fore x ≡mz.

□
We will have more to say about these equiv a lence re la tions later in

this book, es pe cially in Chap ter 7.
Equiv a lence re la tions of ten come up when we want to group to‐ 

gether el e ments of a set that have some thing in com mon. For ex am‐ 
ple, if you’ve stud ied vec tors in a pre vi ous math course or per haps in
a physics course, then you may have been told that vec tors can be
thought of as ar rows. But you were prob a bly also told that dif fer ent
ar rows that point in the same di rec tion and have the same length must
be thought of as rep re sent ing the same vec tor. Here’s a more lu cid ex‐ 
pla na tion of the re la tion ship be tween vec tors and ar rows. Let A be the
set of all ar rows, and let R = {(x, y) ∈ A×A | the ar rows x and y point
in the same di rec tion and have the same length}. We will let you
check for your self that R is an equiv a lence re la tion on A. Each equiv a‐ 
lence class con sists of ar rows that all have the same length and point
in the same di rec tion. We can now think of vec tors as be ing rep re‐ 
sented, not by ar rows, but by equiv a lence classes of ar rows.
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Stu dents who are fa mil iar with com puter pro gram ming may be in‐ 
ter ested in our next ex am ple. Sup pose we let P be the set of all com‐ 
puter pro grams, and for any com puter pro grams p and q we say that p
and q are equiv a lent if they al ways pro duce the same out put when
given the same in put. Let R = {(p, q) ∈ P × P | the pro grams p and q
are equiv a lent}. It is not hard to check that R is an equiv a lence re la‐ 
tion on P. The equiv a lence classes group to gether pro grams that pro‐ 
duce the same out put when given the same in put.

Ex er cises
*1. Find all par ti tions of the set A = {1, 2, 3}.
2. Find all equiv a lence re la tions on the set A = {1, 2, 3}.
*3. Let W = the set of all words in the Eng lish lan guage. Which of

the fol low ing re la tions on W are equiv a lence re la tions? For
those that are equiv a lence re la tions, what are the equiv a lence
classes?

(a) R = {(x, y) ∈ W × W | the words x and y start with the same let‐ 
ter}.

(b) S = {(x, y) ∈ W × W | the words x and y have at least one let ter
in com mon}.

(c) T = {(x, y) ∈ W × W | the words x and y have the same num ber
of let ters}.

4. Which of the fol low ing re la tions on R are equiv a lence re la‐ 
tions? For those that are equiv a lence re la tions, what are the
equiv a lence classes?

(a) R = {(x, y) ∈ R × R | x − y ∈ N}.
(b) S = {(x, y) ∈ R × R | x − y ∈ Q}.
(c) T = {(x, y) ∈ R × R | ∃n ∈ Z (y = x · 10n)}.

5. Let L be the set of all non ver ti cal lines in the plane. Which of
the fol low ing re la tions on L are equiv a lence re la tions? For those
that are equiv a lence re la tions, what are the equiv a lence classes?

(a) R = {(k, l) ∈ L × L | the lines k and l have the same slope}.
(b) S = {(k, l) ∈ L × L | the lines k and l are per pen dic u lar}.
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(c) T = {(k, l) ∈ L × L | k ∩ x = l ∩ x and k ∩ y = l ∩ y}, where x and
y are the x-axis and the y-axis. (We are treat ing lines as sets of
points here.)

*6.In the dis cus sion of the same-birth day equiv a lence re la tion B
fol low ing Def i ni tion 4.5.3, we claimed that P /B = {Pd | d ∈
D}. Give a care ful proof of this claim. You will find when you
work out the proof that there is an as sump tion you must make
about peo ple’s birth days (a very rea son able as sump tion) to
make the proof work. What is this as sump tion?

7. Let T be the set of all tri an gles, and let S = {(s, t) ∈ T × T | the
tri an gles s and t are sim i lar}. (Re call that two tri an gles are sim‐ 
i lar if the an gles of one tri an gle are equal to cor re spond ing an‐ 
gles of the other.) Ver ify that S is an equiv a lence re la tion.

8. Com plete the proof of Lemma 4.5.7.
9. Sup pose R and S are equiv a lence re la tions on A and A/R = A/S.

Prove that R = S.
*10. Sup pose R is an equiv a lence re la tion on A. Let F = A/R, and let

S be the equiv a lence re la tion de ter mined by F. In other words, S

= ⋃X∈F(X × X). Prove that S = R.

11. Let ≡m be the “con gru ence mod ulo m” re la tion de fined in the
text, for a pos i tive in te ger m.

(a) Com plete the proof of The o rem 4.5.10 by show ing that ≡m is re‐ 
flex ive and sym met ric.

(b) Find all the equiv a lence classes for ≡2 and ≡3. How many
equiva-lence classes are there in each case? In gen eral how
many equiva-lence classes do you think there are for ≡m?

12. Prove that for ev ery in te ger n, ei ther n2 ≡ 0 (mod 4) or n2 ≡ 1
(mod 4).

*13. Sup pose m is a pos i tive in te ger. Prove that for all in te gers a, a′,
b, and b′, if a′ ≡ a (mod m) and b′ ≡ b (mod m) then a′ + b′ ≡ a +
b (mod m) and a b ≡ a′b′ (mod m).

14. Sup pose that R is an equiv a lence re la tion on A and B ⊆ A. Let S
= R∩ (B × B).

(a) Prove that S is an equiv a lence re la tion on B.
(b) Prove that for all x ∈ B, [x]S = [x]R ∩ B.
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15. Sup pose B ⊆ A, and de fine a re la tion R on P(A) as fol lows:

R = {(X, Y) ∈ P(A) × P(A) | X Y ⊆ B}.

(a) Prove that R is an equiv a lence re la tion on P(A).
(b) Prove that for ev ery X ∈ P(A) there is ex actly one Y ∈ [X]R such

that Y ∩ B = ∅.
*16. Sup pose F is a par ti tion of A, G is a par ti tion of B, and A and B

are dis joint. Prove that F ∪ G is a par ti tion of A ∪ B.

17. Sup pose R is an equiv a lence re la tion on A, S is an equiv a lence re‐ 
la tion on B, and A and B are dis joint.

(a) Prove that R ∪ S is an equiv a lence re la tion on A ∪ B.
(b) Prove that for all x ∈ A, [x]R∪S = [x]R, and for all y ∈ B, [y]R∪S =

[y]S.
(c) Prove that (A ∪ B)/(R ∪ S) = (A/R) ∪ (B/S).
18. Sup pose F and G are par ti tions of a set A. We de fine a new fam ily

of sets F · G as fol lows:

F · G = {Z ∈ P(A) | Z ≠ ∅ and ∃X ∈ F∃Y ∈ G(Z = X ∩ Y)}.

Prove that F · G is a par ti tion of A.

19. Let F = {R
−, R+, {0}} and G = {Z, R \ Z}, and note that both F and

G are par ti tions of R. List the el e ments of F · G. (See ex er cise 18

for the mean ing of the no ta tion used here.)
*20. Sup pose R and S are equiv a lence re la tions on a set A. Let T = R ∩

S.
(a) Prove that T is an equiv a lence re la tion on A.
(b) Prove that for all x ∈ A, [x]T = [x]R ∩ [x]S.
(c) Prove that A/T = (A/R) · (A/S). (See ex er cise 18 for the mean ing of

the no ta tion used here.)
21. Sup pose F is a par ti tion of A and G is a par ti tion of B. We de fine a

new fam ily of sets F ⊗ G as fol lows:

F ⊗ G = { Z ∈ P(A × B) | ∃X ∈ F∃Y ∈ G(Z = X × Y)}.
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Prove that F ⊗ G is a par ti tion of A × B.

*22. Let F = {R
−, R+, {0}}, which is a par ti tion of R. List the el e ments

of F⊗F, and de scribe them ge o met ri cally as sub sets of the xy -

plane. (See ex er cise 21 for the mean ing of the no ta tion used here.)
23. Sup pose R is an equiv a lence re la tion on A and S is an equiv a lence

re la tion on B. De fine a re la tion T on A × B as fol lows:

T = {((a, b), (a′, b′)) ∈ (A × B) × (A × B) | aRa′ and bSb′}.

(a) Prove that T is an equiv a lence re la tion on A × B.
(b) Prove that if a ∈ A and b ∈ B then [(a, b)]T = [a]R × [b]S.
(c) Prove that (A × B)/T = (A/R) ⊗ (B/S). (See ex er cise 21 for the

mean ing of the no ta tion used here.)
*24. Sup pose R and S are re la tions on a set A, and S is an equiv a lence

re la tion. We will say that R is com pat i ble with S if for all x, y, x′,
and y′ in A, if xSx′ and ySy′ then xRy iff x′ Ry′.

(a) Prove that if R is com pat i ble with S, then there is a unique re la tion T
on A/S such that for all x and y in A, [x]ST [y]S iff xRy.

(b) Sup pose T is a re la tion on A/S and for all x and y in A, [x]ST [y]S iff
xRy. Prove that R is com pat i ble with S.

25. Sup pose R is a re la tion on A and R is re flex ive and tran si tive. (Such
a re la tion is called a pre order on A.) Let S = R ∩ R−1.

(a) Prove that S is an equiv a lence re la tion on A.
(b) Prove that there is a unique re la tion T on A/S such that for all x and

yinA, [x]S T [y]S iff xRy. (Hint: Use ex er cise 24.)
(c) Prove that T is a par tial or der on A/S, where T is the re la tion from

part (b).
26. Let I = {1, 2, …, 100}, A = P(I), and R = {(X, Y) ∈ A × A | Y has at

least as many el e ments as X}.
(a) Prove that R is a pre order on A. (See ex er cise 25 for the def i ni tion of

pre order.)
(b) Let S and T be de fined as in ex er cise 25. De scribe the el e ments of

A/S and the par tial or der T. How many el e ments does A/S have? Is
T a to tal or der?
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27. Sup pose A is a set. If F and G are par ti tions of A, then we’ll say

that F re fines G if ∀X ∈ F ∃Y ∈ G(X ⊆ Y). Let P be the set of all

par ti tions of A, and let R = {(F, G) ∈ P × P | F re fines G}.

(a) Prove that R is a par tial or der on P.
(b) Sup pose that S and T are equiv a lence re la tions on A. Let F = A/S

and G = A/T. Prove that S ⊆ T iff F re fines G.

(c) Sup pose F and G are par ti tions of A. Prove that F · G is the great est

lower bound of the set {F, G} in the par tial or der R. (See ex er cise

18 for the mean ing of the no ta tion used here.)
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5

Func tions

5.1 Func tions
Sup pose P is the set of all peo ple, and let H = {(p, n) ∈ P × N | the per‐ 
son p has n chil dren}. Then H is a re la tion from P to N, and it has the
fol low ing im por tant prop erty. For ev ery p ∈ P, there is ex actly one n
∈ N such that (p, n) ∈ H. Math e ma ti cians ex press this by say ing that
H is a func tion from P to N.

Def i ni tion 5.1.1. Sup pose F is a re la tion from A to B. Then F is called a
func tion from A to B if for ev ery a ∈ A there is ex actly one b ∈ B such
that (a, b) ∈ F. In other words, to say that F is a func tion from A to B
means:

To in di cate that F is a func tion from A to B, we will write F: A → B.

Ex am ple 5.1.2.

1. Let A = {1, 2, 3}, B = {4, 5, 6}, and F = {(1, 5), (2, 4), (3, 5)}. Is F
a func tion from A to B?

2. Let A = {1, 2, 3}, B = {4, 5, 6}, and G = {(1, 5), (2, 4), (1, 6)}. Is
G a func tion from A to B?

3. Let C be the set of all cities and N the set of all coun tries, and let
L = {(c, n) ∈ C × N | the city c is in the coun try n}. Is L a func‐ 
tion from C to N?

4. Let P be the set of all peo ple, and let C = {(p, q) ∈ P × P | the
per son p is a par ent of the per son q}. Is C a func tion from P to P?
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5. Let P be the set of all peo ple, and let D = {(p, x) ∈ P × P(P) | x =
the set of all chil dren of p}. Is D a func tion from P to P(P)?

6. Let A be any set. Re call that iA = {(a, a) | a ∈ A} is called the
iden tity re la tion on A. Is it a func tion from A to A?

7. Let f = {(x, y) ∈ R × R | y = x2}. Is f a func tion from R to R?

So lu tions

1. Yes. Note that 1 is paired with 5 in the re la tion F, but it is not
paired with any other el e ment of B. Sim i larly, 2 is paired only
with 4, and 3 with 5. In other words, each el e ment of A ap pears as
the first co or di nate of ex actly one or dered pair in F. There fore F
is a func tion from A to B. Note that the def i ni tion of func tion does
not re quire that each el e ment of B be paired with ex actly one el e‐ 
ment of A. Thus, it doesn’t mat ter that 5 oc curs as the sec ond co‐ 
or di nate of two dif fer ent pairs in F and that 6 doesn’t oc cur in any
or dered pairs at all.

2. No. G fails to be a func tion from A to B for two rea sons. First of
all, 3 isn’t paired with any el e ment of B in the re la tion G, which
vi o lates the re quire ment that ev ery el e ment of A must be paired
with some el e ment of B. Sec ond, 1 is paired with two dif fer ent el‐ 
e ments of B, 5 and 6, which vi o lates the re quire ment that each el‐ 
e ment of A be paired with only one el e ment of B.

3. If we make the rea son able as sump tion that ev ery city is in ex actly
one coun try, then L is a func tion from C to N.

4. Be cause some peo ple have no chil dren and some peo ple have
more than one child, C is not a func tion from P to P.

5. Yes, D is a func tion from P to P(P). Each per son p is paired with
ex actly one set x ⊆ P, namely the set of all chil dren of p. Note
that in the re la tion D, a per son p is paired with the set con sist ing
of all of p ’s chil dren, not with the chil dren them selves. Even if p
does not have ex actly one child, it is still true that there is ex actly
one set that con tains pre cisely the chil dren of p and noth ing else.

6. Yes. Each a ∈ A is paired in the re la tion iA with ex actly one el e‐ 
ment of A, namely a it self. In other words, (a, a) ∈ iA, but for ev‐ 
ery a' ≠ a, (a, a') ∉ iA. Thus, we can call iA the iden tity func tion
on A.
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7. Yes. For each real num ber x there is ex actly one value of y,
namely y = x2, such that (x, y) ∈ f.

Sup pose f: A → B. If a ∈ A, then we know that there is ex actly one b
∈ B such that (a, b) ∈ f. This unique b is called “the value of f at a,” or
“the im age of a un der f,” or “the re sult of ap ply ing f to a,” or just “f of
a,” and it is writ ten f(a). In other words, for ev ery a ∈ A and b ∈ B, b
= f(a) iff (a, b) ∈ f. For ex am ple, for the func tion F = {(1, 5), (2, 4), (3,
5)} in part 1 of Ex am ple 5.1.2, we could say that F(1) = 5, since (1, 5)
∈ F. Sim i larly, F(2)= 4 and F (3)= 5. If L is the func tion in part 3 and c
is any city, then L(c) would be the unique coun try n such that (c, n) ∈
L. In other words, L(c) = the coun try in which c is lo cated. For ex am ple,
L(Paris)= France. For the func tion D in part 5, we could say that for any
per son p, D(p) = the set of all chil dren of p. If A is any set and a ∈ A,
then (a, a) ∈ iA, so iA (a)=a. And if f is the func tion in part 7, then for
ev ery real num ber x, f(x) =x2.

A func tion f from a set A to an other set B is of ten spec i fied by giv ing
a rule that can be used to de ter mine f(a) for any a ∈ A. For ex am ple, if
A is the set of all peo ple and B = R+, then we could de fine a func tion f
from A to B by the rule that for ev ery a ∈ A, f(a) = a’s height in inches.
Al though this def i ni tion doesn’t say ex plic itly which or dered pairs are
el e ments of f, we can de ter mine this by us ing our rule that for all a ∈ A
and b ∈ B, (a, b) ∈ f iff b=f(a). Thus,

For ex am ple, if Joe Smith is 68 inches tall, then (Joe Smith, 68) ∈ f
and f (Joe Smith)= 68.

It is of ten use ful to think of a func tion f from A to B as rep re sent ing a
rule that as so ciates, with each a ∈ A, some cor re spond ing ob ject b =
f(a) ∈ B. How ever, it is im por tant to re mem ber that al though a func‐ 
tion can be de fined by giv ing such a rule, it need not be de fined in this
way. Any sub set of A × B that sat is fies the re quire ments given in Def i‐ 
ni tion 5.1.1 is a func tion from A to B.

Ex am ple 5.1.3. Here are some more ex am ples of func tions de fined by
rules.
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1. Sup pose ev ery stu dent is as signed an aca demic ad vi sor who is a
pro fes sor. Let S be the set of stu dents and P the set of pro fes sors.
Then we can de fine a func tion f from S to P by the rule that for
ev ery stu dent s, f(s) = the ad vi sor of s. In other words,

2. We can de fine a func tion g from Z to R by the rule that for ev ery
x ∈ Z, g(x)= 2 x + 3. Then

3. Let h be the func tion from R to R de fined by the rule that for ev‐ 
ery x ∈ R, h(x)= 2 x + 3. Note that the for mula for h(x) is the
same as the for mula for g(x) in part 2. How ever, h and g are not
the same func tion. You can see this by not ing that, for ex am ple,
(π, 2π + 3) ∈ h but (π, 2π + 3) ∉ g, since π ∉ Z. (For more on
the re la tion ship be tween g and h, see ex er cise 7(c).)

No tice that when a func tion f from A to B is spec i fied by giv ing a rule
for find ing f(a), the rule must de ter mine the value of f(a) for ev ery a ∈
A. Some times when math e ma ti cians are stat ing such a rule they don’t
say ex plic itly that the rule ap plies to all a ∈ A. For ex am ple, a math e‐ 
ma ti cian might say “let f be the func tion from R to R de fined by the
for mula f(x) = x2 + 7.” It is un der stood in this case that the equa tion f(x)
= x2 + 7 ap plies to all x ∈ R even though it hasn’t been said ex plic itly.
This means that you can plug in any real num ber for x in this equa tion,
and the re sult ing equa tion will be true. For ex am ple, you can con clude
that f (3) = 32 + 7 = 16. Sim i larly, if w is a real num ber, then you can
write f(w) = w2 + 7, or even f (2w − 3) = (2 w− 3)2 + 7 = 4w2 − 12 w +
16.

Be cause a func tion f from A to B is com pletely de ter mined by the
rule for find ing f(a), two func tions that are de fined by equiv a lent rules
must be equal. More pre cisely, we have the fol low ing the o rem:
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The o rem 5.1.4. Sup pose f and g are func tions from A to B. If ∀a ∈ A(f
(a)= g(a)), then f = g.

Proof. Sup pose ∀ a ∈ A(f (a) =g(a)), and let (a, b) be an ar bi trary el e‐ 
ment of f. Then b = f(a). But by our as sump tion f(a) = g(a), so b = g(a)
and there fore (a, b) ∈ g. Thus, f ⊆ g. A sim i lar ar gu ment shows g ⊆ f,
so f=g.

Com men tary. Be cause f and g are sets, we prove f = g by prov ing f ⊆ g
and g ⊆ f. Each of these goals is proven by show ing that an ar bi trary
el e ment of one set must be an el e ment of the other. Note that, now that
we have proven The o rem 5.1.4, we have an other method for prov ing
that two func tions f and g from a set A to an other set B are equal. In the
fu ture, to prove f = g we will usu ally prove ∀a ∈ A(f (a) = g(a)) and
then ap ply The o rem 5.1.4.

Be cause func tions are just re la tions of a spe cial kind, the con cepts in‐ 
tro-duced in Chap ter 4 for re la tions can be ap plied to func tions as well.
For ex am ple, sup pose f: A → B. Then f is a re la tion from A to B, so it
makes sense to talk about the do main of f, which is a sub set of A, and
the range of f, which is a sub set of B. Ac cord ing to the def i ni tion of
func tion, ev ery el e ment of A must ap pear as the first co or di nate of
some (in fact, ex actly one) or dered pair in f, so the do main of f must ac‐ 
tu ally be all of A. But the range of f need not be all of B. The el e ments
of the range of f will be the sec ond co or di nates of all the or dered pairs
in f, and the sec ond co or di nate of an or dered pair in f is what we have
called the im age of its first co or di nate. Thus, the range of f could also
be de scribed as the set of all im ages of el e ments of A un der f:

For ex am ple, for the func tion f de fined in part 1 of Ex am ple 5.1.3, Ran
(f) = {f(s) | s ∈ S} = the set of all ad vi sors of stu dents.

We can draw di a grams of func tions in ex actly the same way we drew
di a grams for re la tions in Chap ter 4. If f: A → B, then as be fore, ev ery
or dered pair (a, b) ∈ f would be rep re sented in the di a gram by an edge
con nect ing a to b. By the def i ni tion of func tion, ev ery a ∈ A oc curs as
the first co or di nate of ex actly one or dered pair in f, and the sec ond co‐ 
or di nate of this or dered pair is f(a). Thus, for ev ery a ∈ A there will be
ex actly one edge com ing from a, and it will con nect a to f(a). For ex‐ 
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am ple, Fig ure 5.1 shows what the di a gram for the func tion L de fined in
part 3 of Ex am ple 5.1.2 would look like.

Fig ure 5.1.

The def i ni tion of com po si tion of re la tions can also be ap plied to
func tions. If f: A → B and g: B → C, then f is a re la tion from A to B and
g is a re la tion from B to C, so g ◦ f will be a re la tion from A to C. In
fact, it turns out that g ◦ f is a func tion from A to C, as the next the o rem
shows.

The o rem 5.1.5. Sup pose f: A → B and g: B → C. Then g ◦ f: A → C, and
for any a ∈ A, the value of g ◦ f at a is given by the for mula (g ◦ f)(a)
=g(f (a)).

Scratch work

Be fore prov ing this the o rem, it might be help ful to dis cuss the scratch
work for the proof. Ac cord ing to the def i ni tion of func tion, to show that
g ◦ f: A → C we must prove that ∀a ∈ A∃! c ∈ C((a, c) ∈ g ◦ f), so we
will start out by let ting a be an ar bi trary el e ment of A and then try to
prove that ∃! c ∈ C((a, c) ∈ g ◦ f). As we saw in Sec tion 3.6, we can
prove this state ment by prov ing ex is tence and unique ness sep a rately. To
prove ex is tence, we should try to find a c ∈ C such that (a, c) ∈ g ◦ f.
For unique ness, we should as sume that (a, c1) ∈ g ◦ f and (a, c2) ∈ g ◦
f, and then try to prove that c1 = c2.

Proof. Let a be an ar bi trary el e ment of A. We must show that there is a
unique c ∈ C such that (a, c) ∈ g ◦ f.
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Ex is tence: Let b = f(a) ∈ B. Let c = g(b) ∈ C. Then (a, b) ∈ f and
(b, c) ∈ g, so by the def i ni tion of com po si tion of re la tions,(a, c) ∈ g ◦
f. Thus, ∃c ∈ C((a, c) ∈ g ◦ f).

Unique ness: Sup pose (a, c1) ∈ g ◦ f and (a, c2) ∈ g ◦ f. Then by the
def i ni tion of com po si tion, we can choose b1 ∈ B such that (a, b1) ∈ f
and (b1,c1)∈ g, and we can also choose b2 ∈ B such that (a, b2)∈ f and
(b2,c2)∈ g. Since f is a func tion, there can be only one b ∈ B such that
(a, b) ∈ f. Thus, since (a, b1)and(a, b2) are both el e ments of f, it fol‐ 
lows that b1 = b2. But now ap ply ing the same rea son ing to g, since (b1,
c1) ∈ g and (b1, c2) = (b2, c2) ∈ g, it fol lows that c1 = c2, as re quired.

This com pletes the proof that g ◦ f is a func tion from A to C. Fi nally,
to de rive the for mula for (g ◦ f)(a), note that we showed in the ex is tence
half of the proof that for any a ∈ A, if we let b = f(a) and c = g(b), then
(a, c) ∈ g ◦ f. Thus,

When we first in tro duced the idea of the com po si tion of two re la tions
in Chap ter 4, we pointed out that the no ta tion was some what pe cu liar
and promised to ex plain the rea son for the no ta tion in this chap ter. We
can now pro vide this ex pla na tion. The rea son for the no ta tion we’ve
used for com po si tion of re la tions is that it leads to the con ve nient for‐ 
mula (g ◦  f)(x) = g(f(x)) de rived in The o rem 5.1.5. Note that be cause
func tions are just re la tions of a spe cial kind, ev ery thing we have proven
about com po si tion of re la tions ap plies to com po si tion of func tions. In
par tic u lar, by The o rem 4.2.5, we know that com po si tion of func tions is
as so cia tive.

Ex am ple 5.1.6. Here are some ex am ples of com po si tions of func tions.

1. Let C and N be the sets of all cities and coun tries, re spec tively,
and let L: C → N be the func tion de fined in part 3 of Ex am ple
5.1.2. Thus, for ev ery city c, L(c) = the coun try in which c is lo‐ 
cated. Let B be the set of all build ings lo cated in cities, and de fine
F: B → C by the for mula F(b)= the city in which the build ing b is
lo cated. Then L ◦  F: B → N. For ex am ple, F (Eif fel Tower) =
Paris, so ac cord ing to the for mula de rived in The o rem 5.1.5,
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In gen eral for ev ery build ing b ∈ B,

A di a gram of this func tion is shown in Fig ure 5.2.

Fig ure 5.2.

2. Let g: Z → R be the func tion from part 2 of Ex am ple 5.1.3, which
was de fined by the for mula g(x) = 2x + 3. Let f: Z → Z be de fined
by the for mula f(n) = n2 − 3n + 1. Then g ◦ f: Z → R. For ex am ple,
f (2)= 22 − 3 · 2 + 1 = −1, so (g ◦f)(2)=g(f (2))=g(−1)= 1. In gen‐ 
eral for ev ery n ∈ Z,

Ex er cises
*1. (a) Let A = {1, 2, 3}, B = {4}, and f = {(1, 4), (2, 4), (3, 4)}. Is f a

func tion from A to B?
(b) Let A = {1}, B = {2, 3, 4}, and f = {(1, 2), (1, 3), (1, 4)}. Is f a

func tion from A to B?
(c) Let C be the set of all cars reg is tered in your state, and let S be the

set of all fi nite se quences of let ters and dig its. Let L = {(c, s) ∈
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C × S | the li cense plate num ber of the car c is s}. Is L a func tion
from C to S?

2. (a) Let f be the re la tion rep re sented by the graph in Fig ure 5.3. Is
f a func tion from A to B?

Fig ure 5.3.

(b) Let W be the set of all words of Eng lish, and let A be the set of all
let ters of the al pha bet. Let f = {(w, a) ∈ W × A | the let ter a oc‐ 
curs in the word w}, and let g = {(w, a) ∈ W × A | the let ter a is
the first let ter of the word w}. Is f a func tion from W to A? How
about g?

(c) John, Mary, Su san, and Fred go out to din ner and sit at a round ta‐ 
ble. Let P = {John, Mary, Su san, Fred}, and let R = {(p, q) ∈ P ×
P | the per son p is sit ting im me di ately to the right of the per son
q}. Is R a func tion from P to P?

*3. (a) Let A = {a, b, c}, B = {a, b}, and f = {(a, b), (b, b), (c, a)}.
Then f: A → B. What are f(a), f(b), and f(c)?

(b) Let f: R → R be the func tion de fined by the for mula f(x) = x2 − 2x.
What is f (2)?

(c) Let f = {(x, n) ∈ R × Z | n ≤ x < n + 1}. Then f: R → Z. What is f
(π)? What is f (−π)?

4. (a) Let N be the set of all coun tries and C the set of all cities. Let
H: N→ C be the func tion de fined by the rule that for ev ery
coun try n, H(n) = the cap i tal of the coun try n. What is H
(Italy)?

(b) Let A = {1, 2, 3} and B = P(A). Let F: B → B be the func tion de‐ 
fined by the for mula F(X) = A \ X. What is F ({1, 3})?
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(c) Let f: R → R × R be the func tion de fined by the for mula f(x) = (x
+ 1, x − 1). What is f (2)?

*5. Let L be the func tion de fined in part 3 of Ex am ple 5.1.2 and let H
be the func tion de fined in ex er cise 4(a). De scribe L ◦ H and H ◦ L.

6. Let f and g be func tions from R to R de fined by the fol low ing for‐ 
mu las:

Find for mu las for (f ◦ g)(x) and (g ◦ f)(x).
*7. Sup pose f: A → B and C ⊆ A. The set f ∩(C × B), which is a re la‐ 

tion from C to B, is called the re stric tion of f to C, and is some‐ 
times de noted f ↾ C. In other words,

(a) Prove that f ↾ C is a func tion from C to B and that for all c ∈ C,
f(c) = (f ↾ C)(c).

(b) Sup pose g: C → B. Prove that g = f ↾ C iff g ⊆ f.
(c) Let g and h be the func tions de fined in parts 2 and 3 of Ex am ple

5.1.3. Show that g = h ↾ Z.

8. Sup pose f: A → B and g ⊆ f. Prove that there is a set A' ⊆ A such
that g: A' → B.

9. Sup pose f: A → B, B ≠ ∅, and A ⊆ A'. Prove that there is a func‐ 
tion g: A' → B such that f ⊆ g.

*10. Sup pose that f and g are func tions from A to B and f = g. Show
that f g is not a func tion.

11. Sup pose A is a set. Show that iA is the only re la tion on A that is
both an equiv a lence re la tion on A and also a func tion from A to A.

12. Sup pose f: A → C and g: B → C.
(a) Prove that if A and B are dis joint, then f ∪ g: A ∪ B → C.
(b) Prove that f ∪ g: A ∪ B → C iff f ↾ (A ∩ B) = g ↾ (A ∩ B). (See ex‐ 

er cise 7 for the mean ing of the no ta tion used here.)
*13. Sup pose R is a re la tion from A to B, S is a re la tion from B to C,

Ran (R) = Dom (S) = B, and S ◦ R: A → C.
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(a) Prove that S: B → C.
(b) Give an ex am ple to show that it need not be the case that R: A →

B.
14. Sup pose f: A → B and S is a re la tion on B. De fine a re la tion R on

A as fol lows:

(a) Prove that if S is re flex ive, then so is R.
(b) Prove that if S is sym met ric, then so is R.
(c) Prove that if S is tran si tive, then so is R.

*15. Sup pose f: A → B and R is a re la tion on A. De fine a re la tion S on
B as fol lows:

Jus tify your an swers to the fol low ing ques tions with ei ther proofs or
coun terex am ples.
(a) If R is re flex ive, must it be the case that S is re flex ive?
(b) If R is sym met ric, must it be the case that S is sym met ric?
(c) If R is tran si tive, must it be the case that S is tran si tive?
16. Sup pose A and B are sets, and let F = {f | f: A → B}. Also, sup‐ 

pose R is a re la tion on B, and de fine a re la tion S on F as fol lows:

Jus tify your an swers to the fol low ing ques tions with ei ther proofs or
coun terex am ples.
(a) If R is re flex ive, must it be the case that S is re flex ive?
(b) If R is sym met ric, must it be the case that S is sym met ric?
(c) If R is tran si tive, must it be the case that S is tran si tive?
17. Sup pose A is a nonempty set and f: A → A.
(a) Sup pose there is some a ∈ A such that ∀x ∈ A(f(x) = a). (In this

case, f is called a con stant func tion.) Prove that for all g: A → A,
f ◦ g = f.

(b) Sup pose that for all g: A → A, f ◦g = f. Prove that f is a con stant
func tion. (Hint: What hap pens if g is a con stant func tion?)

18. Let F = {f | f: R → R}. Let R = {(f, g) ∈ F × F | ∃a ∈ R∀x >

a(f(x)=g(x))}.
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(a) Let f: R → R and g: R → R be the func tions de fined by the for mu‐ 
las f(x) = |x| and g(x) = x. Show that (f, g) ∈ R.

(b) Prove that R is an equiv a lence re la tion.
*19. Let F = {f | f: Z+ → R}. For g ∈ F, we de fine the set O(g) as fol‐ 

lows:

(If f ∈ O(g), then math e ma ti cians say that “f is big-oh of g.”)
(a) Let f: Z+ → R and g: Z+ → R be de fined by the for mu las f(x)= 7 x

+ 3 and g(x) =x2. Prove that f ∈ O(g), but g ∈ / O(f).
(b) Let S = {(f, g) ∈ F × F | f ∈ O(g)}. Prove that S is a pre order, but

not a par tial or der. (See ex er cise 25 of Sec tion 4.5 for the def i ni‐ 
tion of pre order.)

(c) Sup pose f1 ∈ O(g) and f2 ∈ O(g), and s and t are real num bers.
De fine a func tion f: Z+ → R by the for mula f(x) = sf1(x) + tf2(x).
Prove that f ∈ O(g). (Hint: You may find the tri an gle in equal ity
help ful. See ex er cise 13(c) of Sec tion 3.5.)

20. (a) Sup pose g: A → B and let R = {(x, y) ∈ A × A | g(x) = g(y)}.
Show that R is an equiv a lence re la tion on A.

(b) Sup pose R is an equiv a lence re la tion on A and let g: A → A/R be
the func tion de fined by the for mula g(x) = [x]R. Show that R =
{(x, y) ∈ A × A | g(x) = g(y)}.

*21. Sup pose f: A → B and R is an equiv a lence re la tion on A. We will
say that f is com pat i ble with R if ∀x ∈ A∀y ∈ A(xRy → f(x) =
f(y)). (You might want to com pare this ex er cise to ex er cise 24 of
Sec tion 4.5.)

(a) Sup pose f is com pat i ble with R. Prove that there is a unique func‐ 
tion h: A/R → B such that for all x ∈ A, h([x]R) = f(x).

(b) Sup pose h: A/R → B and for all x ∈ A, h([x]R) = f(x). Prove that f
is com pat i ble with R.

22. Let R = {(x, y) ∈ N × N | x ≡ y (mod 5)}. Note that by The o rem
4.5.10 and ex er cise 14 in Sec tion 4.5, R is an equiv a lence re la tion
on N.
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(a) Show that there is a unique func tion h: N/R → N/R such that for
ev ery nat u ral num ber x, h([x]R) = [x2]R. (Hint: Use ex er cise 21.)

(b) Show that there is no func tion h: N/R → N/R such that for ev ery
nat u ral num ber x, h([x]R) = [2x]R.

5.2 One-to-One and Onto
In the last sec tion we saw that the com po si tion of two func tions is again
a func tion. What about in verses of func tions? If f: A → B, then f is a re‐ 
la tion from A to B, so f−1 is a re la tion from B to A. Is it a func tion from
B to A? We’ll an swer this ques tion in the next sec tion. As we will see,
the an swer hinges on the fol low ing two prop er ties of func tions.

Def i ni tion 5.2.1. Sup pose f: A → B. We will say that f is one-to-one if

We say that f maps onto B (or just is onto if B is clear from con text) if

One-to-one func tions are some times also called in jec tions, and onto
func tions are some times called sur jec tions.

Note that our def i ni tion of one-to-one starts with the nega tion sym bol
¬. In other words, to say that f is one-to-one means that a cer tain sit u a‐ 
tion does not oc cur. The sit u a tion that must not oc cur is that there are
two dif fer ent el e ments of the do main of f, a1 and a2, such that f(a1) =
f(a2). This sit u a tion is il lus trated in Fig ure 5.4(a). Thus, the func tion in
Fig ure 5.4(a) is not one-to-one. Fig ure 5.4(b) shows a func tion that is
one-to-one.
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Fig ure 5.4.

If f: A → B, then to say that f is onto means that ev ery el e ment of B is
the im age un der f of some el e ment of A. In other words, in the di a gram
of f, ev ery el e ment of B has an edge point ing to it. Nei ther of the func‐ 
tions in Fig ure 5.4 is onto, be cause in both cases there are el e ments of B
with out edges point ing to them. Fig ure 5.5 shows two func tions that are
onto.

Fig ure 5.5.

Ex am ple 5.2.2. Are the fol low ing func tions one-to-one? Are they
onto?

1. The func tion F from part 1 of Ex am ple 5.1.2.
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2. The func tion L from part 3 of Ex am ple 5.1.2.
3. The iden tity func tion iA, for any set A.

4. The func tion g from part 2 of Ex am ple 5.1.3.
5. The func tion h from part 3 of Ex am ple 5.1.3.

So lu tions

1. F is not one-to-one be cause F (1)= 5 =F (3). It is also not onto,
be cause 6 ∈ B but there is no a ∈ A such that F(a) = 6.

2. L is not one-to-one be cause there are many pairs of dif fer ent
cities c1 and c2 for which L(c1)=L(c2). For ex am ple,L(Chicago)=
United States =L(Seat tle). To say that L is onto means that ∀n ∈
N∃c ∈ C(L(c) = n), or in other words, for ev ery coun try n there is
a city c such that the city c is lo cated in the coun try n. This is
prob a bly true, since it is un likely that there is a coun try that con‐ 
tains no cities at all. Thus, L is prob a bly onto.

3. To de cide whether iA is one-to-one we must de ter mine whether
there are two el e ments a1 and a2 of A such that iA(a1) = iA(a2) and
a1 ≠ a2. But as we saw in Sec tion 5.1, for ev ery a ∈ A, iA(a) = a,
so iA(a1) = iA((a2) means a1 = a2. Thus, there can not be el e ments
a1 and a2 of A such that iA(a1) = iA(a2) and a1 ≠ a2, so iA is one-to-
one.

To say that iA is onto means that for ev ery a ∈ A, a = iA(b) for
some b ∈ A. This is clearly true be cause, in fact, a = iA(a). Thus iA is
also onto.
4. As in so lu tion 3, to de cide whether g is one-to-one, we must de‐ 

ter mine whether there are in te gers n1 and n2 such that g(n1) =
g(n2) and n1 ≠ n2. Ac cord ing to the def i ni tion of g, we have

Thus there can be no in te gers n1 and n2 for which g(n1) = g(n2) and n1
≠ n2. In other words, g is one-to-one. How ever, g is not onto be cause,
for ex am ple, there is no in te ger n for which g(n) = 0. To see why, sup‐ 
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pose n is an in te ger and g(n) = 0. Then by the def i ni tion of g we have
2n + 3 = 0, so n = −3/2. But this con tra dicts the fact that n is an in te‐ 
ger. Note that the do main of g is Z, so for g to be onto it must be the
case that for ev ery real num ber y there is an in te ger n such that g(n) =
y. Since we have seen that there is no in te ger n such that g(n) = 0, we
can con clude that g is not onto.
5. This func tion is both one-to-one and onto. The ver i fi ca tion that h

is one-to-one is very sim i lar to the ver i fi ca tion in so lu tion 4 that g
is one-to-one, and it is left to the reader. To see that h is onto, we
must show that ∀y ∈ R∃x ∈ R(h(x) = y). Here is a brief proof of
this state ment. Let y be an ar bi trary real num ber. Let x = (y −3)/2.
Then g(x) = 2x +3 = 2·((y −3)/2)+3 = y− 3 + 3 =y. Thus, ∀y ∈ R∃

x ∈ R (h(x)=y), so h is onto.

Al though the def i ni tion of one-to-one is eas i est to un der stand when it
is stated as a neg a tive state ment, as in Def i ni tion 5.2.1, we know from
Chap ter 3 that the def i ni tion will be eas ier to use in proofs if we re ex‐ 
press it as an equiv a lent pos i tive state ment. The fol low ing the o rem
shows how to do this. It also gives a use ful equiv a lence for the def i ni‐ 
tion of onto.

The o rem 5.2.3. Sup pose f: A → B.

1. f is one-to-one iff ∀a1 ∈ A ∀a2 ∈ A(f (a1) = f(a2) → a1 = a2).

2. f is onto iff Ran (f) = B.

Proof.

1. We use the rules from Chap ters 1 and 2 for re ex press ing neg a tive
state-ments as pos i tive ones.

2. First we re late the def i ni tion of onto to the def i ni tion of range.
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Now we are ready to prove part 2 of the the o rem.
(→) Sup pose f is onto. By the equiv a lence just de rived we have B

⊆ Ran (f), and by the def i ni tion of range we have Ran (f) ⊆ B. Thus,
it fol lows that Ran (f) = B.

(←) Sup pose Ran (f) = B. Then cer tainly B ⊆ Ran (f), so by the
equiv a lence, f is onto.

□

Com men tary. It is of ten most ef fi cient to write the proof of an iff state‐ 
ment as a string of equiv a lences, if this can be done. In the case of
state ment 1 this is easy, us ing rules of logic. For state ment 2 this strat‐ 
egy doesn’t quite work, but it does give us an equiv a lence that turns out
to be use ful in the proof.

Ex am ple 5.2.4. Let A = R \ {−1}, and de fine f: A → R by the for mula

Prove that f is one-to-one but not onto.

Scratch work

By part 1 of The o rem 5.2.3, we can prove that f is one-to-one by prov‐ 
ing the equiv a lent state ment ∀a1 ∈ A∀a2 ∈ A(f (a1) = f(a2) → a1 = a2).
Thus, we let a1 and a2 be ar bi trary el e ments of A, as sume f(a1) = f(a2),
and then prove a1 = a2. This is the strat egy that is al most al ways used
when prov ing that a func tion is one-to-one. The re main ing de tails of the
proof in volve only sim ple al ge bra and are given later.

To show that f is not onto we must prove ¬∀x ∈ R∃a ∈ A(f (a) = x).
Re ex press ing this as a pos i tive state ment, we see that we must prove ∃x
∈ R∀a ∈ A(f (a) ≠ x), so we should try to find a par tic u lar real num ber
x such that ∀a ∈ A(f (a) ≠ x). Un for tu nately, it is not at all clear what
value we should use for x. We’ll use a some what un usual pro ce dure to
over come this dif fi culty. In stead of try ing to prove that f is not onto,
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let’s try to prove that it is onto! Of course, we’re ex pect ing that this
proof won’t work, but maybe see ing why it won’t work will help us fig‐ 
ure out what value of x to use in the proof that f is not onto.

To prove that f is onto we would have to prove ∀x ∈ R∃a ∈ A(f (a) =
x), so we should let x be an ar bi trary real num ber and try to find some a
∈ A such that f(a) = x. Fill ing in the def i ni tion of f, we see that we must
find a ∈ A such that

To find this value of a, we sim ply solve the equa tion for a:

Aha! The last step in this deriva tion wouldn’t work if x = 2, be cause
then we would be di vid ing by 0. This is the only value of x that seems
to cause trou ble when we try to find a value of a for which f(a) = x. Per‐ 
haps x = 2 is the value to use in the proof that f is not onto.

Let’s re turn now to the proof that f is not onto. If we let x = 2, then to
com plete the proof we must show that ∀a ∈ A(f (a) ≠ 2). We’ll do this
by let ting a be an ar bi trary el e ment of A, as sum ing f(a) = 2, and then
try ing to de rive a con tra dic tion. The re main ing de tails of the proof are
not hard.

So lu tion

Proof. To see that f is one-to-one, let a1 and a2 be ar bi trary el e ments of
A and as sume that f(a1) = f(a2). Ap ply ing the def i ni tion of f, it fol lows
that 2a1/(a1 + 1) = 2a2/(a2 + 1). Thus, 2a1(a2 + 1) = 2a2(a1 + 1). Mul ti‐ 
ply ing out both sides gives us 2a1a2 +2a1 = 2a1a2 +2a2, so 2a1 = 2a2
and there fore a1 =a2.

To show that f is not onto we will prove that ∀a ∈ A(f (a) ≠ 2). Sup‐ 
pose a ∈ A and f(a) = 2. Ap ply ing the def i ni tion of f, we get 2 a/(a +
1)= 2. Thus, 2a = 2a + 2, which is clearly im pos si ble. Thus, 2 ∉ Ran(f),
so Ran(f) ≠ R and there fore f is not onto.

□
As we saw in the pre ced ing ex am ple, when prov ing that a func tion f

is one-to-one it is usu ally eas i est to prove the equiv a lent state ment ∀a1
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∈ A∀a2 ∈ A(f (a1) = f(a2) → a1 = a2) given in part 1 of The o rem 5.2.3.
Of course, this is just an ex am ple of the fact that it is gen er ally eas ier to
prove a pos i tive state ment than a neg a tive one. This equiv a lence is also
of ten used in proofs in which we are given that a func tion is one-to-one,
as you will see in the proof of part 1 of the fol low ing the o rem.

The o rem 5.2.5. Sup pose f: A → B and g: B → C. As we saw in The o rem
5.1.5, it fol lows that g ◦ f: A → C.

1. If f and g are both one-to-one, then so is g ◦ f.
2. If f and g are both onto, then so is g ◦ f.

Proof.

1. Sup pose f and g are both one-to-one. Let a1 and a2 be ar bi trary el‐ 
e ments of A and sup pose that (g ◦ f)(a1) = (g ◦ f)(a2). By The o rem
5.1.5 this means that g(f (a1)) = g(f (a2)). Since g is one-to-one it
fol lows that f(a1) = f(a2), and sim i larly since f is one-to-one we
can then con clude that a1 = a2. Thus, g ◦ f is one-to-one.

2. Sup pose f and g are both onto, and let c be an ar bi trary el e ment of
C. Since g is onto, we can find some b ∈ B such that g(b) =c.
Sim i larly, since f is onto, there is some a ∈ A such that f(a) = b.
Then (g ◦ f)(a) = g(f (a))= g(b) =c. Thus, g ◦ f is onto.

Com men tary.

1. As in Ex am ple 5.2.4, we prove that g ◦ f is one-to-one by prov ing
that ∀a1 ∈ A ∀a2 ∈ A((g ◦f)(a1)= (g ◦f)(a2) → a1 =a2). Thus, we
let a1 and a2 be ar bi trary el e ments of A, as sume that (g ◦ f)(a1) =
(g ◦ f)(a2), which means g(f (a1)) = g(f (a2)), and then prove that
a1 = a2. The next sen tence of the proof says that the as sump tion
that g is one-to-one is be ing used, but it might not be clear how it
is be ing used. To un der stand this step, let’s write out what it
means to say that g is one-to-one. As we ob served be fore, rather
than us ing the orig i nal def i ni tion, which is a neg a tive state ment,
we are prob a bly bet ter off us ing the equiv a lent pos i tive state ment
∀b1 ∈ B∀b2 ∈ B(g(b1) = g(b2) → b1 = b2). The nat u ral way to
use a given of this form is to plug some thing in for b1 and b2.
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Plug ging in f(a1) and f(a2), we get g(f (a1)) = g(f (a2)) → f(a1) =
f(a2), and since we know g(f (a1)) = g(f (a2)), it fol lows by modus
po nens that f(a1) = f(a2). None of this was ex plained in the proof;
read ers of the proof are ex pected to work it out for them selves.
Make sure you un der stand how, us ing sim i lar rea son ing, you can
get from f(a1) = f(a2) to a1 = a2 by ap ply ing the fact that f is one-
to-one.

2. Af ter the as sump tion that f and g are both onto, the form of the
rest of the proof is en tirely guided by the log i cal form of the goal
of prov ing that g ◦  f is onto. Be cause this means ∀c ∈ C∃a ∈
A((g ◦  f)(a) = c), we let c be an ar bi trary el e ment of C and then
find some a ∈ A for which we can prove (g ◦ f)(a) =c.

□
Func tions that are both one-to-one and onto are par tic u larly im por‐ 

tant in math e mat ics. Such func tions are some times called one-to-one
corre-spon dences or bi jec tions. Fig ure 5.5(b) shows an ex am ple of a
one-to-one cor re spon dence. No tice that in this fig ure both A and B have
four el e ments. In fact, you should be able to con vince your self that if
there is a one-to-one cor-re spon dence be tween two fi nite sets, then the
sets must have the same num ber of el e ments. This is one of the rea sons
why one-to-one cor re spon dences are so im por tant. We will dis cuss one-
to-one cor re spon dences be tween in fi nite sets in Chap ter 8.

Here’s an other ex am ple of a one-to-one cor re spon dence. Sup pose A
is the set of all mem bers of the au di ence at a sold-out con cert and S is
the set of all seats in the con cert hall. Let f: A → S be the func tion de‐ 
fined by the rule

Be cause dif fer ent peo ple would not be sit ting in the same seat, f is one-
to-one. Be cause the con cert is sold out, ev ery seat is taken, so f is onto.
Thus, f is a one-to-one cor re spon dence. Even with out count ing peo ple
or seats, we can tell that the num ber of peo ple in the au di ence must be
the same as the num ber of seats in the con cert hall.

Ex er cises
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1. Which of the func tions in ex er cise 1 of Sec tion 5.1 are one-to-
one? Which are onto?

*2. Which of the func tions in ex er cise 2 of Sec tion 5.1 are one-to-
one? Which are onto?

3. Which of the func tions in ex er cise 3 of Sec tion 5.1 are one-to-
one? Which are onto?

4. Which of the func tions in ex er cise 4 of Sec tion 5.1 are one-to-
one? Which are onto?

*5. Let A = R \ {1}, and let f: A → A be de fined as fol lows:

(a) Show that f is one-to-one and onto.
(b) Show that f ◦ f = iA.

6. Sup pose a and b are real num bers and a ≠ 0. De fine f: R → R by
the for mula f(x) = ax + b. Show that f is one-to-one and onto.

7. De fine f: R+ → R by the for mula f(x) = 1/x − x.

(a) Show that f is one-to-one. (Hint: You may find it use ful to prove
first that if 0 < a < b then f(a) > f (b).)

(b) Show that f is onto.
(c) De fine g: R+ → R by the for mula g(x) = 1/x + x. Is g one-to-one?

Is it onto?
8. Let A = P(R). De fine f: R → A by the for mula f(x) = {y ∈ R |

y2< x}.
(a) Find f (2).
(b) Is f one-to-one? Is it onto?
*9. Let A = P(R) and B = P(A). De fine f: B → A by the for mula f

(F)= ⋃F.

(a) Find f ({{1, 2}, {3, 4}}).
(b) Is f one-to-one? Is it onto?
10. Sup pose f: A → B and g: B → C.
(a) Prove that if g ◦ f is onto then g is onto.
(b) Prove that if g ◦ f is one-to-one then f is one-to-one.
11. Sup pose f: A → B and g: B → C.



293

(a) Prove that if f is onto and g is not one-to-one, then g ◦ f is not one-
to-one.

(b) Prove that if f is not onto and g is one-to-one, then g ◦  f is not
onto.

12. Sup pose f: A → B. De fine a func tion g: B → P(A) by the for mula
g(b)= {a ∈ A | f(a) =b}. Prove that if f is onto then g is one-to-
one. What if f is not onto?

*13. Sup pose f: A → B and C ⊆ A. In ex er cise 7 of Sec tion 5.1 we de‐ 
fined f ↾ C(the re stric tion of f to C), and you showed that f ↾ C: C
→ B.

(a) Prove that if f is one-to-one, then so is f ↾ C.
(b) Prove that if f ↾ C is onto, then so is f.
(c) Give ex am ples to show that the con verses of parts (a) and (b) are

not al ways true.
14. Sup pose f: A → B, and there is some b ∈ B such that ∀x ∈ A(f(x)

= b). (Thus, f is a con stant func tion.)
(a) Prove that if A has more than one el e ment then f is not one-to-one.
(b) Prove that if B has more than one el e ment then f is not onto.
15. Sup pose f: A → C, g: B → C, and A and B are dis joint. In ex er cise

12(a) of Sec tion 5.1 you proved that f ∪ g: A ∪ B → C. Now sup‐ 
pose that f and g are both one-to-one. Prove that f ∪ g is one-to-
one iff Ran (f) and Ran (g) are dis joint.

16. Sup pose R is a re la tion from A to B, S is a re la tion from B to C,
Ran(R) = Dom (S) = B, and S ◦  R: A → C. In ex er cise 13(a) of
Sec tion 5.1 you proved that S: B → C. Now prove that if S is one-
to-one then R: A → B.

*17. Sup pose f: A → B and R is a re la tion on A. As in ex er cise 15 of
Sec tion 5.1, de fine a re la tion S on B as fol lows:

(a) Prove that if R is re flex ive and f is onto then S is re flex ive.
(b) Prove that if R is tran si tive and f is one-to-one then S is tran si tive.
18. Sup pose R is an equiv a lence re la tion on A, and let g: A → A/R be

de fined by the for mula g(x) = [x]R, as in ex er cise 20(b) in Sec tion
5.1.

(a) Show that g is onto.
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(b) Show that g is one-to-one iff R = iA.

19. Sup pose f: A → B, R is an equiv a lence re la tion on A, and f is com‐ 
pat i ble with R. (See ex er cise 21 of Sec tion 5.1 for the def i ni tion
of com pat i ble.) In ex er cise 21(a) of Sec tion 5.1 you proved that
there is a unique func tion h: A/R → B such that for all x ∈ A,
h([x]R) = f(x). Now prove that h is one-to-one iff ∀x ∈ A∀y ∈
A(f(x) = f(y) → xRy).

*20. Sup pose A, B, and C are sets and f: A → B.
(a) Prove that if f is onto, g: B → C, h: B → C, and g ◦ f = h ◦ f, then g

= h.
(b) Sup pose that C has at least two el e ments, and for all func tions g

and h from B to C, if g ◦ f = h ◦ f then g = h. Prove that f is onto.
21. Sup pose A, B, and C are sets and f: B → C.
(a) Prove that if f is one-to-one, g: A → B, h: A → B, and f ◦ g = f ◦ h,

then g = h.
(b) Sup pose that A = ∅, and for all func tions g and h from A to B, if f

◦ g = f ◦ h then g = h. Prove that f is one-to-one.
22. Let F = {f | f: R → R}, and de fine a re la tion R on F as fol lows:

(a) Let f, g, and h be the func tions from R to R de fined by the for mu‐ 
las f(x)=x2 + 1, g(x) =x3 + 1, and h(x) =x4 + 1. Prove that hRf, but
it is not the case that gRf.

(b) Prove that R is a pre order. (See ex er cise 25 of Sec tion 4.5 for the
def i ni tion of pre order.)

(c) Prove that for all f ∈ F, f RiR.

(d) Prove that for all f ∈ F, iRRf iff f is one-to-one. (Hint for right-to-

left di rec tion: Sup pose f is one-to-one. Let A = Ran (f), and let h
= f−1 ∪ ((R \ A) × {0}). Now prove that h: R → R and iR = h ◦ f.)

(e) Sup pose that g ∈ F is a con stant func tion; in other words, there is

some real num ber c such that ∀x ∈ R(g(x) = c). Prove that for all
f ∈ F, gRf. (Hint: See ex er cise 17 of Sec tion 5.1.)

(f) Sup pose that g ∈ F is a con stant func tion. Prove that for all f ∈

F, f Rg iff f is a con stant func tion.



295

(g) As in ex er cise 25 of Sec tion 4.5, if we let S = R ∩ R−1, then S is an
equiv a lence re la tion on F. Also, there is a unique re la tion T on

F/S such that for all f and g in F, [f]S T [g]S iff f Rg, and T is a

par tial or der on F/S. Prove that the set of all one-to-one func tions

from R to R is the largest el e ment of F/S in the par tial or der T,

and the set of all con stant func tions from R to R is the small est
el e ment.

23. Let f: N → N be de fined by the for mula f(n) = n. Note that we
could also say that f: N → Z. This ex er cise will il lus trate why, in
Def i ni tion 5.2.1, we de fined the phrase “f maps onto B,” rather
than sim ply “f is onto.”

(a) Does f map onto N?
(b) Does f map onto Z?

5.3 In verses of Func tions
We are now ready to re turn to the ques tion of whether the in verse of a
func tion from A to B is al ways a func tion from B to A. Con sider again
the func tion F from part 1 of Ex am ple 5.1.2. Re call that in that ex am ple
we had A = {1, 2, 3}, B = {4, 5, 6}, and F = {(1, 5), (2, 4), (3, 5)}. As we
saw in Ex am ple 5.1.2, F is a func tion from A to B. Ac cord ing to the def‐ 
i ni tion of the in verse of a re la tion, F−1 = {(5, 1), (4, 2), (5, 3)}, which is
clearly a re la tion from B to A. But F−1 fails to be a func tion from B to A
for two rea sons. First of all, 6 ∈ B, but 6 isn’t paired with any el e ment
of A in the re la tion F−1. Sec ond, 5 is paired with two dif fer ent el e ments
of A, 1 and 3. Thus, this ex am ple shows that the in verse of a func tion
from A to B is not al ways a func tion from B to A.

You may have no ticed that the rea sons why F−1 isn’t a func tion from
B to A are re lated to the rea sons why F is nei ther one-to-one nor onto,
which were dis cussed in part 1 of Ex am ple 5.2.2. This sug gests the fol‐ 
low ing the o rem.

The o rem 5.3.1. Sup pose f: A → B. If f is one-to-one and onto, then f−1:
B → A.
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Proof. Sup pose f is one-to-one and onto, and let b be an ar bi trary el e‐ 
ment of B. To show that f−1 is a func tion from B to A, we must prove
that ∃! a ∈ A((b, a) ∈ f−1), so we prove ex is tence and unique ness sep a‐ 
rately.

Ex is tence: Since f is onto, there is some a ∈ A such that f(a) = b.
Thus, (a, b) ∈ f, so (b, a) ∈ f−1.

Unique ness: Sup pose (b, a1) ∈ f−1 and (b, a2) ∈ f−1 for some a1, a2
∈ A. Then (a1, b) ∈ f and (a2, b) ∈ f, so f(a1) = b = f(a2). Since f is
one-to-one, it fol lows that a1 = a2.

□

Com men tary. The form of the proof is guided by the log i cal form of the
state ment that f−1: B → A. Be cause this means ∀b ∈ B∃! a ∈ A((b, a)
∈ f−1), we let b be an ar bi trary el e ment of B and then prove ex is tence
and unique ness for the re quired a ∈ A sep a rately. Note that the as‐ 
sump tion that f is onto is the key to the ex is tence half of the proof, and
the as sump tion that f is one-to-one is the key to the unique ness half.

Sup pose f is any func tion from a set A to a set B. The o rem 5.3.1 says
that a suf fi cient con di tion for f−1 to be a func tion from B to A is that f
be one-to-one and onto. Is it also a nec es sary con di tion? In other words,
is the con verse of The o rem 5.3.1 true? (If you don’t re mem ber what the
words suf fi cient,nec es sary, and con verse mean, you should re view Sec‐ 
tion 1.5!) We will show in The o rem 5.3.4 that the an swer to this ques‐ 
tion is yes. In other words, if f−1 is a func tion from B to A, then f must
be one-to-one and onto.

If f−1: B → A then, by the def i ni tion of func tion, for ev ery b ∈ B
there is ex actly one a ∈ A such that (b, a) ∈ f−1, and

This gives an other use ful way to think about f−1. If f−1 is a func tion
from B to A, then it is the func tion that as signs, to each b ∈ B, the
unique a ∈ A such that f(a) = b. The as sump tion in The o rem 5.3.1 that f
is one-to-one and onto guar an tees that there is ex actly one such a.
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As an ex am ple, con sider again the func tion f that as signs, to each
per son in the au di ence at a sold-out con cert, the seat in which that per‐ 
son is sit ting. As we saw at the end of the last sec tion, f is a one-to-one,
onto func tion from the set A of all mem bers of the au di ence to the set S
of all seats in the con cert hall. Thus, f−1 must be a func tion from S to A,
and for each s ∈ S,

In other words, the func tion f as signs to each per son the seat in which
that per son is sit ting, and the func tion f−1 as signs to each seat the per‐ 
son sit ting in that seat.

Be cause f: A → S and f−1: S → A, it fol lows by The o rem 5.1.5 that f−1

◦ f: A → A and f ◦ f−1: S → S. What are these func tions? To fig ure out
what the first func tion is, let’s let a be an ar bi trary el e ment of A and
com pute (f−1 ◦ f)(a).

But re call that for ev ery a ∈ A, iA(a) = a. Thus, we have shown that ∀a
∈ A((f−1 ◦ f)(a) = iA(a)), so by The o rem 5.1.4, f−1 ◦  f = iA. Sim i larly,
you should be able to check that f ◦ f−1 = iS.

When math e ma ti cians find an un usual phe nom e non like this in an
ex am ple, they al ways won der whether it’s just a co in ci dence or if it’s
part of a more gen eral pat tern. In other words, can we prove a the o rem
that says that what hap pened in this ex am ple will hap pen in other ex am‐ 
ples too? In this case, it turns out that we can.

The o rem 5.3.2. Sup pose f is a func tion from A to B, and sup pose that
f−1 is a func tion from B to A. Then f−1 ◦ f = iA and f ◦ f−1 = iB.

Proof. Let a be an ar bi trary el e ment of A. Let b = f(a) ∈ B. Then (a, b)
∈ f, so (b, a) ∈ f−1 and there fore f−1(b) = a. Thus,
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Since a was ar bi trary, we have shown that ∀a ∈ A((f−1 ◦ f)(a) = iA(a)),
so f−1 ◦ f = iA. The proof of the sec ond half of the the o rem is sim i lar and
is left as an ex er cise (see ex er cise 8).

□

Com men tary. To prove that two func tions are equal, we usu ally ap ply
Theo-rem 5.1.4. Thus, since f−1 ◦ f and iA are both func tions from A to
A, to prove that they are equal we prove that ∀a ∈ A((f−1 ◦  f)(a) =
iA(a)).

The o rem 5.3.2 says that if f: A → B and f−1: B → A, then each func tion
un does the ef fect of the other. For any a ∈ A, ap ply ing the func tion f
gives us f(a) ∈ B. Ac cord ing to The o rem 5.3.2, f−1 (f(a))= (f−1 ◦ f)(a) =
iA (a)=a. Thus, ap ply ing f−1 to f(a) un does the ef fect of ap ply ing f, giv‐ 
ing us back the orig i nal el e ment a. Sim i larly, for any b ∈ B, ap ply ing
f−1 we get f−1(b) ∈ A, and we can undo the ef fect of ap ply ing f−1 by ap‐ 
ply ing f, since f(f−1(b)) = b.

For ex am ple, let f: R → R be de fined by the for mula f(x) = 2x. You
should be able to check that f is one-to-one and onto, so f−1: R → R, and
for any x ∈ R,

f−1 (x)= the unique y such that f(y) =x.

Be cause f−1(x) is the unique so lu tion for y in the equa tion f(y) = x, we
can find a for mula for f−1(x) by solv ing this equa tion for y. Fill ing in
the def i ni tion of f in the equa tion gives us 2y = x, so y = x/2. Thus, for
ev ery x ∈ R, f−1(x) = x/2. No tice that ap ply ing f to any num ber dou bles
the num ber and ap ply ing f−1 halves the num ber, and each of these op er‐ 
a tions un does the ef fect of the other. In other words, if you dou ble a
num ber and then halve the re sult, you get back the num ber you started
with. Sim i larly, halv ing any num ber and then dou bling the re sult gives
you back the orig i nal num ber.

Are there other cir cum stances in which the com po si tion of two func‐ 
tions is equal to the iden tity func tion? In ves ti ga tion of this ques tion
leads to the fol low ing the o rem.

The o rem 5.3.3. Sup pose f: A → B.
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1. If there is a func tion g: B → A such that g ◦ f = iA then f is one-to-
one.

2. If there is a func tion g: B → A such that f ◦ g = iB then f is onto.

Proof.

1. Sup pose g: B → A and g ◦ f = iA. Let a1 and a2 be ar bi trary el e‐ 
ments of A, and sup pose that f(a1) = f(a2). Ap ply ing g to both
sides of this equa tion we get g(f (a1)) = g(f (a2)). But g(f (a1)) = (g
◦ f)(a1) = iA((a1)=a1, and sim i larly,g(f (a2))=a2. Thus, we can con‐ 
clude that a1 =a2, and there fore f is one-to-one.

2. See ex er cise 9.
□

Com men tary. The as sump tion that there is a g: B → A such that g ◦ f =
iA is an ex is ten tial state ment, so we im me di ately imag ine that a par‐ 
tic u lar func tion g has been cho sen. The proof that f is one-to-one fol‐ 
lows the usual pat tern for such proofs, based on The o rem 5.2.3.

We have come full cir cle. In The o rem 5.3.1 we found that if f is a
one-to-one, onto func tion from A to B, then f−1 is a func tion from B to
A. From this con clu sion it fol lows, as we showed in The o rem 5.3.2,
that the com po si tion of f with its in verse must be the iden tity func‐ 
tion. And in The o rem 5.3.3 we found that when the com po si tion of
two func tions is the iden tity func tion, we are led back to the prop er‐ 
ties one-to-one and onto! Thus, com bin ing The o rems 5.3.1–5.3.3, we
get the fol low ing the o rem.

The o rem 5.3.4. Sup pose f: A → B. Then the fol low ing state ments are
equiv a lent.

1. f is one-to-one and onto.

2. f−1: B → A.
3. There is a func tion g: B → A such that g ◦ f = iA and f ◦ g = iB.

Proof.1 → 2. This is pre cisely what The o rem 5.3.1 says.
2→ 3. Sup pose f−1: B → A. Let g = f−1 and ap ply The o rem 5.3.2.
3→ 1. Ap ply The o rem 5.3.3.

□
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Com men tary. As we saw in Sec tion 3.6, the eas i est way to prove that
sev eral state ments are equiv a lent is to prove a cir cle of im pli ca tions.
In this case we have proven the cir cle 1 → 2 → 3 → 1. Note that the
proofs of these im pli ca tions are quite sketchy. You should make sure
you know how to fill in all the de tails.

For ex am ple, let f and g be func tions from R to R de fined by the
fol low ing for mu las:

Then for any real num ber x,

Thus, g ◦ f = iR. A sim i lar com pu ta tion shows that f ◦ g = iR. Thus,
it fol lows from The o rem 5.3.4 that f must be one-to-one and onto, and
f−1 must also be a func tion from R to R. What is f−1? Of course, a log‐ 
i cal guess would be that f−1 = g, but this doesn’t ac tu ally fol low from
the the o rems we’ve proven. You could check it di rectly by solv ing for
f−1(x), us ing the fact that f−1(x) must be the unique so lu tion for y in
the equa tion f(y) = x. How ever, there is no need to check. The next
the o rem shows that f−1 must be equal to g.

The o rem 5.3.5. Sup pose f: A → B, g: B → A, g ◦ f = iA, and f ◦ g = iB.
Then g= f−1.

Proof. By The o rem 5.3.4, f−1: B → A. There fore, by The o rem 5.3.2,
f−1 ◦ f = iA. Thus,

□
Com men tary. This proof gets the de sired con clu sion quickly by clever
use of pre vi ous the o rems and ex er cises. For a more di rect but some‐ 
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what longer proof, see ex er cise 10.

Ex am ple 5.3.6. In each part, de ter mine whether or not f is one-to-
one and onto. If it is, find f−1.

1. Let A = R \ {0} and B = R \ {2}, and de fine f: A → B by the for‐ 
mula

(Note that for all x ∈ A, 1/x is de fined and nonzero, so f(x) ≠ 2
and there fore f(x) ∈ B.)

2. Let A = R and B = {x ∈ R | x ≥ 0}, and de fine f: A → B by the
for mula

So lu tions

1. You can check di rectly that f is one-to-one and onto, but we
won’t bother to check. In stead, we’ll sim ply try to find a func‐ 
tion g: B → A such that g ◦ f = iA and f ◦ g = iB. We know by The‐ 
o rems 5.3.4 and 5.3.5 that if we find such a g, then we can con‐ 
clude that f is one-to-one and onto and g = f−1.

Be cause we’re hop ing to have g = f−1, we know that for any x ∈
B = R \ {2}, g(x) must be the unique y ∈ A such that f(y) = x. Thus,
to find a for mula for g(x), we solve for y in the equa tion f(y) = x.
Fill ing in the def i ni tion of f, we see that the equa tion we must solve
is

Solv ing this equa tion we get

Thus, we de fine g: B → A by the for mula
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(Note that for all x ∈ B, x ≠ 2, so 1/(x − 2) is de fined and nonzero,
and there fore g(x) ∈ A.) Let’s check that g has the re quired prop er‐ 
ties. For any x ∈ A, we have

so f ◦ g ≠ iB. There fore, as we ob served ear lier, f must be one-to-one
and onto, and g = f−1.
2. Im i tat ing the so lu tion to part 1, let’s try to find a func tion g: B

→ A such that g ◦ f = iA and f ◦g = iB. Be cause ap ply ing f to a
num ber squares the num ber and we want g to undo the ef fect of
f, a rea son able guess would be to let  Let’s see if this
works.

For any x ∈ B we have

so f ◦ g = iB. But for x ∈ A we have

and this is not al ways equal to x. For ex am ple, 
  Thus, g ◦ f = iA. This ex am ple il‐ 

lus trates that you must check both f ◦ g = iB and g ◦ f = iA. It is pos‐ 
si ble for one to work but not the other.

What went wrong? We know that if f−1 is a func tion from B to A,
then for any x ∈ B, f−1(x) must be the unique so lu tion for y in the
equa tion f(y) = x. Ap ply ing the def i ni tion of f gives us y2 = x, so y =
±√x. Thus, there is not a unique so lu tion for y in the equa tion f(y) =
x; there are two so lu tions. For ex am ple, when x = 9 we get y = ±3. In
other words, f (3) = f (−3) = 9. But this means that f is not one-to-
one! Thus, f−1 is not a func tion from B to A.

Func tions that undo each other come up of ten in math e mat ics. For
ex am ple, if you are fa mil iar with log a rithms, then you will rec og nize
the for mu las 10log x = x and log 10x = x. (We are us ing base-10 log a‐ 
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rithms here.) We can re phrase these for mu las in the lan guage of this
sec tion by defin ing func tions f: R → R+ and g: R+ → R as fol lows:

Then for any x ∈ R we have g(f(x)) = log 10x = x, and for any x ∈ R+,
f(g(x))= 10log x = x. Thus, g ◦ f = iR and f ◦ g = iR+, so g = f−1. In other
words, the log a rithm func tion is the in verse of the “raise 10 to the
power” func tion.

We saw an other ex am ple of func tions that undo each other in Sec tion
4.5. Sup pose A is any set, let E be the set of all equiv a lence re la tions on
A, and let P be the set of all par ti tions of A. De fine a func tion f: E →
P by the for mula f(R) = A/R, and de fine an other func tion g: P → E by
the for mula

You should ver ify that the proof of The o rem 4.5.6 shows that f ◦ g = iP,
and ex er cise 10 in Sec tion 4.5 shows that g ◦ f = iE. Thus, f is one-to-one
and onto, and g = f−1. One in ter est ing con se quence of this is that if A
has a fi nite num ber of el e ments, then we can say that the num ber of
equiv a lence re la tions on A is ex actly the same as the num ber of par ti‐ 
tions of A, even though we don’t know what this num ber is.

Ex er cises
*1. Let R be the func tion de fined in ex er cise 2(c) of Sec tion 5.1. In

ex er cise 2 of Sec tion 5.2, you showed that R is one-to-one and
onto, so R−1: P→ P. If p ∈ P, what is R−1(p)?

2. Let F be the func tion de fined in ex er cise 4(b) of Sec tion 5.1. In
ex er cise 4 of Sec tion 5.2, you showed that F is one-to-one and
onto, so F−1: B → B. If X ∈ B, what is F−1(X)?

*3. Let f: R → R be de fined by the for mula
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Show that f is one-to-one and onto, and find a for mula for f−1(x). (You
may want to im i tate the method used in the ex am ple af ter The o rem
5.3.2, or in Ex am ple 5.3.6.)

4. Let f: R → R be de fined by the for mula f(x) = 2x3 − 3. Show that f
is one-to-one and onto, and find a for mula for f−1(x).

*5. Let f: R → R+ be de fined by the for mula f(x) = 102−x. Show that f
is one-to-one and onto, and find a for mula for f−1(x).

6. Let A = R \ {2}, and let f be the func tion with do main A de fined
by the for mula

(a) Show that f is a one-to-one, onto func tion from A to B for some set
B⊆ R. What is the set B?

(b) Find a for mula for f−1(x).
7. In the ex am ple af ter The o rem 5.3.4, we had f(x) = (x + 7)/5 and

found that f−1(x) = 5x − 7. Let f1 and f2 be func tions from R to R
de fined by the for mu las

(a) Show that f = f2 ◦ f1.
(b) Ac cord ing to part 5 of The o rem 4.2.5, f−1 = (f2 ◦ f1)−1 = f1

−1 ◦ f2
−1.

Ver ify that this is true by com put ing f1
−1 ◦f2

−1 di rectly.

8. (a) Prove the sec ond half of The o rem 5.3.2 by im i tat ing the proof
of the first half.

(b) Give an al ter na tive proof of the sec ond half of The o rem 5.3.2 by
ap ply ing the first half to f−1.

*9. Prove part 2 of The o rem 5.3.3.
10. Use the fol low ing strat egy to give an al ter na tive proof of The o‐ 

rem 5.3.5: Let (b, a) be an ar bi trary el e ment of B × A. As sume (b,
a) ∈ g and prove (b, a) ∈ f−1. Then as sume (b, a) ∈ f−1 and
prove (b, a) ∈ g.

*11. Sup pose f: A → B and g: B → A
(a) Prove that if f is one-to-one and f ◦ g = iB, then g = f−1.
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(b) Prove that if f is onto and g ◦ f = iA, then g = f−1.
(c) Prove that if f ◦ g = iB but g ◦ f = iA, then f is onto but not one-to-

one, and g is one-to-one but not onto.
12. Sup pose f: A → B and f is one-to-one. Prove that there is some set

B ⊆ B such that f−1: B → A.
13. Sup pose f: A → B and f is onto. Let R = {(x, y) ∈ A × A | f(x) =

f(y)}. By ex er cise 20(a) of Sec tion 5.1, R is an equiv a lence re la‐ 
tion on A.

(a) Prove that there is a func tion h: A/R → B such that for all x ∈ A,
h([x]R) =f(x). (Hint: See ex er cise 21 of Sec tion 5.1.)

(b) Prove that h is one-to-one and onto. (Hint: See ex er cise 19 of Sec‐ 
tion 5.2.)

(c) It fol lows from part (b) that h−1: B → A/R. Prove that for all b ∈
B, h−1 (b)= {x ∈ A | f(x) =b}.

(d) Sup pose g: B → A. Prove that f ◦ g = iB iff ∀b ∈ B(g(b) ∈ h−1(b)).

*14. Sup pose f: A → B, g: B → A, and f ◦g = iB. Let A′ = Ran (g) ⊆ A.

(a) Prove that for all x ∈ A′, (g ◦ f)(x) = x.
(b) Prove that f ↾ A is a one-to-one, onto func tion from A′ to B and g =

(f ↾ A′)−1. (See ex er cise 7 of Sec tion 5.1 for the mean ing of the
no ta tion used here.)

15. Let  be de‐ 
fined by the for mu las  As we saw in part 2
of Ex am ple 5.3.6, g ≠ f−1. Show that g = (f ↾ B)−1. (Hint: See ex er‐ 
cise 14.)

*16. Let f: R → R be de fined by the for mula f(x) = 4x − x2. Let B =
Ran (f).

(a) Find B.
(b) Find a set A ⊆ R such that f ↾ A is a one-to-one, onto func tion

from A to, and find a for mula for (f ↾ A)−1(x). (Hint: See ex er cise
14.)

17. Sup pose A is a set, and let F = {f | f: A → A} and P = {f ∈ F | f

is one-to-one and onto}. De fine a re la tion R on F as fol lows:
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(a) Prove that R is an equiv a lence re la tion.
(b) Prove that if f Rg then (f ◦ f)R(g ◦ g).
(c) For any f ∈ F and a ∈ A, if f(a) = a then we say that a is a fixed

point of f. Prove that if f has a fixed point and f Rg, then g also
has a fixed point.

*18. Sup pose f: A → C, g: B → C, and g is one-to-one and onto. Prove
that there is a func tion h: A → B such that g ◦ h = f.

5.4 Clo sures
Of ten in math e mat ics we work with a func tion from a set to it self. In
that sit u a tion, the fol low ing con cept can be use ful.

Def i ni tion 5.4.1. Sup pose f: A → A and C ⊆ A. We will say that C is
closed un der f if ∀x ∈ C(f(x) ∈ C).

Ex am ple 5.4.2.

1. Let A = {a, b, c, d} and f = {(a, c), (b, b), (c, d), (d, c)}. Then f:
A → A. Let C1 = {a, c, d} and C2 = {a, b}. Is C1 closed un der f?
Is C2?

2. Let f: R → R and g: R → R be de fined by the for mu las f(x) = x
+ 1 and g(x) = x − 1. Is N closed un der f? Is it closed un der g?

3. Let f: R → R be de fined by the for mula f(x) = x2. Let C1 = {x ∈
R | 0 < x < 1} and C2 = {x ∈ R | 0 < x < 2}. Is C1 closed un der
f? Is C2?

So lu tions

1. The set C1 is closed un der f, be cause f(a) = f(d) = c ∈ C1 and
f(c) = d ∈ C1. How ever, C2 is not closed un der f, be cause a ∈
C2 but f(a) = c ∉ C2.

2. For ev ery nat u ral num ber n, n + 1 is also a nat u ral num ber, so N
is closed un der f. How ever, N is not closed un der g, be cause 0
∈ N but g(0) = −1 ∉ N.
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3. For ev ery real num ber x, if 0 < x < 1 then 0 < x2 < 1 (see Ex‐ 
am ple 3.1.2), so C1 is closed un der f. But 1.5 ∈ C2 and f (1.5) =
1.52 = 2.25 ∉ C2, so C2 is not closed un der f.

We saw in part 2 of Ex am ple 5.4.2 that N is not closed un der the func‐ 
tion g: R → R de fined by the for mula g(x) = x − 1. Sup pose we
wanted to add el e ments to N to get a set that is closed un der g. Since 0
∈ N, we’d need to add g(0) = −1. But if −1 were added to the set, then
it would also have to con tain g(−1) = −2, and if we threw in −2 then
we’d also have to add g(−2)= −3. Con tin u ing in this way, it should be
clear that we’d have to add all of the neg a tive in te gers to N, giv ing us
the set of all in te gers, Z. But no tice that Z is closed un der g, be cause
for ev ery in te ger n, n − 1 is also an in te ger. So we have suc ceeded in
our task of en larg ing N to get a set closed un der g.

When we en larged N to Z, the num bers we added – the neg a tive in‐ 
te gers – were num bers that had to be added if we wanted the re sult ing
set to be closed un der g. It fol lows that Z is the small est set con tain‐ 
ing N that is closed un der g. We are us ing the word small est here in
ex actly the way we de fined it in Sec tion 4.4. If we let F = {C ⊆ R | N

⊆ C and C is closed un der g}, then Z is the small est el e ment of F,

where as usual it is un der stood that we mean small est in the sense of
the sub set par tial or der. In other words, Z is an el e ment of F, and it’s

a sub set of ev ery el e ment of F. We will say that Z is the clo sure of N

un der g.

Def i ni tion 5.4.3. Sup pose f: A → A and B ⊆ A. Then the clo sure of B
un der f is the small est set C ⊆ A such that B ⊆ C and C is closed un‐ 
der f, if there is such a small est set. In other words, a set C ⊆ A is the
clo sure of B un der f if it has the fol low ing prop er ties:

1. B⊆C.

2. C is closed un der f.
3. For ev ery set D ⊆ A, if B ⊆ D and D is closed un der f then C ⊆

D.
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Ac cord ing to The o rem 4.4.6, if a set has a small est el e ment, then it
can have only one small est el e ment. Thus, if a set B has a clo sure un‐ 
der a func tion f, then this clo sure must be unique, so it makes sense to
call it the clo sure rather than a clo sure. How ever, as we saw in Ex am‐ 
ple 4.4.7, some fam i lies of sets don’t have small est el e ments, so it is
not im me di ately clear if sets al ways have clo sures un der func tions. In
fact they do, as we will show in our proof of The o rem 5.4.5 be low.
But first let’s look at a few more ex am ples of clo sures.

Ex am ple 5.4.4.

1. In part 1 of Ex am ple 5.4.2, the set C2 = {a, b} was not closed
un der f. What is the clo sure of C2 un der f?

2. Let f: R → R be de fined by the for mula f(x) = x + 1, and let B =
{0}. What is the clo sure of B un der f?

So lu tions

1. Since a ∈ C2, to get a set closed un der f we will need to add in
f(a) = c. But then we’ll also have to add f(c) = d, giv ing us the
en tire set A = {a, b, c, d}. Clearly A is closed un der f, so the clo‐ 
sure of C2 un der f is A.

2. Since 0 ∈ B, the clo sure of B un der f will have to con tain f (0) =
1. But then it must also con tain f (1) = 2, f (2) = 3, f (3) = 4, and
in fact all pos i tive in te gers. Adding all the pos i tive in te gers to B
gives us the set N, which we al ready know from part 2 of Ex am‐ 
ple 5.4.2 is closed un der f. Thus the clo sure of {0} un der f is N.

Here’s an ex am ple that il lus trates the use ful ness of the con cepts we
have been dis cussing. Let P be a set of peo ple, and sup pose that each
per son in the set P has a best friend who is also in P. Then we can de‐ 
fine a func tion f: P → P by let f(p) = p’s best friend. Sup pose that
when ever some one in the set P hears a piece of gos sip, he or she tells
it to his or her best friend (but no one else). Now con sider any set C
⊆ P, and sup pose that C is closed un der f. Then for any per son p ∈
C, p’s best friend is also in C. Thus, if any per son in C hears a piece of
gos sip, the only per son he or she will tell the gos sip to is also in C. No
one in C will ever trans mit gos sip to a per son who is not in C. Thus, if
we tell some peo ple in C a bit of gos sip, it may spread to other peo ple
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in C, but it will never leave C. If you want to track the spread of gos‐ 
sip in this pop u la tion, you should be in ter ested in rec og niz ing which
sub sets of P are closed un der f.

Sup pose we tell a piece of gos sip to all of the peo ple in some set B
⊆ P. How will the gos sip spread? The peo ple in B will tell their best
friends, and then they will tell their best friends, who will tell their
best friends, and so on. Based on our pre vi ous ex am ples, you might
guess that the set H of peo ple who even tu ally hear the gos sip will be
the clo sure of B un der f. Let’s see if we can give a care ful proof that H
has the three prop er ties listed in Def i ni tion 5.4.3.

Clearly B ⊆ H, since the peo ple in B hear the gos sip right at the
start of the process. This con firms prop erty 1 of Def i ni tion 5.4.3. If p
is any el e ment of H, then p even tu ally hears the gos sip. But as soon as
p hears the gos sip, he or she will tell f(p), so f(p) ∈ H as well. Thus H
is closed un der f, as re quired by prop erty 2 of the def i ni tion. Fi nally,
sup pose B ⊆ C ⊆ P and C is closed un der f. Then as we ob served
ear lier, any gos sip that is told to the peo ple in B may spread to oth ers
in C, but it will never leave C. Thus, ev ery one who ever hears the gos‐ 
sip must be long to C, which means that H ⊆ C. This con firms prop‐ 
erty 3, so H is in deed the clo sure of B un der f.

We turn now to the proof that clo sures al ways ex ist. Sup pose f: A
→ A and B ⊆ A. One way to try to prove the ex is tence of the clo sure
of B un der f is to add to B those el e ments that must be added to make
it closed un der f, as we did in ear lier ex am ples, and then prove that
the re sult is closed un der f. Al though this can be done, a care ful treat‐ 
ment of the de tails of this proof would re quire the method of math e‐ 
mat i cal in duc tion, which we have not yet dis cussed. We will present
this proof in Sec tion 6.5, af ter we’ve dis cussed math e mat i cal in duc‐ 
tion. But there is an other ap proach to the proof that uses only ideas
that we have al ready stud ied. We know that the clo sure of B un der f, if
it ex ists, must be the small est el e ment of the fam ily F ={C ⊆ A | B

⊆ C and C is closed un der f }. Ac cord ing to ex er cise 20 of Sec tion
4.4, the small est el e ment of a set is also al ways the great est lower
bound of the set, and by The o rem 4.4.11, the g.l.b. of any nonempty
fam ily of sets F is  This is the mo ti va tion for our next proof.

The o rem 5.4.5. Sup pose that f: A → A and B ⊆ A. Then B has a clo‐ 
sure un der f.
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Proof. Let F = {C ⊆ A | B ⊆ C and C is closed un der f }. You should

be able to check that A ∈ F, and there fore F ≠ ∅. Thus, we can let 

 and by ex er cise 9 of Sec tion 3.3, C ⊆ A. We will show that
C is the clo sure of B un der f by prov ing the three prop er ties in Def i ni‐ 
tion 5.4.3.

To prove the first prop erty, sup pose x ∈ B. Let D be an ar bi trary el‐ 
e ment of F. Then by the def i ni tion of F, B ⊆ D, so x ∈ D. Since D

was ar bi trary, this shows that ∀D ∈ F(x ∈ D), so  Thus,

B ⊆ C.
Next, sup pose x ∈ C and again let D be an ar bi trary el e ment of F.

Then since  But since D ∈ F, D is closed un‐ 

der f, so f(x) ∈ D. Since D was ar bi trary, we can con clude that ∀D ∈
F(f (x) ∈ D), so  Thus, we have shown that C is

closed un der f, which is the sec ond prop erty in Def i ni tion 5.4.3.
Fi nally, to prove the third prop erty, sup pose B ⊆ D ⊆ A and D is

closed un der f. Then D ∈ F, and ap ply ing ex er cise 9 of Sec tion 3.3

again we can con clude that  □

Com men tary. Our goal is ∃C(C is the clo sure of B un der f), so we
should be gin by defin ing C. How ever, the def i ni tion  doesn’t
make sense un less we know F ≠ ∅, so we must prove this first. Be‐ 

cause F ≠ ∅ means ∃D(D ∈ F), we prove it by giv ing an ex am ple of

an el e ment of F. The ex am ple is A, so we must prove A ∈ F. The

state ment in the proof that “you should be able to check” that A ∈ F

re ally does mean that you should do the check ing. Ac cord ing to the
def i ni tion of F, to say that A ∈ F means that A ⊆ A, B ⊆ A, and A is

closed un der f. You should make sure you see why all three of these
state ments are true.

Hav ing de fined C and ver i fied that C ⊆ A, we must prove that C
has the three prop er ties in the def i ni tion of the clo sure of B un der f.
To prove the first state ment, B ⊆ C, we let x be an ar bi trary el e ment
of B and prove x ∈ C. Since  the goal x ∈ C means ∀D ∈
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F(x ∈ D), so to prove it we let D be an ar bi trary el e ment of F and

prove x ∈ D. To prove that C is closed un der f, we as sume that x ∈ C
and prove f(x) ∈ C. Once again, by the def i ni tion of C this goal
means ∀D ∈ F(f (x) ∈ D), so we let D be an ar bi trary el e ment of F

and prove f(x) ∈ D. Fi nally, to prove the third goal we as sume that D
⊆ A, B ⊆ D, and D is closed un der f and prove C ⊆ D. For tu nately,
an ex er cise from an ear lier sec tion takes care of this proof.

Closed sets and clo sures also come up in the study of func tions of
more than one vari able. If f: A × A → A, then f is called a func tion of
two vari ables. An el e ment of the do main of f would be an or dered pair
(x, y), where x, y ∈ A. The re sult of ap ply ing f to this pair should be
writ ten f ((x, y)), but it is cus tom ary to leave out one pair of paren the‐ 
ses and just write f(x, y).

Def i ni tion 5.4.6. Sup pose f: A × A → A and C ⊆ A. We will say that C
is closed un der f if ∀x ∈ C∀y ∈ C(f(x, y) ∈ C).

Ex am ple 5.4.7.

1. Let f: R+ × R+ → R+ and g: R+ × R+ → R+ be de fined by the for‐ 
mu las f(x, y) = x/y and g(x, y) = xy. Is Q+ closed un der f? Is it
closed un der g?

2. Let f: P(N) × P(N) → P(N) and g: P(N) × P(N) → P(N) be
de fined by the for mu las f(X, Y) = X ∪ Y and g(X, Y) = X ∩ Y. Let I

= {X ∈ P(N) | X is in fi nite}. Is I closed un der f? Is it closed un‐ 

der g?

So lu tions

1. If x, y ∈ Q+, then there are pos i tive in te gers p, q, r, and s such
that x = p/q and y = r/s. There fore

This shows that Q+ is closed un der f. How ever, 2 and 1/2 are el e‐ 
ments of Q+ and  (see The o rem 6.4.5),
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so Q+ is not closed un der g.

2. If X and Y are in fi nite sets of nat u ral num bers, then f(X, Y) = X ∪
Y is also in fi nite, so I is closed un der f. On the other hand, let E

be the set of even nat u ral num bers and let P be the set of prime
num bers. Then E and P are both in fi nite, but g(E, P) = E ∩ P =
{2}, which is fi nite. There fore I is not closed un der g.

As be fore, we can de fine the clo sure of a set un der a func tion of
two vari ables to be the small est closed set con tain ing it, and we can
prove that such clo sures al ways ex ist.

Def i ni tion 5.4.8. Sup pose f: A × A → A and B ⊆ A. Then the clo sure
of B un der f is the small est set C ⊆ A such that B ⊆ C and C is closed
un der f, if there is such a small est set. In other words, a set C ⊆ A is
the clo sure of B un der f if it has the fol low ing prop er ties:

1. B ⊆ C.

2. C is closed un der f.
3. For ev ery set D ⊆ A, if B ⊆ D and D is closed un der f then C ⊆

D.

The o rem 5.4.9. Sup pose that f: A × A → A and B ⊆ A. Then B has a
clo sure un der f.

Proof. See ex er cise 11. □

A func tion from A × A to A could be thought of as an op er a tion that
can be ap plied to a pair of ob jects (x, y) ∈ A × A to pro duce an other
el e ment of A. Of ten in math e mat ics an op er a tion to be per formed on a
pair of math e mat i cal ob jects (x, y) is rep re sented by a sym bol that we
write be tween x and y. For ex am ple, if x and y are real num bers then x
+ y de notes an other num ber, and if x and y are sets then x ∪ y is an‐ 
other set. Im i tat ing this no ta tion, when math e ma ti cians de fine a func‐ 
tion from A × A to A they some times rep re sent it with a sym bol rather
than a let ter, and they write the re sult of ap ply ing the func tion to a
pair (x, y) by putting the sym bol be tween x and y, rather than by
putting a let ter be fore (x, y). When a func tion from A × A to A is writ‐ 
ten in this way, it is usu ally called a bi nary op er a tion on A.
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For ex am ple, in part 2 of Ex am ple 5.4.7 we de fined g: P(N) ×
P(N) → P(N) by the for mula g(X, Y) = X ∩Y. In stead of in tro duc ing
the name g for this func tion, we could have talked about ∩ as a bi nary
op er a tion on P(N). We showed in the ex am ple that the set I of all in‐ 

fi nite sub sets of N is not closed un der g. An other way to say this is
that I is not closed un der the bi nary op er a tion ∩. What is the clo sure

of I un der ∩? For the an swer, see ex er cise 16.

Here’s an other ex am ple. We could de fine a bi nary op er a tion ∗ on
Z by say ing that for any in te gers x and y, x ∗ y = x2 − y2. Is the set
{0, 1} closed un der the bi nary op er a tion ∗? The an swer is no, be‐ 
cause 0 ∗ 1 = 02 − 12 = −1 /∈ {0, 1}. Thus, the clo sure of {0, 1} un‐ 
der ∗ must in clude −1. But as you can eas ily check, {−1, 0, 1} is
closed un der ∗. There fore the clo sure of {0, 1} un der ∗ is {−1, 0,
1}.

Ex er cises
*1. Let f: R → R be de fined by the for mula f(x) = (x + 1)/2. Are the

fol low ing sets closed un der f?
(a) Z.
(b) Q.
(c) {x ∈ R | 0 ≤ x < 4}.
(d) {x ∈ R | 2 ≤ x < 4}.

2. Let f: P(N) → P(N) be de fined by the for mula f(X) = X ∪ {17}.
Are the fol low ing sets closed un der f?

(a) {X ⊆ N | X is in fi nite}.
(b) {X ⊆ N | X is fi nite}.
(c) {X ⊆ N | X has at most 100 el e ments}.
(d) {X ⊆ N | 16 ∈ X}.

*3. Let f: Z → Z be de fined by the for mula f(n) = n2 − n. Find the
clo sure of {−1, 1} un der f.
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4. For any set A, the set of all re la tions on A is P(A × A). Let f: P(A
× A) → P(A × A) be de fined by the for mula f(R) = R−1. Is the set
of re flex ive re la tions on A closed un der f? What about the set of
sym met ric re la tions and the set of tran si tive re la tions? (Hint: See
ex er cise 12 of Sec tion 4.3.)

5. Sup pose f: A → A. Is ∅ closed un der f?

6. Sup pose f: A → A.
(a) Prove that if Ran(f) ⊆ C ⊆ A then C is closed un der f.
(b) Prove that for ev ery set B ⊆ A, the clo sure of B un der f is a sub‐ 

set of B ∪ Ran(f).
*7. Sup pose f: A → A and f is one-to-one and onto. Then by The o rem

5.3.1, f−1: A → A. Prove that if C ⊆ A and C is closed un der f,
then A \ C is closed un der f−1.

8. Sup pose f: A → A and C ⊆ A. Prove that C is closed un der f iff
the clo sure of C un der f is C.

*9. Sup pose f: A → A and C1 and C2 are sub sets of A that are closed
un der f.

(a) Prove that C1 ∪ C2 is closed un der f.
(b) Must C1 ∩ C2 be closed un der f? Jus tify your an swer.
(c) Must C1 \ C2 be closed un der f? Jus tify your an swer.

10. Sup pose f: A → A, B1 ⊆ A, and B2 ⊆ A. Let C1 be the clo sure of
B1 un der f, and let C2 be the clo sure of B2.

(a) Prove that if B1 ⊆ B2 then C1 ⊆ C2.
(b) Prove that the clo sure of B1 ∪ B2 un der f is C1 ∪ C2.
(c) Must the clo sure of B1 ∩ B2 be C1 ∩ C2? Jus tify your an swer.
(d) Must the clo sure of B1 \ B2 be C1 \ C2? Jus tify your an swer.

11. Prove The o rem 5.4.9.
*12. If F is a set of func tions from A to A and C ⊆ A, then we will say

that C is closed un der F if ∀f ∈ F∀x ∈ C(f(x) ∈ C). In other

words, C is closed un der F iff for all f ∈ F, C is closed un der f. If

B ⊆ A, then the clo sure of B un der F is the small est set C ⊆ A
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such that B ⊆ C and C is closed un der F. (You are asked to prove

in the next ex er cise that the clo sure al ways ex ists.)
(a) Let f and g be the func tions from R to R de fined by the for mu las

f(x) = x +1 and g(x) = x −1. Find the clo sure of {0} un der {f, g}.
(b) For each nat u ral num ber n, let fn: P(N) → P(N) be de fined by

the for mula fn (X) = X ∪ {n}, and let F = {fn | n ∈ N}. Find the

clo sure of {∅} un der F.

13. Sup pose F is a set of func tions from A to A and B ⊆ A. See the

pre vi ous ex er cise for the def i ni tion of the clo sure of B un der F.

(a) Prove that B has a clo sure un der F.

For each f ∈ F, let Cf be the clo sure of B un der f, and let C be the

clo sure of B un der F.

(b) Prove that 
(c) Must  be closed un der F? Jus tify your an swer with ei ther

a proof or a coun terex am ple.
(d) Must  Jus tify your an swer with ei ther a proof or a

coun terex am ple.
*14. Let f: R × R → R be de fined by the for mula f(x, y) = x − y. What

is the clo sure of N un der f?
15. Let f: R+ × R+ → R+ be de fined by the for mula f(x, y) = x/y. What

is the clo sure of Z+ un der f?
16. As in part 2 of Ex am ple 5.4.7, let I = {X ∈ P(N) | X is in fi nite}.

(a) Prove that for ev ery set X ⊆ N there are sets Y, Z ∈ I such that Y

∩ Z = X.
(b) What is the clo sure of I un der the bi nary op er a tion ∩?

*17. Let F = {f | f: R → R}. Then for any f, g ∈ F, f ◦ g ∈ F, so ◦ is a

bi nary op er a tion on F. Are the fol low ing sets closed un der ◦?

(a) {f ∈ F | f is one-to-one}. (Hint: See The o rem 5.2.5.)

(b) {f ∈ F | f is onto}.
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(c) {f ∈ F | f is strictly in creas ing}. (A func tion f: R → R is strictly

in creas ing if ∀x ∈ R∀y ∈ R(x < y → f (x) < f (y)).)
(d) {f ∈ F | f is strictly de creas ing}. (A func tion f: R → R is strictly

de creas ing if ∀x ∈ R∀y ∈ R(x < y → f (x) > f (y)).)

18. Let F = {f | f: R → R}. If f, g ∈ F, then we de fine the func tion f

+ g: R → R by the for mula (f + g)(x) = f(x) + g(x). Note that + is a
bi nary op er a tion on F. Are the fol low ing sets closed un der +?

(a) {f ∈ F | f is one-to-one}.

(b) {f ∈ F | f is onto}.

(c) {f ∈ F | f is strictly in creas ing}. (See the pre vi ous ex er cise for

the def i ni tion of strictly in creas ing.)
(d) {f ∈ F | f is strictly de creas ing}. (See the pre vi ous ex er cise for

the def i ni tion of strictly de creas ing.)
19. For any set A, the set of all re la tions on A is P(A × A), and ◦ is a

bi nary op er a tion on P(A × A). Is the set of re flex ive re la tions on
A closed un der ◦? What about the set of sym met ric re la tions and
the set of tran si tive re la tions?

*20. Di vi sion is not a bi nary op er a tion on R, be cause you can’t di vide
by 0. But we can fix this prob lem. We be gin by adding a new el e‐ 
ment to R. We will call the new el e ment “NaN” (for “Not a Num‐ 
ber”). Let   and de fine  as fol lows:

This no ta tion means that if x, y ∈ R and y ≠ 0 then f(x, y) = x/y,
and oth er wise f(x, y) = NaN. Thus, for ex am ple, f(3, 7) = 3/7, f(3,
0) = NaN, and f(NaN, 7) = NaN. Which of the fol low ing sets are
closed un der f?

(a) R.
(b) R

+.
(c) R

−.
(d) Q.
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(e) Q ∪{NaN}.

21. If F is a set of func tions from A × A to A and C ⊆ A, then we will

say that C is closed un der F if ∀f ∈ F∀x ∈ C∀y ∈ C(f(x, y) ∈

C). In other words, C is closed un der F iff for all f ∈ F, C is

closed un der f. If B ⊆ A, then the clo sure of B un der F is the

small est set C ⊆ A such that B ⊆ C and C is closed un der F, if

there is such a small est set. (Com pare these def i ni tions to the def‐ 
i ni tions in ex er cise 12.)

(a) Prove that the clo sure of B un der F ex ists.

(b) Let f: R × R → R and g: R × R → R be de fined by the for mu‐ 
lasf(x, y) = x+y and g(x, y) =xy. Prove that the clo sure of 
with  un der{f ad joined,, g} is the and set 
is de noted  (This set is called Q

(c) With f and g de fined as in part (b), what is the clo sure of 
un der {f, g}?

5.5. Im ages and In verse Im ages: A Re search
Project
Sup pose f: A → B. We have al ready seen that we can think of f as
match ing each el e ment of A with ex actly one el e ment of B. In this
sec tion we will see that f can also be thought of as match ing sub sets
of A with sub sets of B and vice-versa.

Def i ni tion 5.5.1. Sup pose f: A → B and X ⊆ A. Then the im age of X
un der f is the set f(X) de fined as fol lows:

(Note that the im age of the whole do main A un der f is {f(a) | a ∈ A},
and as we saw in Sec tion 5.1 this is the same as the range of f.)

If Y ⊆ B, then the in verse im age of Y un der f is the set f−1 (Y) de‐ 
fined as fol lows:
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Note that the func tion f in Def i ni tion 5.5.1 may fail to be one-to-
one or onto, and as a re sult f−1 may not be a func tion from B to A, and
for y ∈ B, the no ta tion “f−1 (y)” may be mean ing less. How ever, even
in this case Def i ni tion 5.5.1 still as signs a mean ing to the no ta tion
“f−1 (Y)” for Y ⊆ B. If you find this sur pris ing, look again at the def i‐ 
ni tion of f−1 (Y), and no tice that it does not treat f−1 as a func tion. The
def i ni tion refers only to the re sults of ap ply ing f to el e ments of A, not
the re sults of ap ply ing f−1 to el e ments of B.

For ex am ple, let L be the func tion de fined in part 3 of Ex am ple
5.1.2, which as signs to each city the coun try in which that city is lo‐ 
cated. As in Ex am ple 5.1.2, let C be the set of all cities and N the set
of all coun tries. If B is the set of all cities with pop u la tion at least one
mil lion, then B is a sub set of C, and the im age of B un der L would be
the set

Thus, L(B) is the set of all coun tries that con tain a city with pop u la‐ 
tion at least one mil lion. Now let A be the sub set of N con sist ing of all
coun tries in Africa. Then the in verse im age of A un der L is the set

Thus, L−1 (A) is the set of all cities in African coun tries.
Let’s do one more ex am ple. Let f: R → R be de fined by the for‐ 

mula f(x) = x2, and let X = {x ∈ R | 0 ≤ x < 2}. Then

Thus, f(X) is the set of all squares of real num bers be tween 0 and 2
(in clud ing 0 but not 2). A mo ment’s re flec tion should con vince you
that this set is {x ∈ R | 0 ≤ x < 4}. Now let’s let Y = {x ∈ R | 0 ≤ x <
4} and com pute f−1 (Y). Ac cord ing to the def i ni tion of in verse im age,
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By now you have had enough ex pe ri ence writ ing proofs that you
should be ready to put your proof-writ ing skills to work in an swer ing
math e mat i cal ques tions. Thus, most of this sec tion will be de voted to
a re search project in which you will dis cover for your self the an swers
to ba sic math e mat i cal ques tions about im ages and in verse im ages. To
get you started, we’ll work out the an swer to the first ques tion.

Sup pose f: A → B, and W and X are sub sets of A. A nat u ral ques tion
you might ask is whether or not f(W ∩ X) must be the same as f(W) ∩
f(X). It seems plau si ble that the an swer is yes, so let’s see if we can
prove it. Thus, our goal will be to prove that f(W ∩ X) = f(W) ∩ f(X).
Be cause this is an equa tion be tween two sets, we pro ceed by tak ing an
ar bi trary el e ment of each set and try ing to prove that it is an el e ment
of the other.

Sup pose first that y is an ar bi trary el e ment of f(W∩X). By the def i‐ 
ni tion of f(W ∩ X), this means that y = f(x) for some x ∈ W ∩ X.
Since x ∈ W ∩ X, it fol lows that x ∈ W and x ∈ X. But now we have
y = f(x) and x ∈ W, so we can con clude that y ∈ f(W). Sim i larly,
since y = f(x) and x ∈ X, it fol lows that y ∈ f(X). Thus, y ∈ f(W) ∩
f(X). This com pletes the first half of the proof.

Now sup pose that y ∈ f(W) ∩ f(X). Then y ∈ f(W), so there is
some w ∈ W such that f(w) = y, and also y ∈ f(X), so there is some x
∈ X such that y = f(x). If only we knew that w and x were equal, we
could con clude that w = x ∈ W ∩ X, so y = f(x) ∈ f(W ∩ X). But the
best we can do is to say that f(w) = y = f(x). This should re mind you of
the def i ni tion of one-to-one. If we knew that f was one-to-one, we
could con clude from the fact that f(w) = f(x) that w = x, and the proof
would be done. But with out this in for ma tion we seem to be stuck.

Let’s sum ma rize what we’ve dis cov ered. First of all, the first half
of the proof worked fine, so we can cer tainly say that in gen eral
f(W∩X) ⊆ f(W)∩ f(X). The sec ond half worked if we knew that f was
one-to-one, so we can also say that if f is one-to-one, then f(W∩X) =
f(W)∩f(X). But what if f isn’t one-to-one? There might be some way
of fix ing up the proof to show that the equa tion f(W∩X) = f(W)∩f(X)
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is still true even if f isn’t one-to-one. But by now you have prob a bly
come to sus pect that per haps f(W ∩ X) and f(W) ∩ f(X) are not al ways
equal, so maybe we should de vote some time to try ing to show that
the pro posed the o rem is in cor rect. In other words, let’s see if we can
find a coun terex am ple – an ex am ple of a func tion f and sets W and X
for which f(W ∩ X) ≠ f(W) ∩ f(X).

For tu nately, we can do bet ter than just try ing ex am ples at ran dom.
Of course, we know we’d bet ter use a func tion that isn’t one-to-one,
but by ex am in ing our at tempt at a proof, we can tell more than that.
The at tempted proof that f(W ∩ X) = f(W) ∩ f(X) ran into trou ble only
when W and X con tained el e ments w and x such that w ≠ x but f(w) =
f(x), so we should choose an ex am ple in which this hap pens. In other
words, not only should we make sure f isn’t one-to-one, we should
also make sure W and X con tain el e ments that show that f isn’t one-to-
one.

Fig ure 5.6.

The graph in Fig ure 5.6 shows a sim ple func tion that isn’t one-to-
one. Writ ing it as a set of or dered pairs, we could say f = {(1, 4), (2,
5), (3, 5)} and f: A → B, where A = {1, 2, 3} and B = {4, 5, 6}. The
two el e ments of A that show that f is not one-to-one are 2 and 3, so
these should be el e ments of W and X, re spec tively. Why not just try
let ting W = {2} and X = {3}? With these choices we get f(W) = {f(2)}
= {5} and f(X) = {f(3)} = {5}, so f(W) ∩ f(X) = {5} ∩ {5} = {5}. But
f(W ∩ X) = f(∅) = ∅, so f(W ∩ X) ≠ f(W) ∩ f(X). (If you’re not sure
why f(∅) = ∅, work it out us ing Def i ni tion 5.5.1!) If you want to see
an ex am ple in which W ∩ X ≠ ∅, try W = {1, 2} and X = {1, 3}.
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This ex am ple shows that it would be in cor rect to state a the o rem
say ing that f(W ∩ X) and f(W) ∩ f(X) are al ways equal. But our proof
shows that the fol low ing the o rem is cor rect:

The o rem 5.5.2. Sup pose f: A → B, and W and X are sub sets of A.
Then f(W∩X) ⊆ f(W)∩f(X). Fur ther more, if f is one-to-one, then
f(W∩X) = f(W) ∩ f(X).

Now, here are some ques tions for you to try to an swer. In each case,
try to fig ure out as much as you can. Jus tify your an swers with proofs
and coun terex am ples.
1. Sup pose f: A → B and W and X are sub sets of A.

(a) Will it al ways be true that f(W ∪ X) = f(W) ∪ f(X)?
(b) Will it al ways be true that f(W \ X) = f(W) \ f(X)?
(c) Will it al ways be true that W ⊆ X ↔ f(W) ⊆ f(X)?

2. Sup pose f: A → B and Y and Z are sub sets of B.
(a) Will it al ways be true that f−1 (Y ∩ Z) = f−1 (Y) ∩ f−1 (Z)?
(b) Will it al ways be true that f−1 (Y ∪ Z) = f−1 (Y) ∪ f−1 (Z)?
(c) Will it al ways be true that f−1 (Y \ Z) = f−1 (Y) \ f−1 (Z)?
(d) Will it al ways be true that Y ⊆ Z ↔ f−1 (Y) ⊆ f−1 (Z)?

3. Sup pose f: A → B and X ⊆ A. Will it al ways be true that f−1 (f
(X)) = X?

4. Sup pose f: A → B and Y ⊆ B. Will it al ways be true that f(f−1 (Y))
= Y?

5. Sup pose f: A → A and C ⊆ A. Prove that the fol low ing state ments
are equiv a lent:

(a) C is closed un der f.
(b) f(C) ⊆ C.
(c) C ⊆ f−1 (C).

6. Sup pose f: A → B and g: B → C. Can you prove any in ter est ing
the o rems about im ages and in verse im ages of sets un der g ◦ f?

Note: An ob ser vant reader may have no ticed an am bi gu ity in our no‐ 
ta tion for im ages and in verse im ages. If f: A → B and Y ⊆ B, then we
have used the no ta tion f−1 (Y) to stand for the in verse im age of Y un‐ 
der f. But if f is one-to-one and onto, then, as we saw in Sec tion 5.3,
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f−1 is a func tion from B to A. Thus, f−1 (Y) could also be in ter preted as
the im age of Y un der the func tion f−1. For tu nately, this am bi gu ity is
harm less, as the next prob lem shows.
7. Sup pose f: A → B, f is one-to-one and onto, and Y ⊆ B. Show that

the in verse im age of Y un der f and the im age of Y un der f−1 are
equal. (Hint: First write out the def i ni tions of the two sets care‐ 
fully!)
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6

Math e mat i cal In duc tion

6.1. Proof by Math e mat i cal In duc tion
In Chap ter 3 we stud ied proof tech niques that could be used in rea son‐ 
ing about any math e mat i cal topic. In this chap ter we’ll dis cuss one
more proof tech nique, called math e mat i cal in duc tion, that is de signed
for prov ing state ments about what is per haps the most fun da men tal of
all math e mat i cal struc tures, the nat u ral num bers. Re call that the set of
all nat u ral num bers is N = {0, 1, 2, 3, . . .}.

Sup pose you want to prove that ev ery nat u ral num ber has some prop‐ 
erty P. In other words, you want to show that 0, 1, 2, . . . all have the
prop erty P. Of course, there are in fin itely many num bers in this list, so
you can’t check one-by-one that they all have prop erty P. The key idea
be hind math e mat i cal in duc tion is that to list all the nat u ral num bers all
you have to do is start with 0 and re peat edly add 1. Thus, you can show
that ev ery nat u ral num ber has the prop erty P by show ing that 0 has
prop erty P, and that when ever you add 1 to a num ber that has prop erty
P, the re sult ing num ber also has prop erty P. This would guar an tee that,
as you go through the list of all nat u ral num bers, start ing with 0 and re‐ 
peat edly adding 1, ev ery num ber you en counter must have prop erty P.
In other words, all nat u ral num bers have prop erty P. Here, then, is how
the method of math e mat i cal in duc tion works.

To prove a goal of the form ∀n ∈ N P(n):
First prove P(0), and then prove ∀n ∈ N(P (n) → P(n + 1)). The first

of these proofs is some times called the base case and the sec ond the in‐ 
duc tion step.

Form of fi nal proof:

Base case: [Proof of P(0) goes here.]
In duc tion step: [Proof of ∀n ∈ N(P (n) → P(n + 1)) goes here.]



324

We’ll say more about the jus ti fi ca tion of the method of math e mat i cal
in duc tion later, but first let’s look at an ex am ple of a proof that uses
math e mat i cal in duc tion. The fol low ing list of cal cu la tions sug gests a
sur pris ing pat tern:

The gen eral pat tern ap pears to be:

Will this pat tern hold for all val ues of n? Let’s see if we can prove it.

Ex am ple 6.1.1. Prove that for ev ery nat u ral num ber n, 20 + 21 +· · · +2n

= 2n+1 − 1.

Scratch work
Our goal is to prove the state ment ∀n ∈ N P(n), where P(n) is the state‐ 
ment 20 + 21 +· · · +2n = 2n+1 − 1. Ac cord ing to our strat egy, we can do
this by prov ing two other state ments, P(0) and ∀n ∈ N(P (n) → P(n +
1)).

Plug ging in 0 for n, we see that P(0) is sim ply the state ment 20 = 21 −
1, the first state ment in our list of cal cu la tions. The proof of this is easy
– just do the arith metic to ver ify that both sides are equal to 1. Of ten
the base case of an in duc tion proof is very easy, and the only hard work
in fig ur ing out the proof is in car ry ing out the in duc tion step.

For the in duc tion step, we must prove ∀n ∈ N(P (n) → P(n + 1)). Of
course, all of the proof tech niques dis cussed in Chap ter 3 can be used in
math e mat i cal in duc tion proofs, so we can do this by let ting n be an ar‐ 
bi trary nat u ral num ber, as sum ing that P(n) is true, and then prov ing that
P(n + 1) is true. In other words, we’ll let n be an ar bi trary nat u ral num‐ 
ber, as sume that 20 + 21 +· · · +2n = 2n+1 − 1, and then prove that 20 +
21 +· · · +2n+1 = 2n+2 − 1. This gives us the fol low ing givens and goal:
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Clearly the sec ond given is sim i lar to the goal. Is there some way to
start with the sec ond given and de rive the goal us ing al ge braic steps?
The key to the proof is to rec og nize that the left side of the equa tion in
the goal is ex actly the same as the left side of the sec ond given, but
with the ex tra term 2n+1 added on. So let’s try adding 2n+1 to both sides
of the sec ond given. This gives us

or in other words,

This is the goal, so we are done!

So lu tion

The o rem. For ev ery nat u ral num ber n, 20 + 21 +· · · +2n = 2n+1 − 1.

Proof. We use math e mat i cal in duc tion.
Base case: Set ting n = 0, we get 20 = 1 = 21 − 1 as re quired.
In duc tion step: Let n be an ar bi trary nat u ral num ber and sup pose that

20 + 21 +· · · +2n = 2n+1 − 1. Then

□
Does the proof in Ex am ple 6.1.1 con vince you that the equa tion 20 +

21 + · · · + 2n = 2n+1 − 1, which we called P(n) in our scratch work, is
true for all nat u ral num bers n? Well, cer tainly P(0) is true, since we
checked that ex plic itly in the base case of the proof. In the in duc tion
step we showed that ∀n ∈ N(P (n) → P(n + 1)), so we know that for ev‐ 
ery nat u ral num ber n, P(n) → P(n + 1). For ex am ple, plug ging in n = 0
we can con clude that P(0) → P(1). But now we know that both P(0) and
P(0) → P(1) are true, so ap ply ing modus po nens we can con clude that
P(1) is true too. Sim i larly, plug ging in n = 1 in the in duc tion step we get
P(1) → P(2), so ap ply ing modus po nens to the state ments P(1) and P(1)
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→ P(2) we can con clude that P(2) is true. Set ting n = 2 in the in duc tion
step we get P(2) → P(3), so by modus po nens, P(3) is true. Con tin u ing
in this way, you should be able to see that by re peat edly ap ply ing the in‐ 
duc tion step you can show that P(n) must be true for ev ery nat u ral num‐ 
ber n. In other words, the proof re ally does show that ∀n ∈ N P(n).

As we saw in the last ex am ple, the hard est part of a proof by math e‐ 
mat i cal in duc tion is usu ally the in duc tion step, in which you must prove
the state ment ∀n ∈ N(P (n) → P(n + 1)). It is usu ally best to do this by
let ting n be an ar bi trary nat u ral num ber, as sum ing P(n) is true, and then
prov ing that P(n + 1) is true. The as sump tion that P(n) is true is some‐ 
times called the in duc tive hy poth e sis, and the key to the proof is usu ally
to work out some re la tion ship be tween the in duc tive hy poth e sis P(n)
and the goal P(n + 1).

Here’s an other ex am ple of a proof by math e mat i cal in duc tion.

Ex am ple 6.1.2. Prove that ∀n ∈ N(3 | (n3 − n)).

Scratch work

As usual, the base case is easy to check. The de tails are given in the fol‐ 
low ing proof. For the in duc tion step, we let n be an ar bi trary nat u ral
num ber and as sume that 3 | (n3 − n), and we must prove that 3 | ((n + 1)3

− (n + 1)). Fill ing in the def i ni tion of di vides, we can sum up our sit u a‐ 
tion as fol lows:

The sec ond given is the in duc tive hy poth e sis, and we need to fig ure out
how it can be used to es tab lish the goal.

Ac cord ing to our tech niques for deal ing with ex is ten tial quan ti fiers
in proofs, the best thing to do first is to use the sec ond given and let k
stand for a par tic u lar in te ger such that 3k = n3 − n. To com plete the
proof we’ll need to find an in te ger j (which will prob a bly be re lated to k
in some way) such that 3j = (n + 1)3 − (n + 1). We ex pand the right side
of this equa tion, look ing for some way to re late it to the given equa tion
3k = n3 − n:
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It should now be clear that we can com plete the proof by let ting j = k +
n2 + n. As in sim i lar ear lier proofs, we don’t bother to men tion j in the
proof.

So lu tion

The o rem. For ev ery nat u ral num ber n, 3 | (n3 − n).

Proof. We use math e mat i cal in duc tion.
Base case: If n = 0, then n3 − n = 0 = 3 · 0, so 3 | (n3 − n).
In duc tion step: Let n be an ar bi trary nat u ral num ber and sup pose 3 |

(n3 − n). Then we can choose an in te ger k such that 3k = n3 − n. Thus,

There fore 3 | ((n + 1)3 − (n + 1)), as re quired.
□

Once you un der stand why math e mat i cal in duc tion works, you should
be able to un der stand proofs that in volve small vari a tions on the
method of in duc tion. The next ex am ple il lus trates such a vari a tion. In
this ex am ple we’ll try to fig ure out which is larger, n2 or 2n. Let’s try
out a few val ues of n:
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It’s a close race at first, but start ing with n = 5, it looks like 2n is tak‐ 
ing a de ci sive lead over n2. Can we prove that it will stay ahead for
larger val ues of n?

Ex am ple 6.1.3. Prove that ∀n ≥ 5(2n > n2).

Scratch work

We are only in ter ested in prov ing the in equal ity 2n > n2 for n ≥ 5. Thus,
it would make no sense to use n = 0 in the base case of our in duc tion
proof. We’ll take n = 5 as the base case for our in duc tion rather than n =
0. Once we’ve checked that the in equal ity holds when n = 5, the in duc‐ 
tion step will show that the in equal ity must con tinue to hold if, start ing
with n = 5, we re peat edly add 1 to n. Thus, it must also hold for n = 6, 7,
8, . . . . In other words, we’ll be able to con clude that the in equal ity
holds for all n ≥ 5.

The base case n = 5 has al ready been checked in the ta ble. For the in‐ 
duc tion step, we let n ≥ 5 be ar bi trary, as sume 2n > n2, and try to prove
that 2n+1 > (n + 1)2. How can we re late the in duc tive hy poth e sis to the
goal? Per haps the sim plest re la tion ship in volves the left sides of the
two in equal i ties: 2n+1 = 2 · 2n. Thus, mul ti ply ing both sides of the in‐ 
duc tive hy poth e sis 2n > n2 by 2, we can con clude that 2n+1 > 2n2. Now
com pare this in equal ity to the goal, 2n+1 > (n + 1)2. If we could prove
that 2n2 ≥ (n + 1)2, then the goal would fol low eas ily. So let’s for get
about the orig i nal goal and see if we can prove that 2n2 ≥ (n + 1)2.

Mul ti ply ing out the right side of the new goal we see that we must
prove that 2n2 ≥ n2 +2n+1, or in other words n2 ≥ 2n+1. This isn’t hard
to prove: Since we’ve as sumed that n ≥ 5, it fol lows that n2 ≥ 5n = 2n +
3n > 2n + 1.

So lu tion

The o rem. For ev ery nat u ral num ber n ≥ 5, 2n > n2.

Proof. By math e mat i cal in duc tion.
Base case: When n = 5 we have 2n = 32 > 25 = n2.
In duc tion step: Let n ≥ 5 be ar bi trary, and sup pose that 2n > n2. Then
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□

Ex er cises
*1. Prove that for all n ∈ N, 0 + 1 + 2 +· · · +n = n(n + 1)/2.

2. Prove that for all n ∈ N, 02 + 12 + 22 +· · · +n2 = n(n + 1)(2n +
1)/6.

*3. Prove that for all n ∈ N, 03 + 13 + 23 +· · · +n3 = [n(n + 1)/2]2.

4. Find a for mula for 1 + 3 + 5 +· · · +(2n − 1), for n ≥ 1, and prove
that your for mula is cor rect. (Hint: First try some par tic u lar val ues
of n and look for a pat tern.)

5. Prove that for all n ∈ N, 0 · 1 + 1 · 2 + 2 · 3 + · · · + n(n + 1) = n(n
+ 1)(n + 2)/3.

6. Find a for mula for 0 · 1 · 2 + 1 · 2 · 3 + 2 · 3 · 4 +· · · +n(n + 1)(n +
2), for n ∈ N, and prove that your for mula is cor rect. (Hint: Com‐ 
pare this ex er cise to ex er cises 1 and 5, and try to guess the for‐ 
mula.)

*7. Find a for mula for 30 +31 +32 +· · · +3n, for n ≥ 0, and prove that
your for mula is cor rect. (Hint: Try to guess the for mula, bas ing
your guess on Ex am ple 6.1.1. Then try out some val ues of n and ad‐ 
just your guess if nec es sary.)

8. Prove that for all n ≥ 1,

9. (a) Prove that for all n ∈ N, 2 | (n2 + n).

(b) Prove that for all n ∈ N, 6 | (n3 − n).
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10. Prove that for all n ∈ N, 64 | (9n − 8n − 1).
11. Prove that for all n ∈ N, 9 | (4n + 6n − 1).

12. (a) Prove that for all n ∈ N, 7n − 5n is even.

(b) Prove that for all n ∈ N, 24 | (2 · 7n − 3 · 5n + 1).

13. Prove that for all in te gers a and b and all n ∈ N, (a − b) | (an − bn).
(Hint: Let a and b be ar bi trary in te gers and then prove by in duc tion
that ∀n ∈ N[(a − b) | (an − bn)]. For the in duc tion step, you must
re late an+1 − bn+1 to an − bn. You might find it use ful to start by
com plet ing the fol low ing equa tion: 

14. Prove that for all in te gers a and b and all n ∈ N, (a + b) | (a2n+1 +
b2n+1).

15. Prove that for all n ≥ 10, 2n > n3.
16. (a) Prove that for all n ∈ N, ei ther n is even or n is odd, but not

both.
(b) Prove that, as claimed in Sec tion 3.4, ev ery in te ger is ei ther even or

odd, but not both. (Hint: To prove that a neg a tive in te ger n is even
or odd, but not both, ap ply part (a) to −n.)

17. Prove that for all n ≥ 1, 2 · 21 + 3 · 22 + 4 · 23 +· · · +(n + 1)2n =
n2n+1.

18. (a) What’s wrong with the fol low ing proof that for ev ery n ∈ N,
1· 30 + 3 · 31 + 5 · 32 +· · · +(2n + 1)3n = n3n+1?

Proof. We use math e mat i cal in duc tion. Let n be an ar bi trary nat u ral
num ber, and sup pose 1·30 +3·31 +5·32 +· · ·+(2n+1)3n = n3n+1.
Then

as re quired.
□

(b) Find a for mula for 1 · 30 + 3 · 31 + 5 · 32 +· · · +(2n + 1)3n, and
prove that your for mula is cor rect.
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19. Sup pose a is a real num ber and a < 0. Prove that for all n ∈ N, if n
is even then an > 0, and if n is odd then an < 0.

20. Sup pose a and b are real num bers and 0 < a < b.
(a) Prove that for all n ≥ 1, 0 < an < bn. (No tice that this gen er al izes

Ex am ple 3.1.2.)
(b) Prove that for all 
(c) Prove that for all n ≥ 1, abn + ban < an+1 + bn+1.
(d) Prove that for all n ≥ 2,

6.2. More Ex am ples
We in tro duced math e mat i cal in duc tion in the last sec tion as a method
for prov ing that all nat u ral num bers have some prop erty. How ever, the
ap pli ca tions of math e mat i cal in duc tion ex tend far be yond the study of
the nat u ral num bers. In this sec tion we’ll look at some ex am ples of
proofs by math e mat i cal in duc tion that il lus trate the wide range of uses
of in duc tion.

Ex am ple 6.2.1. Sup pose R is a par tial or der on a set A. Prove that ev ery
fi nite, nonempty set B ⊆ A has an R-min i mal el e ment.

Scratch work

You might think at first that math e mat i cal in duc tion is not ap pro pri ate
for this proof, be cause the goal doesn’t seem to have the form ∀n ∈ N
P(n). In fact, the goal doesn’t ex plic itly men tion nat u ral num bers at all!
But we can see that nat u ral num bers en ter into the prob lem when we
rec og nize that to say that B is fi nite and nonempty means that it has n
el e ments, for some n ∈ N, n ≥ 1. (We’ll give a more care ful def i ni tion
of the num ber of el e ments in a fi nite set in Chap ter 8. For the mo ment,
an in tu itive un der stand ing of this con cept will suf fice.) Thus, the goal
means ∀n ≥ 1∀B ⊆ A(B has n el e ments → B has a min i mal el e ment).
We can now use in duc tion to prove this state ment.

In the base case we will have n = 1, so we must prove that if B has
one el e ment, then it has a min i mal el e ment. It is easy to check that in
this case the one el e ment of B must be min i mal.
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For the in duc tion step we let n ≥ 1 be ar bi trary, as sume that ∀B ⊆
A(B has n el e ments → B has a min i mal el e ment), and try to prove that
∀B ⊆ A(B has n + 1 el e ments → B has a min i mal el e ment). Guided by
the form of the goal, we let B be an ar bi trary sub set of A, as sume that B
has n + 1 el e ments, and try to prove that B has a min i mal el e ment.

How can we use the in duc tive hy poth e sis to reach our goal? The in‐ 
duc tive hy poth e sis tells us that if we had a sub set of A with n el e ments,
then it would have a min i mal el e ment. To ap ply it, we need to find a
sub set of A with n el e ments. Our ar bi trary set B is a sub set of A, and we
have as sumed that it has n + 1 el e ments. Thus, a sim ple way to pro duce
a sub set of A with n el e ments would be to re move one el e ment from B.
It is not clear where this rea son ing will lead, but it seems to be the sim‐ 
plest way to make use of the in duc tive hy poth e sis. Let’s give it a try.

Let b be any el e ment of B, and let B′ = B \ {b}. Then B′ is a sub set of
A with n el e ments, so by the in duc tive hy poth e sis, B′ has a min i mal el e‐ 
ment. This is an ex is ten tial state ment, so we im me di ately in tro duce a
new vari able, say c, to stand for a min i mal el e ment of B′.

Our goal is to prove that B has a min i mal el e ment, which is also an
ex is ten tial state ment, so we should try to come up with a min i mal el e‐ 
ment of B. We only know about two el e ments of B at this point, b and c,
so we should prob a bly try to prove that one of these is a min i mal el e‐ 
ment of B. Which one? Well, it may de pend on whether one of them is
smaller than the other ac cord ing to the par tial or der R. This sug gests
that we may need to use proof by cases. In our proof we use the cases
bRc and ¬bRc. In the first case we prove that b is a min i mal el e ment of
B, and in the sec ond case we prove that c is a min i mal el e ment of B.
Note that to say that some thing is a min i mal el e ment of B is a neg a tive
state ment, so in both cases we use proof by con tra dic tion.

So lu tion

The o rem. Sup pose R is a par tial or der on a set A. Then ev ery fi nite,
nonempty set B ⊆ A has an R-min i mal el e ment.

Proof. We will show by in duc tion that for ev ery nat u ral num ber n ≥ 1,
ev ery sub set of A with n el e ments has a min i mal el e ment.

Base case: n = 1. Sup pose B ⊆ A and B has one el e ment. Then B =
{b} for some b ∈ A. Clearly ¬∃x ∈ B(x ≠ b), so cer tainly ¬∃x ∈ B(xRb
∧ x ≠ b). Thus, b is min i mal.
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In duc tion step: Sup pose n ≥ 1, and sup pose that ev ery sub set of A
with n el e ments has a min i mal el e ment. Now let B be an ar bi trary sub‐ 
set of A with n + 1 el e ments. Let b be any el e ment of B, and let B′ = B \
{b}, a sub set of A with n el e ments. By the in duc tive hy poth e sis, we can
choose a min i mal el e ment c ∈ B′.

Case 1. bRc. We claim that b is a min i mal el e ment of B. To see why,
sup pose it isn’t. Then we can choose some x ∈ B such that xRb and x ≠
b. Since x ≠ b, x ∈ B′. Also, since xRb and bRc, by tran si tiv ity of R it
fol lows that xRc. Thus, since c is a min i mal el e ment of B′, we must
have x = c. But then since xRb we have cRb, and we also know bRc, so
by an ti sym me try of R it fol lows that b = c. This is clearly im pos si ble,
since c ∈ B′ = B \ {b}. Thus, b must be a min i mal el e ment of B.

Case 2. ¬bRc. We claim in this case that c is a min i mal el e ment of B.
To see why, sup pose it isn’t. Then we can choose some x ∈ B such that
xRc and x ≠ c. Since c is a min i mal el e ment of B′, we can’t have x ∈ B′,
so the only other pos si bil ity is x = b. But then since xRc we must have
bRc, which con tra dicts our as sump tion that ¬bRc. Thus, c is a min i mal
el e ment of B.

□

Note that an in fi nite sub set of a par tially or dered set need not have a
min i mal el e ment, as we saw in part 1 of Ex am ple 4.4.5. Thus, the as‐ 
sump tion that B is fi nite was needed in our last the o rem. This the o rem
can be used to prove an other in ter est ing fact about par tial or ders, again
us ing math e mat i cal in duc tion:

Ex am ple 6.2.2. Sup pose A is a fi nite set and R is a par tial or der on A.
Prove that R can be ex tended to a to tal or der on A. In other words, prove
that there is a to tal or der T on A such that R ⊆ T.

Scratch work
We’ll only out line the proof, leav ing many de tails as ex er cises. The
idea is to prove by in duc tion that ∀n ∈ N∀A∀R[(A has n el e ments and
R is a par tial or der on A) →∃T (T is a to tal or der on A and R ⊆ T)]. The
in duc tion step is sim i lar to the in duc tion step of the last ex am ple. If R
is a par tial or der on a set A with n + 1 el e ments, then we re move one el‐ 
e ment, call it a, from A, and ap ply the in duc tive hy poth e sis to the re‐ 
main ing set A′ = A\{a}. This will give us a to tal or der T′ on A′, and to
com plete the proof we must some how turn this into a to tal or der T on A
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such that R ⊆ T. The re la tion T′ al ready tells us how to com pare any
two el e ments of A′, but it doesn’t tell us how to com pare a to the el e‐ 
ments of A′. This is what we must de cide in or der to de fine T, and the
main dif fi culty in this step of the proof is that we must make this de ci‐ 
sion in such a way that we end up with R ⊆ T. Our res o lu tion of this
dif fi culty in the fol low ing proof in volves choos ing a care fully in the
first place. We choose a to be an R-min i mal el e ment of A, and then
when we de fine T, we make a smaller in the T or der ing than ev ery el e‐ 
ment of A′. We use the the o rem in the last ex am ple, with B = A, to guar‐ 
an tee that A has an R-min i mal el e ment.

So lu tion

The o rem. Sup pose A is a fi nite set and R is a par tial or der on A. Then
there is a to tal or der T on A such that R ⊆ T.

Proof. We will show by in duc tion on n that ev ery par tial or der on a set
with n el e ments can be ex tended to a to tal or der. Clearly this suf fices to
prove the the o rem.

Base case: n = 0. Sup pose R is a par tial or der on A and A has 0 el e‐ 
ments. Then clearly A = R = ∅. It is easy to check that ∅ is a to tal or‐ 
der on A (all re quired prop er ties hold vac u ously), so we are done.

In duc tion step: Let n be an ar bi trary nat u ral num ber, and sup pose that
ev ery par tial or der on a set with n el e ments can be ex tended to a to tal
or der. Now sup pose that A has n + 1 el e ments and R is a par tial or der on
A. By the the o rem in the last ex am ple, there must be some a ∈ A such
that a is an R-min i mal el e ment of A. Let A′ = A \ {a} and let R′ = R ∩
(A′ × A′). You are asked to show in ex er cise 1 that R′ is a par tial or der on
A′. By the in duc tive hy poth e sis, we can let T′ be a to tal or der on A′ such
that R′ ⊆ T′. Now let T = T′ ∪ ({a} × A). You are also asked to show in
ex er cise 1 that T is a to tal or der on A and R ⊆ T, as re quired.

□

The the o rem in the last ex am ple can be ex tended to ap ply to par tial
or ders on in fi nite sets. For a step in this di rec tion, see ex er cise 19 in
Sec tion 8.1.

Ex am ple 6.2.3. Prove that for all n ≥ 3, if n dis tinct points on a cir cle
are con nected in con sec u tive or der with straight lines, then the in te rior
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an gles of the re sult ing poly gon add up to (n − 2)180◦.

So lu tion

Fig ure 6.1 shows an ex am ple with n = 4. We won’t give the scratch
work sep a rately for this proof.

Fig ure 6.1. α + β + γ + δ = (4 − 2)180◦ = 360◦.

The o rem. For all n ≥ 3, if n dis tinct points on a cir cle are con nected in
con sec u tive or der with straight lines, then the in te rior an gles of the re‐ 
sult ing poly gon add up to (n − 2)180◦.

Proof. We use in duc tion on n.

Base case: Sup pose n = 3. Then the poly gon is a tri an gle, and it is
well known that the in te rior an gles of a tri an gle add up to 180◦.

In duc tion step: Let n be an ar bi trary nat u ral num ber, n ≥ 3, and as‐ 
sume the state ment is true for n. Now con sider the poly gon P formed by
con nect ing some n + 1 dis tinct points A1, A2, . . . , An+1 on a cir cle. If we
skip the last point An+1, then we get a poly gon P′ with only n ver tices,
and by the in duc tive hy poth e sis the in te rior an gles of this poly gon add
up to (n − 2)180◦. But now as you can see in Fig ure 6.2, the sum of the
in te rior an gles of P is equal to the sum of the in te rior an gles of P′ plus
the sum of the in te rior an gles of the tri an gle A1 An An+1. Since the sum
of the in te rior an gles of the tri an gle is 180◦, we can con clude that the
sum of the in te rior an gles of P is
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as re quired.
□

Fig ure 6.2.

Ex am ple 6.2.4. Prove that for any pos i tive in te ger n, a 2n × 2n square
grid with any one square re moved can be cov ered with L-shaped tiles
that look like this: 

Scratch work
Fig ure 6.3 shows an ex am ple for the case n = 2. In this case 2n = 4, so
we have a 4 × 4 grid, and the square that has been re moved is shaded.
The heavy lines show how the re main ing squares can be cov ered with
five L-shaped tiles.

Fig ure 6.3.
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We’ll use in duc tion in our proof, and be cause we’re only in ter ested in
pos i tive n, the base case will be n = 1. In this case we have a 2 × 2 grid
with one square re moved, and this can clearly be cov ered with one L-
shaped tile. (Draw a pic ture!)

For the in duc tion step, we let n be an ar bi trary pos i tive in te ger and
as sume that a 2n ×2n grid with any one square re moved can be cov ered
with L-shaped tiles. Now sup pose we have a 2n+1 × 2n+1 grid with one
square re moved. To use our in duc tive hy poth e sis we must some how re‐ 
late this to the 2n × 2n grid. Since 2n+1 = 2n · 2, the 2n+1 × 2n+1 grid is
twice as wide and twice as high as the 2n × 2n grid. In other words, by
di vid ing the 2n+1 × 2n+1 grid in half both hor i zon tally and ver ti cally, we
can split it into four 2n × 2n “sub grids.” This is il lus trated in Fig ure 6.4.
The one square that has been re moved will be in one of the four sub‐ 
grids; in Fig ure 6.4, it is in the up per right.

Fig ure 6.4.

The in duc tive hy poth e sis tells us that it is pos si ble to cover the up per
right sub grid in Fig ure 6.4 with L-shaped tiles. But what about the other
three sub grids? It turns out that there is a clever way of plac ing one tile
on the grid so that the in duc tive hy poth e sis can then be used to show
that the re main ing sub grids can be cov ered. See if you can fig ure it out
be fore read ing the an swer in the fol low ing proof.

So lu tion

The o rem. For any pos i tive in te ger n, a 2n × 2n square grid with any one
square re moved can be cov ered with L-shaped tiles.

Proof. We use in duc tion on n.
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Base case: Sup pose n = 1. Then the grid is a 2 × 2 grid with one
square re moved, which can clearly be cov ered with one L-shaped tile.

In duc tion step: Let n be an ar bi trary pos i tive in te ger, and sup pose
that a 2n × 2n grid with any one square re moved can be cov ered with L-
shaped tiles. Now con sider a 2n+1 × 2n+1 grid with one square re moved.
Cut the grid in half both ver ti cally and hor i zon tally, split ting it into four
2n × 2n sub grids. The one square that has been re moved comes from one
of these sub grids, so by the in duc tive hy poth e sis the rest of this sub grid
can be cov ered with L-shaped tiles. To cover the other three sub grids,
first place one L-shaped tile in the cen ter so that it cov ers one square
from each of the three re main ing sub grids, as il lus trated in Fig ure 6.5.
The area re main ing to be cov ered now con tains ev ery square ex cept one
in each of the sub grids, so by ap ply ing the in duc tive hy poth e sis to each
sub grid we can see that this area can be cov ered with tiles.

□

Fig ure 6.5.

It is in ter est ing to note that this proof can ac tu ally be used to fig ure
out how to place tiles on a par tic u lar grid. For ex am ple, con sider the 8 ×
8 grid with one square re moved shown in Fig ure 6.6.

Fig ure 6.6.
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Ac cord ing to the pre ced ing proof, the first step in cov er ing this grid
with tiles is to split it into four 4 × 4 sub grids and place one tile in the
cen ter, cov er ing one square from each sub grid ex cept the up per left.
This is il lus trated in Fig ure 6.7. The area re main ing to be cov ered now
con sists of four 4 × 4 sub grids with one square re moved from each of
them.

How do we cover the re main ing 4 × 4 sub grids? By the same method,
of course! For ex am ple, let’s cover the sub grid in the up per right of Fig‐ 
ure 6.7. We need to cover ev ery square of this sub grid ex cept the lower
left cor ner, which has al ready been cov ered. We start by cut ting it into
four 2 × 2 sub grids and put one tile in the mid dle, as in Fig ure 6.8. The
area re main ing to be cov ered now con sists of four 2 × 2 sub grids with
one square re moved from each. Each of these can be cov ered with one
tile, thus com plet ing the up per right sub grid of Fig ure 6.7.

Fig ure 6.7.

Fig ure 6.8.

The re main ing three quar ters of Fig ure 6.7 are com pleted by a sim i‐ 
lar pro ce dure. The fi nal so lu tion is shown in Fig ure 6.9.
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Fig ure 6.9.

The method we used in solv ing this prob lem is an ex am ple of a re‐ 
cur sive pro ce dure. We solved the prob lem for an 8×8 grid by split ting it
into four 4×4 grid prob lems. To solve each of these, we split it into four
2×2 prob lems, each of which was easy to solve. If we had started with a
larger grid, we might have had to re peat the split ting many times be fore
reach ing easy 2 × 2 prob lems. Re cur sion and its re la tion ship to math e‐ 
mat i cal in duc tion are the sub ject of our next sec tion.

Ex er cises
*1. Com plete the proof in Ex am ple 6.2.2 by do ing the fol low ing proofs.

(We use the same no ta tion here as in the ex am ple.)
(a) Prove that R′ is a par tial or der on A′.
(b) Prove that T is a to tal or der on A and R ⊆ T.

2. Sup pose R is a par tial or der on a set A, B ⊆ A, and B is fi nite. Prove
that there is a par tial or der T on A such that R ⊆ T and ∀x ∈ B∀y
∈ A(xT y ∨ yT x). Note that, in par tic u lar, if A is fi nite we can let B
= A, and the con clu sion then means that T is a to tal or der on A.
Thus, this gives an al ter na tive ap proach to the proof of the the o rem
in Ex am ple 6.2.2. (Hint: Use in duc tion on the num ber of el e ments
in B. For the in duc tion step, as sume the con clu sion holds for any set
B ⊆ A with n el e ments, and sup pose B is a sub set of A with n + 1
el e ments. Let b be any el e ment of B and let B′ = B \{b}, a sub set of
A with n el e ments. By the in duc tive hy poth e sis, let T′ be a par tial
or der on A such that R ⊆ T′ and ∀x ∈ B′ ∀y ∈ A(xT′ y ∨ yT′ x).
Now let A1 = {x ∈ A | (x, b) ∈ T′} and A2 = A \ A1, and let T = T′ ∪
(A1 × A2). Prove that T has all the re quired prop er ties.)
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3. Sup pose R is a to tal or der on a set A. Prove that ev ery fi nite,
nonempty set B ⊆ A has an R-small est el e ment and an R-largest el‐ 
e ment.

*4. (a) Sup pose R is a re la tion on A, and ∀x ∈ A∀y ∈ A(xRy ∨ yRx).
(Note that this im plies that R is re flex ive.) Prove that for ev ery
fi nite, nonempty set B ⊆ A there is some x ∈ B such that ∀y
∈ B((x, y) ∈ R ◦ R). (Hint: Im i tate Ex am ple 6.2.1.)

(b) Con sider a tour na ment in which each con tes tant plays ev ery other
con tes tant ex actly once, and one of them wins. We’ll say that a
con tes tant x is ex cel lent if, for ev ery other con tes tant y, ei ther x
beats y or there is a third con tes tant z such that x beats z and z beats
y. Prove that there is at least one ex cel lent con tes tant.

5. For each n ∈ N, let Fn = 2(2n) + 1. (These num bers are called the
Fer mat num bers, af ter the French math e ma ti cian Pierre de Fer mat
(1601–1665). Fer mat showed that F0, F1, F2, F3, and F4 are prime,
and con jec tured that all of the Fer mat num bers are prime. How ever,
over 100 years later Eu ler showed that F5 is not prime. It is not
known if there is any n > 4 for which Fn is prime.)

Prove that for all n ≥ 1, Fn = (F0 · F1 · F2 · · · Fn−1) + 2.

6. Prove that if n ≥ 1 and a1, a2, . . . , an are any real num bers, then |a1
+ a2 + · · · + an | ≤ |a1| + |a2| + · · · + |an|. (Note that this gen er al izes
the tri an gle in equal ity; see ex er cise 13(c) of Sec tion 3.5.)

7. (a) Prove that if a and b are pos i tive real num bers, then a/b + b/a
≥ 2. (Hint: Start with the fact that (a − b)2 ≥ 0.)

(b) Sup pose that a, b, and c are real num bers and 0 < a ≤ b ≤ c. Prove
that b/c + c/a − b/a ≥ 1. (Hint: Start with the fact that (c − a)(c − b)
≥ 0.)

(c) Prove that if n ≥ 2 and a1, a2, . . . , an are real num bers such that 0 <
a1 ≤ a2 ≤ · · · ≤ an, then a1/a2 +a2 /a3 + · · · + an−1/an +an/a1 ≥ n.

*8. If n ≥ 2 and a1, a2, . . . , an is a list of pos i tive real num bers, then
the num ber (a1 + a2 + · · · + an)/n is called the arith metic mean of
the num bers a1, a2, . . . , an, and the num ber  is called
their geo met ric mean. In this ex er cise you will prove the arith metic
mean–geo met ric mean in equal ity, which says that the arith metic
mean is al ways at least as large as the geo met ric mean.
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(a) Prove that the arith metic mean–geo met ric mean in equal ity holds
for lists of num bers of length 2. In other words, prove that for all
pos i tive real num bers a and 

(b) Prove that the arith metic mean–geo met ric mean in equal ity holds
for any list of num bers whose length is a power of 2. In other
words, prove that for all n ≥ 1, if a1, a2, . . . , a2n is a list of pos i tive
real num bers, then

(c) Sup pose that n0 ≥ 2 and the arith metic mean–geo met ric mean in‐ 
equal ity fails for some list of length n0. In other words, there are
pos i tive real num bers a1, a2, . . . , an0

 such that

Prove that for all n ≥ n0, the arith metic mean–geo met ric mean in‐ 
equal ity fails for some list of length n.

(d) Prove that the arith metic mean–geo met ric mean in equal ity al ways
holds.

9. Prove that if n ≥ 2 and a1, a2, . . . , an is a list of pos i tive real num‐ 
bers, then

(Hint: Ap ply ex er cise 8. The num ber on the left side of the in equal‐ 
ity above is called the har monic mean of the num bers a1, a2, . . . ,
an.)

10. (a) Prove that if a1, a2, b1, and b2 are real num bers, with a1 ≤ a2
and b1 ≤ b2, then a1 b2 + a2 b1 ≤ a1 b1 + a2 b2.

(b) Sup pose that n is a pos i tive in te ger, a1, a2, . . . , an and b1, b2, . . . ,
bn are real num bers, a1 ≤ a2 ≤ · · · ≤ an, b1 ≤ b2 ≤ · · · ≤ bn, and f is
a one-to-one, onto func tion from {1, 2, . . . , n} to {1, 2, . . . , n}.
Prove that a1 bf(1) + a2 bf(2) +· · · +an bf(n) ≤ a1 b1 + a2 b2 +· · · +an
bn. (This fact is known as the re arrange ment in equal ity.)
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11. Prove that for ev ery set A, if A has n el e ments then P(A) has 2n el e‐ 
ments.

12. If A is a set, let P2 (A) be the set of all sub sets of A that have ex‐ 
actly two el e ments. Prove that for ev ery set A, if A has n el e ments
then P2 (A) has n(n − 1)/2 el e ments. (Hint: See the so lu tion for ex‐ 
er cise 11.)

13. Sup pose n is a pos i tive in te ger. An equi lat eral tri an gle is cut into 4n

con gru ent equi lat eral tri an gles by equally spaced line seg ments par‐ 
al lel to the sides of the tri an gle, and one cor ner is re moved. (Fig ure
6.10 shows an ex am ple in the case n = 2.) Show that the re main ing
area can be cov ered by trape zoidal tiles like this: 

Fig ure 6.10.

14. Let n be a pos i tive in te ger. Sup pose n chords are drawn in a cir cle
in such a way that each chord in ter sects ev ery other, but no three in‐ 
ter sect at one point. Prove that the chords cut the cir cle into (n2 + n
+ 2)/2 re gions. (Fig ure 6.11 shows an ex am ple in the case n = 4.
Note that there are (42 + 4 + 2)/2 = 11 re gions in this fig ure.)

Fig ure 6.11.

15. Let n be a pos i tive in te ger, and sup pose that n chords are drawn in a
cir cle in any way, cut ting the cir cle into a num ber a re gions. Prove
that the re gions can be col ored with two col ors in such a way that
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ad ja cent re gions (that is, re gions that share an edge) are dif fer ent
col ors. (Fig ure 6.12 shows an ex am ple in the case n = 4.)

Fig ure 6.12.

16. Prove that for ev ery fi nite set A and ev ery func tion f: A → A, if f is
one-to-one then f is onto. (Hint: Use in duc tion on the num ber of el‐ 
e ments in A. For the in duc tion step, as sume the con clu sion holds
for any set A with n el e ments, and sup pose that A has n + 1 el e‐ 
ments and f: A → A. Sup pose f is one-to-one but not onto. Then
there is some a ∈ A such that a /∈ Ran(f). Let A′ = A \ {a} and f′ =
f ∩ (A′ × A′). Show that f′: A′ → A′, f′ is one-to-one, and f′ is not
onto, which con tra dicts the in duc tive hy poth e sis.)

17. What’s wrong with the fol low ing proof that if A ⊆ N and 0 ∈ A
then A = N?

Proof. We will prove by in duc tion that ∀n ∈ N(n ∈ A).

Base case: If n = 0, then n ∈ A by as sump tion.
In duc tion step: Let n ∈ N be ar bi trary, and sup pose that n ∈ A.

Since n was ar bi trary, it fol lows that ev ery nat u ral num ber is an el‐ 
e ment of A, and there fore in par tic u lar n + 1 ∈ A.

□
18. Sup pose f: R → R. What’s wrong with the fol low ing proof that for

ev ery fi nite, nonempty set A ⊆ R there is a real num ber c such that
∀x ∈ A(f (x) = c) ?

Proof. We will prove by in duc tion that for ev ery n ≥ 1, if A is any
sub set of R with n el e ments then ∃c ∈ R∀x ∈ A(f (x) = c).

Base case: n = 1. Sup pose A ⊆ R and A has one el e ment. Then A
= {a}, for some a ∈ R. Let c = f(a). Then clearly ∀x ∈ A(f (x) =
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c).
In duc tion step: Sup pose n ≥ 1, and for all A ⊆ R, if A has n el e‐ 

ments then ∃c ∈ R∀x ∈ A(f (x) = c). Now sup pose A ⊆ R and A
has n + 1 el e ments. Let a1 be any el e ment of A, and let A1 = A \
{a1}. Then A1 has n el e ments, so by the in duc tive hy poth e sis there
is some c1 ∈ R such that ∀x ∈ A1 (f (x) = c1). If we can show that
f(a1) = c1 then we will be done, since then it will fol low that ∀x ∈
A(f (x) = c1).

Let a2 be an el e ment of A that is dif fer ent from a1, and let A2 = A
\ {a2}. Ap ply ing the in duc tive hy poth e sis again, we can choose a
num ber c2 ∈ R such that ∀x ∈ A2 (f (x) = c2). No tice that since a1
≠ a2, a1 ∈ A2, so f(a1) = c2. Now let a3 be an el e ment of A that is
dif fer ent from both a1 and a2. Then a3 ∈ A1 and a3 ∈ A2, so f(a3)
= c1 and f(a3) = c2. There fore c1 = c2, so f(a1) = c1, as re quired.

□

6.3. Re cur sion
In Chap ter 3 we learned to prove state ments of the form ∀nP (n) by let‐ 
ting n be ar bi trary and prov ing P(n). In this chap ter we’ve learned an‐ 
other method for prov ing such state ments, when n ranges over the nat u‐ 
ral num bers: prove P(0), and then prove that for any nat u ral num ber n,
if P(n) is true then so is P(n + 1). Once we have proven these state‐ 
ments, we can run through all the nat u ral num bers in or der and see that
P must be true of all of them.

We can use a sim i lar idea to in tro duce a new way of defin ing func‐ 
tions. In Chap ter 5, we usu ally de fined a func tion f by say ing how to
com pute f(n) for any n in the do main of f. If the do main of f is the set of
all nat u ral num bers, an al ter na tive method to de fine f would be to say
what f(0) is and then, for any nat u ral num ber n, say how we could com‐ 
pute f(n + 1) if we al ready knew the value of f(n). Such a def i ni tion
would en able us to run through all the nat u ral num bers in or der com put‐ 
ing the im age of each one un der f.

For ex am ple, we might use the fol low ing equa tions to de fine a func‐ 
tion f with do main N:
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The sec ond equa tion tells us how to com pute f(n + 1), but only if we al‐ 
ready know the value of f(n). Thus, al though we can not use this equa‐ 
tion to tell us di rectly what the im age of any num ber is un der f, we can
use it to run through all the nat u ral num bers in or der and com pute their
im ages.

We start with f(0), which we know from the first equa tion is equal to
1. Plug ging in n = 0 in the sec ond equa tion, we see that f(1) = 1 · f(0) =
1 · 1 = 1, so we’ve de ter mined the value of f(1). But now that we know
that f(1) = 1, we can use the sec ond equa tion again to com pute f(2).
Plug ging in n = 1 in the sec ond equa tion, we find that f(2) = 2 · f(1) = 2
· 1 = 2. Sim i larly, set ting n = 2 in the sec ond equa tion we get f(3) =
3·f(2) = 3·2 = 6. Con tin u ing in this way we can com pute f(n) for any
nat u ral num ber n. Thus, the two equa tions re ally do give us a rule that
de ter mines a unique value f(n) for each nat u ral num ber n, so they de fine
a func tion f with do main N. Def i ni tions of this kind are called re cur sive
def i ni tions.

Some times we’ll work back wards when us ing a re cur sive def i ni tion
to eval u ate a func tion. For ex am ple, sup pose we want to com pute f(6),
where f is the func tion just de fined. Ac cord ing to the sec ond equa tion in
the def i ni tion of f, f(6) = 6 · f(5), so to com plete the cal cu la tion we
must com pute f(5). Us ing the sec ond equa tion again, we find that f(5) =
5 · f(4), so we must com pute f(4). Con tin u ing in this way leads to the
fol low ing cal cu la tion:

Per haps now you rec og nize the func tion f. For any pos i tive in te ger n,
f(n) = n · (n − 1) · (n − 2) · · · 1, and f(0) = 1. The num ber f(n) is called
n fac to rial, and is de noted n!. (Re call that we used this no ta tion in our
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proof of The o rem 3.7.3.) For ex am ple, 6! = 720. Of ten, if a func tion can
be writ ten as a for mula with an el lip sis (. . .) in it, then the use of the el‐ 
lip sis can be avoided by giv ing a re cur sive def i ni tion for the func tion.
Such a def i ni tion is usu ally eas ier to work with.

Many fa mil iar func tions are most eas ily de fined us ing re cur sive def i‐ 
ni tions. For ex am ple, for any num ber a, we could de fine an with the fol‐ 
low ing re cur sive def i ni tion:

Us ing this def i ni tion, we would com pute a4 like this:

For an other ex am ple, con sider the sum 20 + 21 + 22 + · · · + 2n, which
ap peared in the first ex am ple of this chap ter. The el lip sis sug gests that
we might be able to use a re cur sive def i ni tion. If we let f(n) = 20 +21

+22 +· · ·+ 2n, then no tice that for ev ery n ∈ N, f(n+1) = 20 +21 +22 +· ·
·+2n +2n+1 = f(n) + 2n+1. Thus, we could de fine f re cur sively as fol lows:

As a check that this def i ni tion is right, let’s try it out in the case n = 3:

Sums such as the one in the last ex am ple come up of ten enough that
there is a spe cial no ta tion for them. If a0, a1, . . . , an is a list of num‐ 
bers, then the sum of these num bers is writ ten  This is read “the
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sum as i goes from 0 to n of ai.” For ex am ple, we can use this no ta tion
to write the sum in the last ex am ple:

More gen er ally, if n ≥ m, then

For ex am ple,

The let ter i in these for mu las is a bound vari able and there fore can be
re placed by a new vari able with out chang ing the mean ing of the for‐ 
mula.

Now let’s try giv ing a re cur sive def i ni tion for this no ta tion. We let m
be an ar bi trary in te ger, and then pro ceed by re cur sion on n. Just as the
base case for an in duc tion proof need not be n = 0, the base for a re cur‐ 
sive def i ni tion can also be a num ber other than 0. In this case we are
only in ter ested in n ≥ m, so we take n = m as the base for our re cur sion:

Try ing this def i ni tion out on the pre vi ous ex am ple, we get
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just as we wanted.
Clearly in duc tion and re cur sion are closely re lated, so it shouldn’t be

sur pris ing that if a con cept has been de fined by re cur sion, then proofs
in volv ing this con cept are of ten best done by in duc tion. For ex am ple, in
Sec tion 6.1 we saw some proofs by in duc tion that in volved sum ma tions
and ex po nen ti a tion, and now we have seen that sum ma tions and ex po‐ 
nen ti a tion can be de fined re cur sively. Be cause the fac to rial func tion can
also be de fined re cur sively, proofs in volv ing fac to ri als also of ten use
in duc tion.

Ex am ple 6.3.1. Prove that for ev ery n ≥ 4, n! > 2n.

Scratch work

Be cause the prob lem in volves fac to rial and ex po nen ti a tion, both of
which are de fined re cur sively, in duc tion seems like a good method to
use. The base case will be n = 4, and it is just a mat ter of sim ple arith‐ 
metic to check that the in equal ity is true in this case. For the in duc tion
step, our in duc tive hy poth e sis will be n! > 2n, and we must prove that (n
+ 1)! > 2n+1. Of course, the way to re late the in duc tive hy poth e sis to the
goal is to use the re cur sive def i ni tions of fac to rial and ex po nen ti a tion,
which tell us that (n + 1)! = (n + 1) · n! and 2n+1 = 2n · 2. Once these
equa tions are plugged in, the rest is fairly straight for ward.

So lu tion

The o rem. For ev ery n ≥ 4, n! > 2n.

Proof. By math e mat i cal in duc tion.

Base case: When n = 4 we have n! = 24 > 16 = 2n.
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In duc tion step: Let n ≥ 4 be ar bi trary and sup pose that n! > 2n. Then

□

Ex am ple 6.3.2. Prove that for ev ery real num ber a and all nat u ral num‐ 
bers m and n, am+n = am · an.

Scratch work

There are three uni ver sal quan ti fiers here, and we’ll treat the first two
dif fer ently from the third. We let a and m be ar bi trary and then use
math e mat i cal in duc tion to prove that ∀n ∈ N(am+n = am · an). The key
al ge braic fact in the in duc tion step will be the for mula an+1 = an · a
from the re cur sive def i ni tion of ex po nen ti a tion.

So lu tion

The o rem. For ev ery real num ber a and all nat u ral num bers m and n,
am+n = am · an.

Proof. Let a be an ar bi trary real num ber and m an ar bi trary nat u ral num‐ 
ber. We now pro ceed by in duc tion on n.

Base case: When n = 0, we have am+n = am+0 = am = am · 1 = am · a0 =
am · an.

In duc tion step. Sup pose am+n = am · an. Then

□

Ex am ple 6.3.3. A se quence of num bers a0, a1, a2, . . . is de fined re cur‐ 
sively as fol lows:
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Find a for mula for an and prove that your for mula is cor rect.

Scratch work

It’s prob a bly a good idea to start out by com put ing the first few terms
in the se quence. We al ready know a0 = 0, so plug ging in n = 0 in the
sec ond equa tion we get a1 = 2a0 + 1 = 0 + 1 = 1. Thus, plug ging in n =
1, we get a2 = 2a1 + 1 = 2 + 1 = 3. Con tin u ing in this way we get the fol‐ 
low ing ta ble of val ues:

Aha! The num bers we’re get ting are one less than the pow ers of 2. It
looks like the for mula is prob a bly an = 2n − 1, but we can’t be sure this
is right un less we prove it. For tu nately, it is fairly easy to prove the for‐ 
mula by in duc tion.

So lu tion

The o rem. If the se quence a0, a1, a2, . . . is de fined by the re cur sive def i‐ 
ni tion given ear lier, then for ev ery nat u ral num ber n, an = 2n − 1.

Proof. By in duc tion.
Base case: a0 = 0 = 20 − 1.
In duc tion step: Sup pose an = 2n − 1. Then

□
We end this sec tion with a rather un usual ex am ple. We’ll prove that

for ev ery real num ber x > −1 and ev ery nat u ral num ber n, (1 + x)n > nx.
A nat u ral way to pro ceed would be to let x > −1 be ar bi trary, and then
use in duc tion on n. In the in duc tion step we as sume that (1 + x)n > nx,
and then try to prove that (1 + x)n+1 > (n + 1)x. Be cause we’ve as sumed
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x > −1, we have 1 + x > 0, so we can mul ti ply both sides of the in duc tive
hy poth e sis (1 + x)n > nx by 1 + x to get

But the con clu sion we need for the in duc tion step is (1 + x)n+1 > (n +
1)x, and it’s not clear how to get this con clu sion from the in equal ity
we’ve de rived.

Our so lu tion to this dif fi culty will be to re place our orig i nal prob lem
with a prob lem that ap pears to be harder but is ac tu ally eas ier. In stead
of prov ing the in equal ity (1 + x)n > nx di rectly, we’ll prove (1 + x)n ≥ 1
+ nx, and then ob serve that since 1 + nx > nx, it fol lows im me di ately
that (1 + x)n > nx. You might think that if we had dif fi culty prov ing (1 +
x)n > nx, we’ll surely have more dif fi culty prov ing the stronger state‐ 
ment (1 + x)n ≥ 1 + nx. But it turns out that the ap proach we tried un suc‐ 
cess fully on the orig i nal prob lem works per fectly on the new prob lem!

The o rem 6.3.4. For ev ery x >−1 and ev ery nat u ral num ber n, (1+x)n >
nx.

Proof. Let x > −1 be ar bi trary. We will prove by in duc tion that for ev ery
nat u ral num ber n, (1 + x)n ≥ 1 + nx, from which it clearly fol lows that
(1 + x)n > nx.

Base case: If n = 0, then (1 + x)n = (1 + x)0 = 1 = 1 + 0 = 1 + nx.
In duc tion step: Sup pose (1 + x)n ≥ 1 + nx. Then

□

Ex er cises
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*1. Find a for mula for  and prove that your for mula is cor‐ 
rect.

2. Prove that for all n ≥ 1,

3. Prove that for all n ≥ 2,

4. Prove that for all n ∈ N,

5. Sup pose r is a real num ber and r ≠ 1. Prove that for all n ∈ N,

(Note that this ex er cise gen er al izes Ex am ple 6.1.1 and ex er cise 7 of
Sec tion 6.1.)

*6. Prove that for all n ≥ 1,

7. (a) Sup pose a0, a1, a2, . . . , an and b0, b1, b2, . . . , bn are two se‐ 
quences of real num bers. Prove that

(b) Sup pose c is a real num ber and a0, a1, . . . , an is a se quence of real
num bers. Prove that
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*8. The har monic num bers are the num bers Hn for n ≥ 1 de fined by the
for mula

(a) Prove that for all nat u ral num bers n and m, if n ≥ m ≥ 1 then Hn −
Hm ≥ (n − m)/n. (Hint: Let m be an ar bi trary nat u ral num ber with m
≥ 1 and then pro ceed by in duc tion on n, with n = m as the base case
of the in duc tion.)

(b) Prove that for all n ≥ 0, H2n ≥ 1 + n/2.
(c) (For those who have stud ied cal cu lus.) Show that limn→∞ Hn = ∞,

so  di verges.
9. Let Hn be de fined as in ex er cise 8. Prove that for all n ≥ 2,

10. Find a for mula for  and prove that your for mula is cor‐ 
rect.

11. Find a for mula for  and prove that your for mula is
cor rect.

12. (a) Prove that for all n ∈ N, 2n > n.

(b) Prove that for all n ≥ 9, n! ≥ (2n)2.
(c) Prove that for all n ∈ N, n! ≤ 2(n2).

13. Sup pose k is a pos i tive in te ger.
(a) Prove that for all n ∈ N, (k2 + n)! ≥ k2n.
(b) Prove that for all n ≥ 2k2, n! ≥ kn. (Hint: Use in duc tion, and for the

base case use part (a). Note that in the lan guage of ex er cise 19 of
Sec tion 5.1, this shows that if f(n) = kn and g(n) = n!, then f ∈
O(g).)

14. Prove that for ev ery real num ber a and all nat u ral num bers m and n,
(am)n = amn.

15. A se quence a0, a1, a2, . . . is de fined re cur sively as fol lows:
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Prove that for all n ∈ N, an = 2n − n − 1.
16. A se quence a0, a1, a2, . . . is de fined re cur sively as fol lows:

Find a for mula for an and prove that your for mula is cor rect.
17. A se quence a1, a2, a3, . . . is de fined re cur sively as fol lows:

Find a for mula for an and prove that your for mula is cor rect.
18. For n ≥ k ≥ 0, the quan tity  is de fined as fol lows:

(a) Prove that for all 
(b) Prove that for all nat u ral num bers n and k, if n ≥ k > 0 then 

(c) If A is a set and k ∈ N, let Pk (A) be the set of all sub sets of A that
have k el e ments. Prove that if A has n el e ments and n ≥ k ≥ 0, then
Pk (A) has  el e ments. (Hint: Prove by in duc tion that ∀n ∈

N∀A[A is a set with n el e ments →∀k(n ≥ k ≥ 0 → Pk (A) has  el‐ 
e ments)]. Im i tate ex er cises 11 and 12 of Sec tion 6.2. In fact, this
ex er cise gen er al izes ex er cise 12 of Sec tion 6.2. This ex er cise
shows that  is the num ber of ways of choos ing k el e ments out of
a set of size n, so it is some times called n choose k.)

(d) Prove that for all real num bers x and y and ev ery nat u ral num ber n,

(This is called the bi no mial the o rem, so the num bers  are some‐ 
times called bi no mial co ef fi cients.)

Note: Parts (a) and (b) show that we can com pute the num bers 
con ve niently by us ing a tri an gu lar ar ray as in Fig ure 6.13. This ar‐ 
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ray is called Pas cal’s tri an gle, af ter the French math e ma ti cian
Blaise Pas cal (1623–1662). Each row of the tri an gle cor re sponds to
a par tic u lar value of n, and it lists the val ues of  for all k from 0
to n. Part (a) shows that the first and last num bers in ev ery row are
1. Part (b) shows that ev ery other num ber is the sum of the two
num bers above it. For ex am ple, the lines in Fig ure 6.13 il lus trate
that  is the sum of  and 

Fig ure 6.13. Pas cal’s tri an gle.

19. For the mean ing of the no ta tion used in this ex er cise, see ex er cise
18.

(a) Prove that for all  (Hint: You can do this by in‐ 
duc tion us ing parts (a) and (b) of ex er cise 18, or you can com bine
part (c) of ex er cise 18 with ex er cise 11 of Sec tion 6.2, or you can
plug some thing in for x and y in part (d) of ex er cise 18.)

(b) Prove that for all 
20. A se quence a0, a1, a2, . . . is de fined re cur sively as fol lows:

Prove that for all n ≥ 1, 0 < an < 1.
21. In this prob lem we will de fine, for each nat u ral num ber n, a func‐ 

tion fn: Z+ → Z+. The se quence of func tions f0, f1, f2, . . . is de fined
re cur sively as fol lows:
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(a) The first equa tion in this re cur sive def i ni tion gives a for mula for f0
(x), namely f0 (x) = x. Find for mu las for f1 (x), f2 (x), and f3 (x).

(b) Prove that for all nat u ral num bers n and all pos i tive in te gers x and
y, if x < y then fn (x) < fn (y).

(c) Prove that for all nat u ral num bers m and n and all pos i tive in te gers
x, if m < n then fm (x) < fn (x).

(d) Prove that for ev ery nat u ral num ber n, fn ∈ O(fn+1) but fn+1 /∈
O(fn). (See ex er cise 19 in Sec tion 5.1 for the mean ing of the no ta‐ 
tion used here.)
Now de fine g: Z+ → Z+ by the for mula g(x) = fx (x).

(e) Com pute g(1), g(2), and g(3). (Do not try to com pute g(4); the an‐ 
swer would be a num ber with more than 6 × 1019727 dig its.)

(f) Prove that for ev ery nat u ral num ber n, fn ∈ O(g) but g /∈ O(fn).

22. Ex plain the para dox in the proof of The o rem 6.3.4, in which we
made the proof eas ier by chang ing the goal to a state ment that
looked like it would be harder to prove.

6.4. Strong In duc tion
In the in duc tion step of a proof by math e mat i cal in duc tion, we prove
that a nat u ral num ber has some prop erty based on the as sump tion that
the pre vi ous num ber has the same prop erty. In some cases this as sump‐ 
tion isn’t strong enough to make the proof work, and we need to as sume
that all smaller nat u ral num bers have the prop erty. This is the idea be‐ 
hind a vari ant of math e mat i cal in duc tion some times called strong in‐ 
duc tion:

To prove a goal of the form ∀n ∈ N P(n):
Prove that ∀n[(∀k < n P (k)) → P(n)], where both n and k range over

the nat u ral num bers in this state ment. Of course, the most di rect way to
prove this is to let n be an ar bi trary nat u ral num ber, as sume that ∀k <
nP(k), and then prove P(n).

Note that no base case is nec es sary in a proof by strong in duc tion. All
that is needed is a mod i fied form of the in duc tion step in which we
prove that if ev ery nat u ral num ber smaller than n has the prop erty P,
then n has the prop erty P. In a proof by strong in duc tion, we re fer to the



358

as sump tion that ev ery nat u ral num ber smaller than n has the prop erty P
as the in duc tive hy poth e sis.

To see why strong in duc tion works, it might help if we first re view
briefly why or di nary in duc tion works. Re call that a proof by or di nary
in duc tion en ables us to go through all the nat u ral num bers in or der and
see that each of them has some prop erty P. The base case gets the
process started, and the in duc tion step shows that the process can al‐ 
ways be con tin ued from one num ber to the next. But note that in this
process, by the time we check that some nat u ral num ber n has the prop‐ 
erty P, we’ve al ready checked that all smaller num bers have the prop‐ 
erty. In other words, we al ready know that ∀k < nP(k). The idea be hind
strong in duc tion is that we should be al lowed to use this in for ma tion in
our proof of P(n).

Let’s work out the de tails of this idea more care fully. Sup pose that
we have fol lowed the strong in duc tion proof strat egy, and we’ve proven
the state ment ∀n[(∀k < n P (k)) → P(n)]. Then, plug ging in 0 for n, we
can con clude that (∀k < 0 P(k)) → P(0). But be cause there are no nat u‐ 
ral num bers smaller than 0, the state ment ∀k < 0 P(k) is vac u ously true.
There fore, by modus po nens, P(0) is true. (This ex plains why the base
case doesn’t have to be checked sep a rately in a proof by strong in duc‐ 
tion; the base case P(0) ac tu ally fol lows from the mod i fied form of the
in duc tion step used in strong in duc tion.) Sim i larly, plug ging in 1 for n
we can con clude that (∀k < 1 P(k)) → P(1). The only nat u ral num ber
smaller than 1 is 0, and we’ve just shown that P(0) is true, so the state‐ 
ment ∀k < 1 P(k) is true. There fore, by modus po nens, P(1) is also true.
Now plug in 2 for n to get the state ment (∀k < 2 P(k)) → P(2). Since
P(0) and P(1) are both true, the state ment ∀k < 2 P(k) is true, and there‐ 
fore by modus po nens, P(2) is true. Con tin u ing in this way we can show
that P(n) is true for ev ery nat u ral num ber n, as re quired. For an al ter na‐ 
tive jus ti fi ca tion of the method of strong in duc tion, see ex er cise 1.

As our first ex am ple of the method of strong in duc tion, we prove an
im por tant fact of num ber the ory known as the di vi sion al go rithm.1

The o rem 6.4.1. (Di vi sion al go rithm) For all nat u ral num bers n and m,
if m > 0 then there are nat u ral num bers q and r such that n = qm + r and
r < m. (The num bers q and r are called the quo tient and re main der when
n is di vided by m.)

Scratch work
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We let m be an ar bi trary pos i tive in te ger and then use strong in duc tion
to prove that ∀n∃q∃r(n = qm + r ∧ r < m). Ac cord ing to the de scrip tion
of strong in duc tion, this means that we should let n be an ar bi trary nat u‐ 
ral num ber, as sume that ∀k < n∃q∃r(k = qm + r ∧ r < m), and prove that
∃q∃r(n = qm + r ∧ r < m).

Our goal is an ex is ten tial state ment, so we should try to come up with
val ues of q and r with the re quired prop er ties. If n < m then this is easy
be cause we can just let q = 0 and r = n. But if n ≥ m, then this won’t
work, since we must have r < m, so we must do some thing dif fer ent in
this case. As usual in in duc tion proofs, we look to the in duc tive hy poth‐ 
e sis. The in duc tive hy poth e sis starts with ∀k < n, so to ap ply it we
should plug in some nat u ral num ber smaller than n for k, but what
should we plug in? The ref er ence to di vi sion in the state ment of the the‐ 
o rem pro vides a hint. If we think of di vi sion as re peated sub trac tion,
then di vid ing n by m in volves sub tract ing m from n re peat edly. The first
step in this process would be to com pute n − m, which is a nat u ral num‐ 
ber smaller than n. Per haps we should plug in n − m for k. It’s not en‐ 
tirely clear where this will lead, but it’s worth a try. In fact, as you’ll
see in the proof, once we take this step the de sired con clu sion fol lows
al most im me di ately.

No tice that we are us ing the fact that a quo tient and re main der ex ist
for some nat u ral num ber smaller than n to prove that they ex ist for n,
but this smaller num ber is not n−1, it’s n − m. This is why we’re us ing
strong in duc tion rather than or di nary in duc tion for this proof.

Proof. We let m be an ar bi trary pos i tive in te ger and then pro ceed by
strong in duc tion on n.

Sup pose n is a nat u ral num ber, and for ev ery k < n there are nat u ral
num bers q and r such that k = qm + r and r < m.

Case 1. n < m. Let q = 0 and r = n. Then clearly n = qm + r and r < m.
Case 2. n ≥ m. Let k = n − m < n and note that since n ≥ m, k is a nat u‐ 

ral num ber. By the in duc tive hy poth e sis we can choose q′ and r′ such
that k = q′ m + r′ and r′ < m. Then n − m = q′ m + r′, so n = q′ m + r′ + m =
(q′ +1)m+r′. Thus, if we let q = q′ +1 and r = r′, then we have n = qm+r
and r < m, as re quired.

□

The di vi sion al go rithm can also be ex tended to neg a tive in te gers n,
and it can be shown that for ev ery m and n the quo tient and re main der q
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and r are unique. For more on this, see ex er cise 14.
Our next ex am ple is an other im por tant the o rem of num ber the ory.

We used this the o rem in our proof in the in tro duc tion that there are in‐ 
fin itely many primes. We will have more to say about this the o rem in
Chap ter 7.

The o rem 6.4.2. Ev ery in te ger n > 1 is ei ther prime or a prod uct of two
or more primes.

Scratch work

We write the goal in the form ∀n ∈ N[n > 1 → (n is prime ∨ n is a
prod uct of primes)] and then use strong in duc tion. Thus, our in duc tive
hy poth e sis is ∀k < n[k > 1 → (k is prime ∨ k is a prod uct of primes)],
and we must prove that n > 1 → (n is prime ∨ n is a prod uct of
primes). Of course, we start by as sum ing n > 1, and ac cord ing to our
strate gies for prov ing dis junc tions, a good way to com plete the proof
would be to as sume that n is not prime and prove that it must be a prod‐ 
uct of primes. Be cause the as sump tion that n is not prime means ∃a∃b(n
= ab ∧ a < n ∧ b < n), we im me di ately use ex is ten tial in stan ti a tion to
in tro duce the new vari ables a and b into the proof. Ap ply ing the in duc‐ 
tive hy poth e sis to a and b now leads to the de sired con clu sion.

Proof. We use strong in duc tion. Sup pose n > 1, and sup pose that for ev‐ 
ery in te ger k, if 1 < k < n then k is ei ther prime or a prod uct of primes.
Of course, if n is prime then there is noth ing to prove, so sup pose n is
not prime. Then we can choose pos i tive in te gers a and b such that n =
ab, a < n, and b < n. Note that since a < n = ab, it fol lows that b > 1, and
sim i larly we must have a > 1. Thus, by the in duc tive hy poth e sis, each
of a and b is ei ther prime or a prod uct of primes. But then since n = ab,
n is a prod uct of primes.

□

The method of re cur sion stud ied in the last sec tion also has a strong
form. As an ex am ple of this, con sider the fol low ing def i ni tion of a se‐ 
quence of num bers, called the Fi bonacci num bers. These num bers were
first stud ied by the Ital ian math e ma ti cian Leonardo of Pisa (circa 1170–
circa 1250), who is bet ter known by the nick name Fi bonacci.
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For ex am ple, plug ging in n = 2 in the last equa tion we find that F2 = F0
+ F1 = 0 + 1 = 1. Sim i larly, F3 = F1 + F2 = 1 + 1 = 2 and F4 = F2 + F3 =
1 + 2 = 3. Con tin u ing in this way leads to the fol low ing val ues:

Note that, start ing with F2, each Fi bonacci num ber is com puted us‐ 
ing, not just the pre vi ous num ber in the se quence, but also the one be‐ 
fore that. This is the sense in which the re cur sion is strong. It shouldn’t
be sur pris ing, there fore, that proofs in volv ing the Fi bonacci num bers
of ten re quire strong in duc tion rather than or di nary in duc tion.

To il lus trate this we’ll prove the fol low ing re mark able for mula for
the Fi bonacci num bers:

It is hard at first to be lieve that this for mula is right. Af ter all, the Fi‐ 
bonacci num bers are in te gers, and it is not at all clear that this for mula
will give an in te ger value. And what do the Fi bonacci num bers have to
do with  Nev er the less, a proof by strong in duc tion shows that the
for mula is cor rect. (To see how this for mula could be de rived, see ex er‐ 
cise 9.)

The o rem 6.4.3. If Fn is the nth Fi bonacci num ber, then

Scratch work

Be cause F0 and F1 are de fined sep a rately from Fn for n ≥ 2, we check
the for mula for these cases sep a rately. For n ≥ 2, the def i ni tion of Fn
sug gests that we should use the as sump tion that the for mula is cor rect
for Fn−2 and Fn−1 to prove that it is cor rect for Fn. Be cause we need to
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know that the for mula works for two pre vi ous cases, we must use strong
in duc tion rather than or di nary in duc tion. The rest of the proof is
straight for ward, al though the al ge bra gets a lit tle messy.

Proof. We use strong in duc tion. Let n be an ar bi trary nat u ral num ber,
and sup pose that for all k < n,

Case 1. n = 0. Then

Case 2. n = 1. Then

Case 3. n ≥ 2. Then ap ply ing the in duc tive hy poth e sis to n − 2 and n −
1, we get

Now note that
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and sim i larly

Sub sti tut ing into the for mula for Fn, we get

□
No tice that in the proof of The o rem 6.4.3 we had to treat the cases n

= 0 and n = 1 sep a rately. The role that these cases play in the proof is
sim i lar to the role played by the base case in a proof by or di nary math e‐ 
mat i cal in duc tion. Al though we have said that proofs by strong in duc‐ 
tion don’t need base cases, it is not un com mon to find some ini tial
cases treated sep a rately in such proofs.

An im por tant prop erty of the nat u ral num bers that is re lated to math‐ 
e mat i cal in duc tion is the fact that ev ery nonempty set of nat u ral num‐ 
bers has a small est el e ment. This is some times called the well-or der ing
prin ci ple, and we can prove it us ing strong in duc tion.

The o rem 6.4.4. (Well-or der ing prin ci ple) Ev ery nonempty set of nat u‐ 
ral num bers has a small est el e ment.

Scratch work

Our goal is ∀S ⊆ N(S ≠ ∅ → S has a small est el e ment). Af ter let ting S
be an ar bi trary sub set of N, we’ll prove the con tra pos i tive of the con di‐ 
tional state ment. In other words, we will as sume that S has no small est
el e ment and prove that S = ∅. The way in duc tion comes into it is that,
for a set S ⊆ N, to say that S = ∅ is the same as say ing that ∀n ∈ N(n /
∈ S). We’ll prove this last state ment by strong in duc tion.
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Proof. Sup pose S ⊆ N, and S does not have a small est el e ment. We will
prove that ∀n ∈ N(n /∈ S), so S = ∅. Thus, if S ≠ ∅ then S must have
a small est el e ment.

To prove that ∀n ∈ N(n /∈ S), we use strong in duc tion. Sup pose that
n ∈ N and ∀k < n(k /∈ S). Clearly if n ∈ S then n would be the small‐ 
est el e ment of S, and this would con tra dict the as sump tion that S has no
small est el e ment. There fore n /∈ S.

□

Some times, proofs that could be done by in duc tion are writ ten in‐ 
stead as ap pli ca tions of the well-or der ing prin ci ple. As an ex am ple of
the use of the well-or der ing prin ci ple in a proof, we present a proof that

 is ir ra tional. See ex er cise 2 for an al ter na tive ap proach to this proof
us ing strong in duc tion.

The o rem 6.4.5.  is ir ra tional.

Scratch work

Be cause ir ra tional means “not ra tio nal,” our goal is a neg a tive state‐ 
ment, so proof by con tra dic tion is a log i cal method to use. Thus, we as‐ 
sume  is ra tio nal and try to reach a con tra dic tion. The as sump tion
that  is ra tio nal means that there ex ist in te gers p and q such that 

 and since  is pos i tive, we may as well re strict our at ten‐ 
tion to pos i tive p and q. Be cause this is an ex is ten tial state ment, our
next step should prob a bly be to let p and q stand for pos i tive in te gers
such that  As you will see in the proof, sim ple al ge braic ma‐ 
nip u la tions with the equa tion  do not lead to any ob vi ous con‐ 
tra dic tions, but they do lead to the con clu sion that p and q must both be
even. Thus, in the frac tion p/q we can can cel a 2 from both nu mer a tor
and de nom i na tor, get ting a new frac tion with smaller nu mer a tor and de‐ 
nom i na tor that is equal to 

How can we de rive a con tra dic tion from this con clu sion? The key
idea is to note that our rea son ing would ap ply to any frac tion that is
equal to  Thus, in any such frac tion we can can cel a fac tor of 2 from
nu mer a tor and de nom i na tor, and there fore there can be no small est pos‐ 
si ble nu mer a tor or de nom i na tor for such a frac tion. But this would vi o‐ 
late the well-or der ing prin ci ple! Thus, we have our con tra dic tion.
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This idea is spelled out more care fully in the fol low ing proof, in
which we’ve ap plied the well-or der ing prin ci ple to the set of all pos si‐ 
ble de nom i na tors of frac tions equal to  We have cho sen to put this
ap pli ca tion of the well-or der ing prin ci ple at the be gin ning of the proof,
be cause this seems to give the short est and most di rect proof. Read ers
of the proof might be puz zled at first about why we’re us ing the well-
or der ing prin ci ple (un less they’ve read this scratch work!), but af ter the
al ge braic ma nip u la tions with the equa tion  are com pleted, the
con tra dic tion ap pears al most im me di ately. This is a good ex am ple of
how a clever, care fully planned step early in a proof can lead to a won‐ 
der ful punch line at the end of the proof.

Proof. Sup pose that  is ra tio nal. This means that 
  so the set 

 is nonempty. By the well-or der ing
prin ci ple we can let q be the small est el e ment of S. Since q ∈ S, we can
choose some p ∈ Z+ such that  There fore p2/q2 = 2, so p2 =
2q2 and there fore p2 is even. We now ap ply the the o rem from Ex am ple
3.4.3, which says that for any in te ger x, x is even iff x2 is even. Since p2

is even, p must be even, so we can choose some  such that 
 There fore  and sub sti tut ing this into the equa tion p2 =

2q2 we get  and there fore q2 is even. Ap peal ing
to Ex am ple 3.4.3 again, this means q must be even, so we can choose
some  such that  But then 

 Clearly  so this con tra‐ 
dicts the fact that q was cho sen to be the small est el e ment of S. There‐ 
fore  is ir ra tional.

□

Ex er cises
*1. This ex er cise gives an al ter na tive way to jus tify the method of strong

in duc tion. All vari ables in this ex er cise range over N. Sup pose P(n)
is a state ment about a nat u ral num ber n, and sup pose that, fol low ing
the strong in duc tion strat egy, we have proven that ∀n[(∀k < n P (k))
→ P(n)]. Let Q(n) be the state ment ∀k < nP(k).

(a) Prove ∀nQ(n) ↔ ∀nP (n) with out us ing in duc tion.
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(b) Prove ∀nQ(n) by or di nary in duc tion. Thus, by part (a), ∀nP (n) is
true.

2. Re write the proof of The o rem 6.4.5 as a proof by strong in duc tion
that 

3. In this ex er cise you will give an other proof that  is ir ra tional.
Sup pose  is ra tio nal. As in the proof of The o rem 6.4.5, let 

  let q be the small est el e‐ 
ment of S, and let p be a pos i tive in te ger such that  Now
get a con tra dic tion by show ing that p − q ∈ S and p − q < q.

*4. (a) Prove that  is ir ra tional.
(b) Prove that  is ir ra tional.
5. The Mar tian mon e tary sys tem uses col ored beads in stead of coins.

A blue bead is worth 3 Mar tian cred its, and a red bead is worth 7
Mar tian cred its. Thus, three blue beads are worth 9 cred its, and a
blue and red bead to gether are worth 10 cred its, but no com bi na tion
of blue and red beads is worth 11 cred its. Prove that for all n ≥ 12,
there is some com bi na tion of blue and red beads that is worth n
cred its.

6. Sup pose that x is a real num ber, x ≠ 0, and x + 1/x is an in te ger.
Prove that for all n ≥ 1, xn + 1/xn is an in te ger.

*7. Let Fn be the nth Fi bonacci num ber. All vari ables in this ex er cise
range over N.

(a) Prove that for all 
(b) Prove that for all 
(c) Prove that for all 
(d) Find a for mula for  and prove that your for mula is cor rect.

8. Let Fn be the nth Fi bonacci num ber. All vari ables in this ex er cise
range over N.

(a) Prove that for all m ≥ 1 and all n, Fm+n = Fm−1 Fn + Fm Fn+1.
(b) Prove that for all m ≥ 1 and all n ≥ 1, Fm+n = Fm+1 Fn+1 − Fm−1 Fn−1.
(c) Prove that for all n, (Fn)2 +(Fn+1)2 = F2n+1 and (Fn+2)2 −(Fn)2 =

F2n+2.
(d) Prove that for all m and n, if m | n then Fm | Fn.
(e) See ex er cise 18 in Sec tion 6.3 for the mean ing of the no ta tion used

in this ex er cise. Prove that for all n ≥ 1,
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and

*9. A se quence of num bers a0, a1, a2, . . . is called a gen er al ized Fi‐ 
bonacci se quence, or a Gi bonacci se quence for short, if for ev ery n
≥ 2, an = an−2 + an−1. Thus, a Gi bonacci se quence sat is fies the same
re cur rence re la tion as the Fi bonacci num bers, but it may start out
dif fer ently.

(a) Sup pose c is a real num ber and ∀n ∈ N(an = cn). Prove that a0, a1,
a2, . . . is a Gi bonacci se quence iff ei ther  or 

(b) Sup pose s and t are real num bers, and for all n ∈ N,

Prove that a0, a1, a2, . . . is a Gi bonacci se quence.
(c) Sup pose a0, a1, a2, . . . is a Gi bonacci se quence. Prove that there are

real num bers s and t such that for all n ∈ N,

(Hint: First show that there are real num bers s and t such that the
for mula above is cor rect for a0 and a1. Then show that with this
choice of s and t, the for mula is cor rect for all n.)

10. The Lu cas num bers (named for the French math e ma ti cian Edouard
Lu cas (1842–1891)) are the num bers L0, L1, L2, . . . de fined as fol‐ 
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lows:

Find a for mula for Ln and prove that your for mula is cor rect. (Hint:
Ap ply ex er cise 9.)

11. A se quence a0, a1, a2, . . . is de fined re cur sively as fol lows:

Find a for mula for an and prove that your for mula is cor rect. (Hint:
Im i tate ex er cise 9.)

12. A se quence a0, a1, a2, . . . is de fined re cur sively as fol lows:

Prove that for all n ∈ N, an = Fn, the nth Fi bonacci num ber.
13. For each pos i tive in te ger n, let An = {1, 2, . . . , n}, and let Pn = {X

∈ P(An) | X does not con tain two con sec u tive in te gers}. For ex am‐ 
ple, P3 = {∅, {1}, {2}, {3}, {1, 3}}; P3 does not con tain the sets
{1, 2}, {2, 3}, and {1, 2, 3} be cause each con tains at least one pair
of con sec u tive in te gers. Prove that for ev ery n, the num ber of el e‐ 
ments in Pn is Fn+2, the (n + 2)th Fi bonacci num ber. (For ex am ple,
the num ber of el e ments in P3 is 5 = F5. Hint: Which el e ments of Pn
con tain n? Which don’t? The an swers to both ques tions are re lated
to the el e ments of Pm, for cer tain m < n.)

14. Sup pose n and m are in te gers and m > 0.
(a) Prove that there are in te gers q and r such that n = qm + r and 0 ≤ r <

m. (Hint: If n ≥ 0, then this fol lows from The o rem 6.4.1. If n < 0,
then start by ap ply ing The o rem 6.4.1 to −n and m. An other pos si‐ 
bil ity is to ap ply The o rem 6.4.1 to −n − 1 and m.)
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(b) Prove that the in te gers q and r in part (a) are unique. In other
words, show that if q′ and r′ are in te gers such that n = q′ m + r′ and
0 ≤ r′ < m, then q = q′ and r = r′.

(c) Prove that for ev ery in te ger n, ex actly one of the fol low ing state‐ 
ments is true: n ≡ 0 (mod 3), n ≡ 1 (mod 3), n ≡ 2 (mod 3). (Re call
that this no ta tion was in tro duced in Def i ni tion 4.5.9.)

15. Sup pose k is a pos i tive in te ger. Prove that there is some pos i tive in‐ 
te ger a such that for all n > a, 2n ≥ nk. (In the lan guage of ex er cise
19 of Sec tion 5.1, this im plies that if f(n) = nk and g(n) = 2n then f
∈ O(g). Hint: By the di vi sion al go rithm, for any nat u ral num ber n
there are nat u ral num bers q and r such that n = qk + r and 0 ≤ r < k.
There fore 2n ≥ 2qk = (2q)k. To choose a, fig ure out how large q has
to be to guar an tee that 2q ≥ n. You may find Ex am ple 6.1.3 use ful.)

16. (a) Sup pose k is a pos i tive in te ger, a1, a2, . . . , ak are real num‐ 
bers, and f1, f2, . . . , fk, and g are all func tions from Z+ to R.
Also, sup pose that f1, f2, . . . , fk are all el e ments of O(g). (See
ex er cise 19 of Sec tion 5.1 for the mean ing of the no ta tion used
here.) De fine f: Z+ → R by the for mula f(n) = a1 f1 (n)+a2 f2
(n)+· · · +ak fk (n). Prove that f ∈ O(g). (Hint: Use in duc tion
on k, and ex er cise 19(c) of Sec tion 5.1.)

(b) Let g: Z+ → R be de fined by the for mula g(n) = 2n. Sup pose a0, a1,
a2, . . . , ak are real num bers, and de fine f: Z+ → R by the for mula
f(n) = a0 + a1 n + a2 n2 +· · · +ak nk. (Such a func tion is called a
poly no mial.) Prove that f ∈ O(g). (Hint: Use ex er cise 15 and part
(a).)

17. A se quence a0, a1, a2, . . . is de fined re cur sively as fol lows:

Find a for mula for an and prove that your for mula is cor rect.
18. A se quence a0, a1, a2, . . . is de fined re cur sively as fol lows:
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Find a for mula for an and prove that your for mula is cor rect. (Hint:
These num bers are re lated to the Fi bonacci num bers.)

19. In this prob lem, you will prove that there are no pos i tive in te gers a,
b, c, and d such that

(∗)

(a) Prove that for all in te gers m and n, if 3 | (m2 + n2) then 3 | m and 3 |
n. (Hint: By ex er cise 14(c), ei ther m ≡ 0 (mod 3) or m ≡ 1 (mod 3)
or m ≡ 2 (mod 3), and also ei ther n ≡ 0 (mod 3) or n ≡ 1 (mod 3) or
n ≡ 2 (mod 3). This gives nine pos si bil i ties. De ter mine which of
these pos si bil i ties are com pat i ble with the as sump tion that 3 | (m2

+ n2).)
Now sup pose there are pos i tive in te gers sat is fy ing (∗). Let

Then S ≠ ∅, so by the well-or der ing prin ci ple we can let d be the
small est el e ment of S. Let a, b, and c be pos i tive in te gers sat is fy ing
(∗).

(b) Prove that 3 | c and 3 | d. (Hint: Add the two equa tions in (∗) and
then ap ply part (a).)

(c) Prove that 3 | a and 3 | b. (Hint: Add the two equa tions in (∗) and
then ap ply part (b).)

(d) Show that there is an el e ment of S that is smaller than d, which
con tra dicts our choice of d. (Hint: Com bine parts (b) and (c).)

20. The num ber  that ap pears in the for mula for the Fi‐ 
bonacci num bers in The o rem 6.4.3 is called the golden ra tio. It is
usu ally de noted φ, and it comes up in nu mer ous con texts in math e‐ 
mat ics, art, and the nat u ral world. In this ex er cise you will in ves ti‐ 
gate a few of the math e mat i cal con texts in which φ arises.

(a) In Fig ure 6.14, AEFD is a square. Show that if the ra tio of the
length of the longer side of rec tan gle BCFE to its shorter side is the
same as the ra tio of the length of the longer side of rec tan gle
ABCD to its shorter side, then that ra tio is φ.
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(b) Show that cos(36◦) = φ/2. (Hint: Let x = cos(36 ◦). First show that
cos(108◦) = −cos(72◦). Then use trigono met ric iden ti ties to ex press
cos(108◦) and cos(72 ◦) in terms of x. Sub sti tute into the equa tion
cos(108◦) = −cos(72◦) to get an equa tion in volv ing x and then solve
the equa tion.)

(c) In Fig ure 6.15, ABCDE is a reg u lar pen ta gon with side length 1.
Show that the length of the di ag o nal AC is φ. (Hint: First find the
an gles in tri an gle ABC; you may find Ex am ple 6.2.3 help ful for
this. Then use part (b).)

Fig ure 6.14.

Fig ure 6.15.

21. The com mu ta tive law for mul ti pli ca tion says that for any num bers
a and b, ab = ba. The as so cia tive law says that for any num bers a, b,
and c, (ab)c = a(bc). In this prob lem you will show that, al though
these laws are stated for prod ucts of two or three num bers, they can
be used to jus tify re order ing and re group ing the terms in a prod uct
of any list of num bers in any way.
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(a) Use the com mu ta tive and as so cia tive laws to show that for any
num bers a, b, c, and d, (ab)(cd) = c((ad)b).

(b) Let us say that the left-grouped prod uct of a list of num bers a1, a2, .
. . , an is the prod uct in which the terms are grouped as fol lows:

More pre cisely, we can de fine the left-grouped prod uct re cur sively
as fol lows: For a list con sist ing of a sin gle num ber a1, the left-
grouped prod uct is a1. If the left-grouped prod uct of a1, a2, . . . , an
is p, then the left-grouped prod uct of a1, a2, . . . , an, an+1 is pan+1.
Use the as so cia tive law to show that any prod uct of a list of num‐ 
bers a1, a2, . . . , an (with the terms in that or der, but with paren the‐ 
ses in serted to group the terms in any way) is equal to the left-
grouped prod uct.

(c) Use the com mu ta tive and as so cia tive laws to show that any two
prod ucts of the num bers a1, a2, . . . , an, with the terms in any or der
and grouped in any way, are equal.

6.5. Clo sures Again
In Sec tion 5.4 we promised to use math e mat i cal in duc tion to give an al‐ 
ter na tive treat ment of clo sures of sets un der func tions. In this sec tion
we ful fill this prom ise.

Re call that if f: A → A and B ⊆ A, then the clo sure of B un der f is the
small est set C ⊆ A such that B ⊆ C and C is closed un der f. In this sec‐ 
tion we’ll find this set C by start ing with B and then adding only those
el e ments of A that must be added if we want to end up with a set that is
closed un der f. We be gin with a sketchy de scrip tion of how we’ll do
this, mo ti vated by the ex am ples in Sec tion 5.4. Then we’ll use re cur sion
and in duc tion to make this sketchy idea pre cise and prove that it works.

As we saw in the ex am ples in Sec tion 5.4, if we want to find a set C
⊆ A such that B ⊆ C and C is closed un der f, then for ev ery x ∈ B, we
must have f(x) ∈ C. In other words, {f(x) | x ∈ B} ⊆ C. Re call from
Sec tion 5.5 that {f(x) | x ∈ B} is called the im age of B un der f, and is
de noted f(B). So we will need to have f(B) ⊆ C. But then sim i lar rea‐ 
son ing im plies that the im age of f(B) un der f must also be a sub set of C;
in other words, f(f(B)) ⊆ C.
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Con tin u ing in this way leads to a se quence of sets that must be con‐ 
tained in C: B, f(B), f(f(B)), and so on. We will prove that putting these
sets to gether by tak ing their union will give us the clo sure of B un der f.
In other words, if we let B0 = B, B1 = f(B), B2 = f(f(B)), . . . , then the
clo sure of B un der f is B0 ∪ B1 ∪ B2 ∪ · · ·. The use of el lipses in our
de scrip tion of this process sug gests that to make it pre cise, we should
use in duc tion and re cur sion. This is what we do in the state ment and
proof of our next the o rem.

The o rem 6.5.1. Sup pose f: A → A and B ⊆ A. Let the sets B0, B1, B2 , . .
. be de fined re cur sively as fol lows:

Then the clo sure of B un der f is the set ⋃n∈N Bn.

Proof. Let  Since f: A → A, it is not hard to see that each
set Bn is a sub set of A, and there fore C ⊆ A. Ac cord ing to the def i ni tion
of clo sure, we must check that B ⊆ C, C is closed un der f, and for ev ery
set D ⊆ A, if B ⊆ D and D is closed un der f then C ⊆ D.

The first of these holds be cause  For the sec‐ 
ond, sup pose that x ∈ C. Then by the def i ni tion of C, we can choose
some m ∈ N such that x ∈ Bm. But then f(x) ∈ f(Bm) = Bm+1, so 

  Since x was an ar bi trary el e ment of C, this shows
that C is closed un der f.

Fi nally, sup pose that B ⊆ D ⊆ A and D is closed un der f. We must
show that C ⊆ D, and by the def i ni tion of C it suf fices to show that ∀n
∈ N(Bn ⊆ D). We prove this by in duc tion on n.

The base case holds be cause we have B0 = B ⊆ D by as sump tion. For
the in duc tion step, sup pose that n ∈ N and Bn ⊆ D. Now sup pose x ∈
Bn+1. By the def i ni tion of Bn+1 this means x ∈ f(Bn), so there is some b
∈ Bn such that x = f(b). But by the in duc tive hy poth e sis, Bn ⊆ D, so b
∈ D, and since D is closed un der f it fol lows that x = f(b) ∈ D. Since x
was an ar bi trary el e ment of Bn+1, this shows that Bn+1 ⊆ D.

□

Com men tary. Be cause the proof must re fer to the set  of ten, it is
con ve nient to give this set the name C right at the be gin ning of the
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proof. The proof claims that it is not hard to see that for ev ery n ∈ N,
Bn ⊆ A, and there fore C ⊆ A. As usual, if you don’t see why this is true
you should work out the de tails of the proof your self. (You might try
prov ing ∀n ∈ N(Bn ⊆ A) by math e mat i cal in duc tion.) The def i ni tion
of clo sure then tells us that we must prove three state ments: B ⊆ C, C
is closed un der f, and for all D ⊆ A, if B ⊆ D and D is closed un der f
then C ⊆ D. Of course, we prove them one at a time.

The proof of the first of these state ments, B ⊆ C, is also not worked
out in de tail. If you have trou ble fol low ing it, see ex er cise 8 in Sec tion
3.3. The sec ond state ment we must prove says that C is closed un der f,
and the proof is based on the def i ni tion of closed: we let x be ar bi trary,
as sume x ∈ C, and prove that f(x) ∈ C. Ac cord ing to the def i ni tion of
C, the state ment x ∈ C means ∃n ∈ N(x ∈ Bn), so we im me di ately in‐ 
tro duce the vari able m to stand for a nat u ral num ber such that x ∈ Bm.
The goal f(x) ∈ C is also an ex is ten tial state ment, so to prove it we
must find a nat u ral num ber k such that f(x) ∈ Bk. The proof shows that
k = m + 1 works.

Fi nally, to prove the third state ment we use the nat u ral strat egy of
let ting D be an ar bi trary set, as sum ing B ⊆ D ⊆ A and D is closed un‐ 
der f, and then prov ing that C ⊆ D. Once again, if you don’t see why
the con clu sion C ⊆ D fol lows from ∀n ∈ N(Bn ⊆ D), as claimed in
the proof, you should work out the de tails of the proof your self. This
last state ment is proven by in duc tion, as you might ex pect based on the
re cur sive na ture of the def i ni tion of Bn. For the in duc tion step, we let n
be an ar bi trary nat u ral num ber, as sume that Bn ⊆ D, and prove that
Bn+1 ⊆ D. To prove that Bn+1 ⊆ D we take an ar bi trary el e ment of Bn+1
and prove that it must be an el e ment of D. Writ ing out the re cur sive
def i ni tion of Bn+1 gives us a way to use the in duc tive hy poth e sis, which,
as usual, is the key to com plet ing the in duc tion step.

We end this chap ter by re turn ing once again to one of the proofs in
the in tro duc tion. Re call that in our first proof in the in tro duc tion we
used the for mula

We dis cussed this proof again in Sec tion 3.7 and promised to give a
more care ful proof of this for mula af ter we had dis cussed math e mat i cal
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in duc tion. We are ready now to give this more care ful proof. Of course,
we can also state the for mula more pre cisely now, us ing sum ma tion no‐ 
ta tion.

The o rem 6.5.2. For all pos i tive in te gers a and b,

Proof. We let b be an ar bi trary pos i tive in te ger and then pro ceed by in‐ 
duc tion on a.

Base case: When a = 1 we have

In duc tion step: Sup pose a ≥ 1 and  Then

□

Ex er cises
*1. Let f: R → R be de fined by the for mula f(x) = x+1, and let B = {0}.

We saw in part 2 of Ex am ple 5.4.4 that the clo sure of B un der f is N.
What are the sets B0, B1, B2, . . . de fined in The o rem 6.5.1?

2. Let f: R → R be de fined by the for mula f(x) = x − 1, and let B = N.
We saw af ter Ex am ple 5.4.2 that the clo sure of B un der f is Z. What
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are the sets B0, B1, B2, . . . de fined in The o rem 6.5.1?

3. Sup pose F is a set of func tions from A to A and B ⊆ A. In ex er cise

12 of Sec tion 5.4 we de fined the clo sure of B un der F to be the

small est set C ⊆ A such that B ⊆ C and for ev ery f ∈ F, C is

closed un der f. Let the sets B0, B1, B2, . . . be de fined re cur sively as
fol lows:

Prove that  is the clo sure of B un der F.

*4. For each nat u ral num ber n, let fn: P(N) → P(N) be de fined by the
for mula fn (X) = X ∪ {n}, and let F = {fn | n ∈ N}. Let B = {∅}. In

part (b) of ex er cise 12 in Sec tion 5.4 you showed that the clo sure of
B un der F is the set of all fi nite sub sets of N. What are the sets B0,

B1, B2, . . . de fined in ex er cise 3?
*5. Let f: N × N → N be de fined by the for mula f(x, y) = xy. Let P be

the set of all prime num bers. What is the clo sure of P un der f?
6. Con sider the fol low ing in cor rect the o rem:

In cor rect The o rem. Sup pose f: A × A → A and B ⊆ A. Let the sets
B0, B1, B2, . . . be de fined re cur sively as fol lows:

Then the clo sure of B un der f is the set 

What’s wrong with the fol low ing proof of the the o rem?

Proof. Let  It is not hard to see that each set Bn is a
sub set of A, so C ⊆ A, and B = B0 ⊆ C.

To see that C is closed un der f, sup pose x, y ∈ C. Then by the
def i ni tion of C, there is some m ∈ N such that x, y ∈ Bm. There‐ 
fore 
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Fi nally, sup pose B ⊆ D ⊆ A and D is closed un der f. To prove
that C ⊆ D, it will suf fice to prove that ∀n ∈ N(Bn ⊆ D). We
prove this by in duc tion. The base case holds be cause B0 = B ⊆ D
by as sump tion. For the in duc tion step, sup pose Bn ⊆ D and let x ∈
Bn+1 be ar bi trary. By the def i ni tion of Bn+1 this means that x = f(a,
b) for some a, b ∈ Bn. By the in duc tive hy poth e sis, Bn ⊆ D, so a, b
∈ D, and since D is closed un der f, it fol lows that x = f(a, b) ∈ D.
There fore Bn+1 ⊆ D.

□
*7. Let f: R × R → R be de fined by the for mula f(x, y) = xy, and let B =

{x ∈ R | −2 ≤ x ≤ 0}. In this prob lem you will show that f and B are
a coun terex am ple to the in cor rect the o rem in ex er cise 6.

(a) What are the sets B0, B1, B2, . . . de fined in the in cor rect the o rem?
(b) Show that  is not the clo sure of B un der f. Which of the

three prop er ties in the def i ni tion of clo sure (Def i ni tion 5.4.8) does
not hold?

(c) What is the clo sure of B un der f?
8. Sup pose f: A × A → A and B ⊆ A. Let the sets B0, B1, B2, . . . be de‐ 

fined re cur sively as fol lows:

(a) Prove that for all nat u ral num bers m and n, if m ≤ n then Bm ⊆ Bn.
(Hint: Let m be ar bi trary and then use in duc tion on n.)

(b) Prove that  is the clo sure of B un der f.
9. Sup pose f: A → A and f is a con stant func tion; in other words, there

is some c ∈ A such that for all x ∈ A, f(x) = c. Sup pose B ⊆ A.
What are the sets B0, B1, B2, . . . de fined in The o rem 6.5.1? What is
the clo sure of B un der f?

10. There is an other proof in the in tro duc tion that could be writ ten
more rig or ously us ing in duc tion. Re call that in the proof of The o‐ 
rem 4 in the in tro duc tion we used the fact that if n is a pos i tive in te‐ 
ger, x = (n+1)! +2, and 0 ≤ i ≤ n−1, then (i +2) | (x +i). Use in duc tion
to prove this. (We used this fact to show that x + i is not prime.)

The re main ing ex er cises in this sec tion will use the fol low ing def i ni‐ 
tion. Sup pose R ⊆ A × A. Let R1, R2, R3, . . . be de fined re cur sively as
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fol lows:

Clearly for ev ery pos i tive in te ger n, Rn is a re la tion on A.

11. Sup pose R ⊆ A × A. Prove that for all pos i tive in te gers m and n,
Rm+n = Rm ◦ Rn.

12. Sup pose f: A → A.
(a) Prove that for ev ery pos i tive in te ger n, fn: A → A.
(b) Sup pose B ⊆ A, and let the sets B0, B1, B2, . . . be de fined as in

The o rem 6.5.1. Prove that for ev ery pos i tive in te ger n, fn (B) = Bn.

13. Sup pose f: A → A and a ∈ A. We say that a is a pe ri odic point for f
if there is some pos i tive in te ger n such that fn (a) = a.

(a) Show that if a is a pe ri odic point for f then the clo sure of {a} un der
f is a fi nite set.

(b) Sup pose the clo sure of {a} un der f is a fi nite set. Must a be a pe ri‐ 
odic point for f?

14. Sup pose R ⊆ A × A and let  Prove that T is the tran‐ 
si tive clo sure of R. (See ex er cise 25 of Sec tion 4.4 for the def i ni tion
of tran si tive clo sure.)

15. Sup pose R and S are re la tions on A and R ⊆ S. Prove that for ev ery
pos i tive in te ger n, Rn ⊆ Sn.

16. Sup pose R and S are re la tions on A and n is a pos i tive in te ger.
(a) What is the re la tion ship be tween Rn ∩Sn and (R ∩S)n? Jus tify your

con clu sions with proofs or coun terex am ples.
(b) What is the re la tion ship be tween Rn ∪Sn and (R ∪S)n? Jus tify your

con clu sions with proofs or coun terex am ples.
17. Sup pose R is a re la tion on A and T is the tran si tive clo sure of R. If

(a, b) ∈ T, then by ex er cise 14 there is some pos i tive in te ger n such
that (a, b) ∈ Rn, and there fore by the well-or der ing prin ci ple (The‐ 
o rem 6.4.4), there must be a small est such n. We de fine the dis tance
from a to b to be the small est pos i tive in te ger n such that (a, b) ∈
Rn, and we write d(a, b) to de note this dis tance.

(a) Sup pose that (a, b) ∈ T and (b, c) ∈ T (and there fore (a, c) ∈ T,
since T is tran si tive). Prove that d(a, c) ≤ d(a, b) + d(b, c).
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(b) Sup pose (a, c) ∈ T and 0 < m < d(a, c). Prove that there is some b
∈ A such that d(a, b) = m and d(b, c) = d(a, c) − m.

18. Sup pose R is a re la tion on A. For each pos i tive in te ger n, let Jn = {0,
1, 2, . . . , n}. If a ∈ A and b ∈ A, we will say that a func tion f: Jn
→ A is an R-path from a to b of length n if f(0) = a, f(n) = b, and for
all i < n, (f (i), f(i + 1)) ∈ R.

(a) Prove that for all n ∈ Z+, Rn = {(a, b) ∈ A × A | there is an R-path
from a to b of length n}.

(b) Prove that the tran si tive clo sure of R is {(a, b) ∈ A × A | there is an
R-path from a to b (of any length)}.

19. Sup pose R is a re la tion on A. In this prob lem we find a re la tion ship
be tween dis tance, as de fined in ex er cise 17, and R-paths, which
were dis cussed in ex er cise 18.

(a) Sup pose d(a, b) = n and a ≠ b. Prove that if f is an R-path from a to
b of length n, then f is one-to-one.

(b) Sup pose d(a, a) = n. Prove that if f is an R-path from a to a of
length n, then ∀i < n∀j < n(f(i) = f(j) → i = j). (In other words, f is
one-to-one, ex cept for the fact that f(0) = f(n) = a.)

20. Sup pose R is a re la tion on A, T is the tran si tive clo sure of R, and A
has m el e ments. Prove that

(Hint: Use ex er cise 19.)

1 The ter mi nol ogy here is some what un for tu nate, since what we are call ing the di vi sion
al go rithm is ac tu ally a the o rem and not an al go rithm. Nev er the less, this ter mi nol ogy is
com mon.
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7

Num ber The ory

7.1. Great est Com mon Di vi sors
In this chap ter we will give an in tro duc tion to num ber the ory: the study
of the pos i tive in te gers 1, 2, 3, . . . . It may seem that these num bers are
so easy to un der stand that in ves ti gat ing them will not lead to any in ter‐ 
est ing dis cov er ies. But we will see in this chap ter that sim ple ques tions
about the pos i tive in te gers can be sur pris ingly dif fi cult to re solve, and
the an swers some times re veal sub tle and un ex pected pat terns. Of
course, the only way to be sure of the an swers to our ques tions will be
to give proofs, us ing the meth ods we have de vel oped in ear lier chap ters
of this book. By now, you should be fairly pro fi cient at read ing and
writ ing proofs, so we’ll give less dis cus sion of the strat egy be hind
proofs and leave more proofs as ex er cises.

We be gin with a con cept that is fun da men tal to all of num ber the ory,
the great est com mon di vi sor of a pair of pos i tive in te gers.

Def i ni tion 7.1.1. Sup pose a is a pos i tive in te ger. The di vi sors of a are
the pos i tive in te gers that di vide a. We will de note the set of di vi sors of
a by D(a). Thus,

If a and b are two pos i tive in te gers, then D(a) ∩ D(b) is the set of pos i‐ 
tive in te gers that di vide both a and b – the com mon di vi sors of a and b.
The largest el e ment of this set is called the great est com mon di vi sor of
a and b, and is de noted gcd(a, b).

For ex am ple, D(18) = {1, 2, 3, 6, 9, 18} and D(12) = {1, 2, 3, 4, 6,
12}, so the set of com mon di vi sors of 18 and 12 is D(18) ∩ D(12) = {1,
2, 3, 6}. The largest of these com mon di vi sors is 6, so gcd(18, 12) = 6.

No tice that 1 and a are al ways el e ments of D(a), and D(a) is a fi nite
set, since D(a) ⊆ {1, 2, . . . , a}. Thus, for any two pos i tive in te gers a
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and b, D(a)∩ D(b) is a fi nite set that is nonempty (since it con tains 1),
so it has a largest el e ment (see ex er cise 3 in Sec tion 6.2). In other
words, gcd(a, b) is al ways de fined.

Given two pos i tive in te gers a and b, how can we com pute gcd(a, b)?
One pos si bil ity is to start by list ing all el e ments of D(a) and D(b), as
we did when we com puted gcd(18, 12). But if a and b are large then this
may be im prac ti cal. For tu nately, there is a bet ter way.

Since D(a) ∩ D(b) = D(b) ∩ D(a), gcd(a, b) = gcd(b, a). In other
words, in our no ta tion for the great est com mon di vi sor of two pos i tive
in te gers, it doesn’t mat ter which in te ger we list first. We will of ten find
it con ve nient to list the larger in te ger first; in par tic u lar, when com put‐ 
ing gcd(a, b), we will as sume that a ≥ b.

One help ful ob ser va tion is that if b | a then gcd(a, b) = b. This is be‐ 
cause b is the largest el e ment of D(b). If b | a then b is also an el e ment
of D(a), so it must be the largest el e ment of D(a) ∩ D(b). This sug gests
that to com pute gcd(a, b), where a ≥ b, we could start by di vid ing a by
b. Ac cord ing to the di vi sion al go rithm (The o rem 6.4.1), if we di vide a
by b we will find nat u ral num bers q and r (the quo tient and re main der)
such that a = qb+r and r < b. If r = 0, then a = qb, so b | a and there fore
gcd(a, b) = b.

But what if r > 0? How can we com pute gcd(a, b) in that case? We
claim that in that case, D(a) ∩ D(b) = D(b) ∩ D(r). Let’s prove this fact.
Sup pose first that d ∈ D(a) ∩ D(b). Then d | a and d | b, so there are in‐ 
te gers j and k such that a = jd and b = kd. But then from the equa tion a =
qb + r we get r = a −qb = jd −qkd = (j −qk)d, so d | r. There fore d ∈
D(r), and since we also have d ∈ D(b), d ∈ D(b) ∩ D(r). A sim i lar ar‐ 
gu ment shows that if d ∈ D(b)∩D(r) then d ∈ D(a)∩D(b), so
D(a)∩D(b) = D(b)∩D(r). By the def i ni tion of great est com mon di vi sor,
it fol lows that gcd(a, b) = gcd(b, r).

Let’s sum ma rize what we’ve learned with a the o rem.

The o rem 7.1.2. Sup pose a and b are pos i tive in te gers with a ≥ b. Let r
be the re main der when we di vide a by b. If r = 0 then gcd(a, b) = b, and
if r > 0 then gcd(a, b) = gcd(b, r).

Now, if r > 0, does this the o rem help us to com pute gcd(a, b)? One
rea son to think it might is that b ≤ a and r < b, so it is prob a bly eas ier to
com pute gcd(b, r) than gcd(a, b). Thus, the the o rem al lows us to re place
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our orig i nal prob lem of com put ing gcd(a, b) with the po ten tially eas ier
prob lem of com put ing gcd(b, r).

This should re mind you of our study of re cur sion in Chap ter 6. A re‐ 
cur sive def i ni tion of a func tion f with do main Z+ gives us a method of
find ing f(n) by us ing the val ues of f(k) for k < n. By us ing this method
re peat edly, we are able to com pute f(n) for any n. Per haps if we ap ply
our di vi sion method re peat edly we will be able to com pute gcd(a, b).

Be fore work ing out this idea in gen eral, let’s try it out in an ex am ple.
Sup pose we want to find gcd(672, 161). We be gin by di vid ing a = 672
by b = 161, which gives us a quo tient q = 4 and re main der r = 28:

By The o rem 7.1.2, we con clude that gcd(672, 161) = gcd(a, b) = gcd(b,
r) = gcd(161, 28). So let’s try to com pute gcd(161, 28), which seems
like an eas ier prob lem.

How do we solve this prob lem? By the same method, of course! We
start by di vid ing 161 by 28, to get a quo tient of 5 and re main der of 21:

Ap ply ing The o rem 7.1.2 again, we see that gcd(161, 28) = gcd(28, 21).
To com pute gcd(28, 21) we di vide 28 by 21:

Thus gcd(28, 21) = gcd(21, 7). But 21 = 3 · 7 + 0, so 7 | 21 and there fore
gcd(21, 7) = 7. We con clude that this is the an swer to our orig i nal prob‐ 
lem: gcd(672, 161) = 7.

We can sum ma rize our cal cu la tions with the fol low ing list of equa‐ 
tions:

These cal cu la tions pro duce a de creas ing list of nat u ral num bers: 672,
161, 28, 21, 7, 0. The first two num bers are our orig i nal pos i tive in te‐ 
gers a and b, and af ter that ev ery num ber is the re main der when di vid‐ 
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ing the pre vi ous num ber into the one be fore that. The great est com mon
di vi sors of all ad ja cent pairs of pos i tive in te gers in the list are the same.
The cal cu la tion ended when we got a re main der of 0, and the last
nonzero num ber in the list is 7 = gcd(21, 7) = gcd(672, 161).

Now let’s gen er al ize. Sup pose we want to find gcd(a, b), where a and
b are pos i tive in te gers and a ≥ b. We de fine a se quence of nat u ral num‐ 
bers r0, r1, r2, . . . re cur sively as fol lows. To start off the se quence, we
let r0 = a and r1 = b; no tice that r0 ≥ r1. Then we let q2 and r2 be the
quo tient and re main der when we di vide r0 by r1:

If r2 ≠ 0, then we di vide r1 by r2 to get a quo tient q3 and re main der r3.
In gen eral, hav ing com puted r0, r1, . . . , rn, if rn ≠ 0 then we di vide rn−1
by rn to pro duce a quo tient and re main der of qn+1 and rn+1:

The cal cu la tion stops when we reach a re main der of 0.
Are we sure that we will even tu ally have a re main der of 0? Well, if

we don’t, then the se quence of di vi sions will go on for ever, and we will
end up with an in fi nite se quence of pos i tive in te gers r0, r1, r2, . . . with
r0 ≥ r1 > r2 > · · ·. This is im pos si ble, since {r0, r1, r2, . . .} would be a
nonempty set of nat u ral num bers with no small est el e ment, con tra dict‐ 
ing the well-or der ing prin ci ple (The o rem 6.4.4). Thus, we must even tu‐ 
ally have a re main der of 0.

Sup pose m is the largest in dex for which rm ≠ 0. Then rm+1 = 0, and
there are m di vi sions, which can be sum ma rized as fol lows:

Ap ply ing The o rem 7.1.2 to each di vi sion, we con clude that
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Thus, gcd(a, b) is the last nonzero value in the se quence r0, r1, r2, . . . .
This method of com put ing the great est com mon di vi sor of two pos i‐ 

tive in te gers is called the Eu clidean al go rithm. It is named for Eu clid,
who de scribed it in Book VII of his El e ments.

Ex am ple 7.1.3. Find the great est com mon di vi sor of 444 and 1392.

So lu tion

We ap ply the Eu clidean al go rithm with a = 1392 and b = 444. The cal‐ 
cu la tions are shown in Fig ure 7.1. Each equa tion in the col umn “Di vi‐ 
sion” shows the di vi sion cal cu la tion that leads to the quo tient and re‐ 
main der in the next row. Since the last nonzero re main der is 12, we
con clude that gcd(1392, 444) = 12.

Fig ure 7.1. Cal cu la tion of gcd(1392, 444) by Eu clidean al go rithm.

The in puts to the Eu clidean al go rithm in the last ex am ple were a =
1392 and b = 444. It is in struc tive to see how the re main ders we com‐ 
puted are re lated to these in puts. Re ar rang ing the first equa tion in the
“Di vi sion” col umn in Fig ure 7.1, we see that

Sim i larly, from the next equa tion we get

and the third equa tion gives us
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We see that each re main der can be writ ten in the form sa + tb, for some
in te gers s and t. We say that each re main der is a lin ear com bi na tion of a
and b. But the last nonzero re main der is the great est com mon di vi sor of
a and b, so we con clude that gcd(a, b) is a lin ear com bi na tion of a and
b: gcd(a, b) = r4 = 15a − 47b. Work ing out this rea son ing in gen eral
proves our next the o rem.

The o rem 7.1.4. For all pos i tive in te gers a and b there are in te gers s
and t such that gcd(a, b) = sa + tb.

Proof. As usual, we may as sume a ≥ b; if not, we can sim ply re verse the
val ues of a and b. Let r0, r1, . . . , rm+1 be the se quence of num bers pro‐ 
duced by the Eu clidean al go rithm, where rm ≠ 0 and rm+1 = 0. We claim
that for ev ery nat u ral num ber n ≤ m, rn is a lin ear com bi na tion of a and
b. In other words, for ev ery nat u ral num ber n, if n ≤ m then there are in‐ 
te gers sn and tn such that rn = sn a + tn b. We prove this state ment by
strong in duc tion.

Sup pose n is a nat u ral num ber and n ≤ m, and sup pose also that for all
k < n, rk is a lin ear com bi na tion of a and b. We now con sider three
cases.

Case 1: n = 0. Then rn = r0 = a = s0 a + t0 b, where s0 = 1 and t0 = 0.
Case 2: n = 1. Then rn = r1 = b = s1 a + t1 b, where s1 = 0 and t1 = 1.
Case 3: n ≥ 2. Then rn is the re main der when rn−2 is di vided by rn−1:

By the in duc tive hy poth e sis, there are in te gers sn−1, sn−2, tn−1, and tn−2
such that

There fore

so rn = sn a + tn b, where sn = sn−2 − qn sn−1 and tn = tn−2 − qn tn−1.
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This com pletes the in duc tive proof that for ev ery n ≤ m, rn is a lin ear
com bi na tion of a and b. Ap ply ing this state ment in the case n = m, we
con clude that gcd(a, b) = rm is a lin ear com bi na tion of a and b. □

For an al ter na tive proof of The o rem 7.1.4, see ex er cise 4. One ad van‐ 
tage of the proof we have given is that it pro vides us with a method to
find in te gers s and t such that gcd(a, b) = sa + tb. While car ry ing out the
Eu clidean al go rithm, we can com pute num bers sn and tn re cur sively by
us ing the for mu las:

If m is the largest in dex for which rm ≠ 0, then gcd(a, b) = rm = sm a + tm
b. The ver sion of the Eu clidean al go rithm in which we keep track of
these ex tra num bers sn and tn is called the ex tended Eu clidean al go‐ 
rithm.

Ex am ple 7.1.5. Use the ex tended Eu clidean al go rithm to find gcd(574,
168) and ex press it as a lin ear com bi na tion of 574 and 168.

So lu tion

The cal cu la tions are shown in Fig ure 7.2. We con clude that gcd(574,
168) = 14 = 5 · 574 − 17 · 168.

Fig ure 7.2. Cal cu la tion of gcd(574, 168) by ex tended Eu clidean al go rithm.

As an im me di ate con se quence of The o rem 7.1.4, we have the fol low‐ 
ing sur pris ing fact.
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The o rem 7.1.6. For all pos i tive in te gers a, b, and d, if d | a and d | b
then d | gcd(a, b).

Proof. Let a, b, and d be ar bi trary pos i tive in te gers and sup pose that d |
a and d | b. Then there are in te gers j and k such that a = jd and b = kd.
Now by The o rem 7.1.4 let s and t be in te gers such that gcd(a, b) = sa +
tb. Then

so d | gcd(a, b). □

Re call from part 3 of Ex am ple 4.4.3 that the di vis i bil ity re la tion is a
par tial or der on Z+. We could in ter pret The o rem 7.1.6 as say ing that
gcd(a, b) is the largest el e ment of D(a) ∩ D(b) not only with re spect to
the usual or der ing of the pos i tive in te gers, but also with re spect to the
di vis i bil ity par tial or der.

Ex er cises
1. Let a = 57 and b = 36.

(a) Find D(a), D(b), and D(a) ∩ D(b).
(b) Use the Eu clidean al go rithm to find gcd(a, b).
*2. Find gcd(a, b), and ex press it as a lin ear com bi na tion of a and b.
(a) a = 775, b = 682.
(b) a = 562, b = 243.
3. Find gcd(a, b), and ex press it as a lin ear com bi na tion of a and b.

(a) a = 2790, b = 1206.
(b) a = 191, b = 156.
4. Com plete the fol low ing al ter na tive proof of The o rem 7.1.4. Sup‐ 

pose a and b are pos i tive in te gers. Let L = {n ∈ Z+ | ∃s ∈ Z∃t ∈
Z(n = sa + tb)}. Show that L has a small est el e ment. Let d be the
small est el e ment of L. Now show that d = gcd(a, b). (Hint: Show
that when you di vide ei ther a or b by d, the re main der can not be
pos i tive.)

*5. Sup pose a and b are pos i tive in te gers, and let d = gcd(a, b). Show
that for ev ery in te ger n, n is a lin ear com bi na tion of a and b iff d | n.
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6. Prove that for all pos i tive in te gers a, b, and c, gcd(a, b) = gcd(a+bc,
b).

*7. Sup pose that a, a ′, b, and b ′ are pos i tive in te gers.
(a) If a ≤ a ′ and b ≤ b ′, must it be the case that gcd(a, b) ≤ gcd(a ′, b

′)? Jus tify your an swer with ei ther a proof or a coun terex am ple.
(b) If a | a ′ and b | b ′, must it be the case that gcd(a, b) | gcd(a ′, b ′)?

Jus tify your an swer with ei ther a proof or a coun terex am ple.
8. Prove that for ev ery pos i tive in te ger a, gcd(5a + 2, 13a + 5) = 1.

*9. Prove that for all pos i tive in te gers a and b, gcd(2a − 1, 2b − 1) =
2gcd(a,b) − 1.

10. Prove that for all pos i tive in te gers a, b, and n, gcd(na, nb) = n
gcd(a, b).

11. Sup pose a, b, and c are pos i tive in te gers.
(a) Prove that D(gcd(a, b)) = D(a) ∩ D(b).
(b) Prove that gcd(gcd(a, b), c) is the largest el e ment of D(a) ∩ D(b) ∩

D(c).
12. (a) Use the Eu clidean al go rithm to find gcd(55, 34). Do you rec‐ 

og nize the num bers in the se quence r0, r1, . . . ? (Hint: Look
back at Sec tion 6.4.) How many di vi sion steps are there?

(b) Sup pose n ≥ 2. What is gcd(Fn+1, Fn)? How many di vi sion steps are
there when us ing the Eu clidean al go rithm to find gcd(Fn+1, Fn)?
(Fis the nth Fi bonacci num ber.)

13. Sup pose a and b are pos i tive in te gers with a ≥ b. Let r0, r1, . . . ,
rm+1 be the se quence of num bers pro duced when us ing the Eu‐ 
clidean al go rithm to com pute gcd(a, b), where rm ≠ 0 and rm+1 = 0.
Note that this means that the al go rithm re quired m di vi sions.

(a) Prove that ∀k ∈ N(k < m → rm−k ≥ Fk+2), where Fk+2 is the (k +
2)th Fi bonacci num ber.

(b) Let  6.4.) Prove that for ev ery(φ is pos i tivethe gold‐ 
en in te ger  ra tio; see ex er cise20 in Sec tion(Hint:
Use The o rem 6.4.3.)

(c) Show that



389

(You can use ei ther base-10 log a rithms or nat u ral log a rithms in
this for mula.)

(d) Show that if b has at most 100 dig its, then the num ber of di vi sions
when us ing the Eu clidean al go rithm to com pute gcd(a, b) will be at
most 479.

14. (a) Prove the fol low ing al ter na tive ver sion of the di vi sion al go‐ 
rithm: For any pos i tive in te gers a and b, there are nat u ral
num bers q and r such that r ≤ b/2 and ei ther a = qb + r or a =
qb − r.

(b) Sup pose that a, b, and r are pos i tive in te gers, q is a nat u ral num ber,
and ei ther a = qb + r or a = qb − r. Prove that gcd(a, b) = gcd(b, r).

(c) Sup pose a and b are pos i tive in te gers with a ≥ b. De fine a se quence
r0, r1, . . . re cur sively as fol lows: r0 = a, r1 = b, and for all n ≥ 1, if
rn ≠ 0 then we use part (a) to find nat u ral num bers qn+1 and rn+1
such that rn+1 ≤ rn /2 and ei ther rn−1 = qn+1 rn + rn+1 or rn−1 = qn+1
rn − rn+1. Prove that there is some m such that rm ≠ 0 and rm+1 = 0,
and gcd(a, b) = rm. This gives us a new method of com put ing great‐ 
est com mon di vi sors; it is called the least ab so lute re main der Eu‐ 
clidean al go rithm.

(d) Com pute gcd(1515, 555) by both the Eu clidean al go rithm and the
least ab so lute re main der Eu clidean al go rithm. Which takes fewer
steps?

7.2. Prime Fac tor iza tion
In Sec tion 6.4 we saw that ev ery in te ger n > 1 is ei ther prime or can be
writ ten as a prod uct of prime num bers; we say that n has a prime fac tor‐ 
iza tion. In this sec tion we will show that this prime fac tor iza tion is in a
cer tain sense unique. One im por tant tool in this in ves ti ga tion will be
great est com mon di vi sors. In par tic u lar, we will be in ter ested in pairs of
pos i tive in te gers whose great est com mon di vi sor has the small est pos si‐ 
ble value, 1.

Def i ni tion 7.2.1. If a and b are pos i tive in te gers and gcd(a, b) = 1, then
we say that a and b are rel a tively prime.

Equiv a lently, we can say that a and b are rel a tively prime if their
only com mon di vi sor is 1. For ex am ple, D(50) = {1, 2, 5, 10, 25, 50}
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and D(63) = {1, 3, 7, 9, 21, 63}, so D(50) ∩ D(63) = {1}. There fore
gcd(50, 63) = 1, so 50 and 63 are rel a tively prime.

One rea son rel a tively prime in te gers are im por tant is given by our
next the o rem. The key to the proof of the the o rem is the use of ex is ten‐ 
tial in stan ti a tion to in tro duce names for in te gers that we know ex ist.

The o rem 7.2.2. For all pos i tive in te gers a, b, and c, if c | ab and gcd(a,
c) = 1 then c | b.

Proof. Sup pose c | ab and gcd(a, c) = 1. Then there is some in te ger j
such that ab = jc, and by The o rem 7.1.4, there are in te gers s and t such
that sa + tc = 1. There fore

so c | b. □

No tice that if p is a prime num ber then D(p) = {1, p}. Thus, for any
pos i tive in te ger a, the only pos si ble val ues of gcd(a, p) are 1 and p. If p
| a then gcd(a, p) = p, and if not, then the only com mon di vi sor of a and
p is 1 and there fore a and p are rel a tively prime. Com bin ing this ob ser‐ 
va tion with The o rem 7.2.2, we get the fol low ing im por tant fact about
prime di vi sors.

The o rem 7.2.3. For all pos i tive in te gers a, b, and p, if p is prime and p |
ab then ei ther p | a or p | b.

Proof. Sup pose p is prime and p | ab. As we ob served ear lier, if p � a
then a and p are rel a tively prime, and there fore by The o rem 7.2.2, p | b.
Thus, ei ther p | a or p | b. □

Com men tary. No tice that to prove the dis junc tion (p | a) ∨ (p | b), we
used the strat egy of as sum ing p � a and then prov ing p | b.

Us ing math e mat i cal in duc tion, we can ex tend this the o rem to the
case of a prime num ber di vid ing a prod uct of a list of pos i tive in te gers.

The o rem 7.2.4. Sup pose p is a prime num ber and a1, a2, . . . , ak are
pos i tive in te gers. If p | (a1 a2 · · · ak), then for some i ∈ {1, 2, . . . , k},
p | ai.
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Proof. We prove this the o rem by in duc tion on k. In other words, we will
use in duc tion to prove the fol low ing state ment: for ev ery k ≥ 1, if p di‐ 
vides the prod uct of any list of k pos i tive in te gers, then it di vides one of
the in te gers in the list.

Our base case is k = 1, and in that case the state ment is clearly true: if
p | a1, then there is some i ∈ {1} such that p | ai, namely, i = 1.

Now sup pose the state ment holds for any list of k pos i tive in te gers,
and let a1, a2, . . . , ak+1 be a list of pos i tive in te gers such that p | (a1 a2 ·
· · ak ak+1). Since a1 a2 · · · ak ak+1 = (a1 a2 · · · ak)ak+1, by The o rem
7.2.3 ei ther p | (a1 a2 · · · ak) or p | ak+1. In the first case, by the in duc‐ 
tive hy poth e sis we have p | ai for some i ∈ {1, 2, . . . , k}, and in the
sec ond we have p | ai where i = k + 1. □

We are now ready to ad dress the is sue of the unique ness of prime fac‐ 
tor iza tions. Con sider, for ex am ple, the prob lem of writ ing 12 as a prod‐ 
uct of prime num bers. There are ac tu ally three dif fer ent ways to write
12 as a prod uct of prime num bers: 12 = 2 · 2 · 3 = 2 · 3 · 2 = 3 · 2 · 2.
But of course in all three cases we are mul ti ply ing the same three prime
num bers, just in a dif fer ent or der. To avoid count ing these as three dif‐ 
fer ent prime fac tor iza tions of 12, we will only con sider fac tor iza tions
in which the primes are listed from small est to largest. There is only
one prime fac tor iza tion of 12 that meets this ad di tional re quire ment: 12
= 2 · 2 · 3.

More gen er ally, we will be in ter ested in ex pres sions of the form p1 p2
· · · pk, where p1, p2, . . . , pk are prime num bers and p1 ≤ p2 ≤ · · · ≤ pk.
We will say that such an ex pres sion is the prod uct of a non de creas ing
list of prime num bers. We will show that ev ery in te ger larger than 1 can
be writ ten as the prod uct of a non de creas ing list of prime num bers in a
unique way.

Re call that, to show that an ob ject with some prop erty is unique, we
show that any two ob jects with the prop erty would have to be equal.
Thus, the key to prov ing the unique ness of prime fac tor iza tions will be
the fol low ing fact.

The o rem 7.2.5. Sup pose that p1, p2, . . . , pk and q1, q2, . . . , qm are
prime num bers, p1 ≤ p2 ≤ · · · ≤ pk, q1 ≤ q2 ≤ · · · ≤ qm, and p1 p2 · · · pk
= q1 q2 · · · qm. Then k = m and for all i ∈ {1, . . . , k}, pi = qi.
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Proof. The proof will be by in duc tion on k. In other words, we use in‐ 
duc tion to prove that for all k ≥ 1, if the prod uct of some non de creas ing
list of k prime num bers is equal to the prod uct of an other non de creas ing
list of prime num bers, then the two lists must be the same.

When k = 1, we have p1 = q1 q2 · · · qm. If m > 1 then this con tra dicts
the fact that p1 is prime. There fore m = 1 and p1 = q1.

For the in duc tion step, sup pose the state ment is true for prod ucts of
non de creas ing lists of k prime num bers, and sup pose that p1, p2, . . . ,
pk+1 and q1, q2, . . . , qm are prime num bers, p1 ≤ p2 ≤ · · · ≤ pk+1, q1 ≤ q2
≤ · · · ≤ qm, and p1 p2 · · · pk+1 = q1 q2 · · · qm. No tice that if m = 1 then
this equa tion says p1 p2 · · · pk+1 = q1, and as in the base case this con‐ 
tra dicts the fact that q1 is prime, so m > 1.

Clearly pk+1 | (p1 p2 · · · pk+1), so pk+1 | (q1 q2 · · · qm), and by The o‐ 
rem 7.2.4 it fol lows that pk+1 | qi for some i. There fore pk+1 ≤ qi ≤ qm. A
sim i lar ar gu ment shows that qm | pj for some j, so qm ≤ pj ≤ pk+1. We
con clude that pk+1 = qm. Can cel ing these fac tors from the equa tion p1 p2
· · · pk+1 = q1 q2 · · · qm gives us p1 p2 · · · pk = q1 q2 · · · qm−1, and now
the in duc tive hy poth e sis tells us that the re main ing fac tors on both
sides of the equa tion are the same, as re quired. □

We now have in place ev ery thing we need to es tab lish the ex is tence
and unique ness of prime fac tor iza tions. This the o rem is so im por tant it
is known as the fun da men tal the o rem of arith metic.

The o rem 7.2.6. (Fun da men tal the o rem of arith metic) For ev ery in te ger
n>1 there are unique prime num bers p1, p2, . . . , pk such that p1 ≤ p2 ≤ ·
· · ≤ pk and n = p1 p2 · · · pk.

Proof. By The o rem 6.4.2, ev ery in te ger greater than 1 is ei ther prime or
a prod uct of primes. List ing the primes from small est to largest gives
us the re quired non de creas ing prime fac tor iza tion. Unique ness of the
fac tor iza tion fol lows from The o rem 7.2.5. □

If we write the prod uct of the list of prime num bers p1, p2, . . . , pk in
the form 1 · p1 p2 · · · pk, then it is nat u ral to in tro duce the con ven tion
that the prod uct of the empty list is 1. With this con ven tion we can ex‐ 
tend the fun da men tal the o rem of arith metic to say that ev ery pos i tive
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in te ger has a unique prime fac tor iza tion, where the fac tor iza tion of the
num ber 1 is the prod uct of the empty list of prime num bers.

Ex am ple 7.2.7. Find the prime fac tor iza tions of the fol low ing in te gers:

So lu tion

The most straight for ward way to find the prime fac tor iza tion of a pos i‐ 
tive in te ger is to search for its small est prime di vi sor, fac tor it out, and
re peat un til all fac tors are prime. This gives the fol low ing re sults. (Note
that 277 is prime, so the fac tor ing process for 277 stops im me di ately.)

When there are re peated primes in the prime fac tor iza tion of an in te‐ 
ger, we of ten use ex po nent no ta tion to write the prime fac tor iza tion. For
ex am ple, the fac tor iza tions of 275 and 276 in the last ex am ple could be
writ ten in the form 275 = 52 · 11 and 276 = 22 · 3 · 23. More gen er ally,
we can write the prime fac tor iza tion of a pos i tive in te ger n in the form 

 where p1, p2, . . . , pk are prime num bers, p1 < p2 < · ·
· < pk, and e1, e2, . . . , ek are pos i tive in te gers. Again, by the fun da men‐ 
tal the o rem of arith metic, this rep re sen ta tion of n is unique.

The fun da men tal the o rem of arith metic can pro vide in sight into a
num ber of con cepts of num ber the ory. For ex am ple, sup pose n and d are
pos i tive in te gers and d | n. Then there is some pos i tive in te ger c such
that cd = n. Now let the prime fac tor iza tions of c and d be c = p1 p2 · · ·
pk and d = q1 q2 · · · qm. Then n = cd = p1 p2 · · · pk q1 q2 · · · qm. If we
re ar range the primes in this prod uct into non de creas ing or der, then this
must be the unique prime fac tor iza tion of n. There fore d must be the
prod uct of some sub col lec tion of the primes in the prime fac tor iza tion
of n. No tice that we are in clud ing here the pos si bil ity that the sub col‐ 
lec tion is the empty sub col lec tion (so that d = 1 and c = n) or that it in‐ 
cludes all of the primes in the fac tor iza tion of n (so that d = n and c =
1).

Rephras ing this con clu sion us ing ex po nent no ta tion, sup pose the
prime fac tor iza tion of n is  Then the di vi sors of n are
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pre cisely the num bers of the form  where for all i ∈ {1,
2, . . . , k}, 0 ≤ fi ≤ ei. For ex am ple, we saw in Ex am ple 7.2.7 that the
prime fac tor iza tion of 276 is 276 = 22 · 3 · 23. There fore

Prime fac tor iza tion can also help us un der stand great est com mon di‐ 
vi sors. Sup pose a and b are pos i tive in te gers. Let p1, p2, . . . , pk be a list
of all primes that oc cur in the prime fac tor iza tion of ei ther a or b. Then
we can write a and b in the form

where some of the ex po nents ei and fi might be 0, since some primes
might oc cur in only one of the fac tor iza tions. By the dis cus sion of di‐ 
vis i bil ity and prime fac tor iza tion in the pre vi ous para graph, the com‐ 
mon di vi sors of a and b are all num bers of the form 
where for ev ery i ∈ {1, . . . , k}, gi ≤ ei and gi ≤ fi. The great est com mon
di vi sor can be found by let ting each gi have the largest pos si ble value,
which is min(ei, fi) = the min i mum of ei and fi. In other words,

For ex am ple, in Ex am ple 7.1.3 we used the Eu clidean al go rithm to
find that gcd(1392, 444) = 12. We could in stead have fac tored 1392 and
444 into primes:

These fac tor iza tions give us an other way to find the great est com mon
di vi sor of 1392 and 444:

Usu ally the Eu clidean al go rithm is a more ef fi cient way to find the
great est com mon di vi sor of two pos i tive in te gers than prime fac tor iza‐ 
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tion. But if you hap pen to know the prime fac tor iza tions of two pos i tive
in te gers, then you can com pute their great est com mon di vi sor very eas‐ 
ily.

An other con cept that is elu ci dated by prime fac tor iza tion is least
com mon mul ti ples. For any pos i tive in te gers a and b, the least com mon
mul ti ple of a and b, de noted lcm(a, b), is the small est pos i tive in te ger m
such that a | m and b | m. Least com mon mul ti ples come up when we are
adding frac tions: to add two frac tions with de nom i na tors a and b, we
start by rewrit ing them with the com mon de nom i na tor lcm(a, b).

Sup pose that, as be fore,

For each i ∈ {1, . . . , k}, any com mon mul ti ple of a and b must in clude
a fac tor  in its prime fac tor iza tion, where gi ≥ ei and gi ≥ fi. The
small est pos si ble value of gi is the max i mum of ei and fi, which we will
de note max(ei, fi), so

It is not hard to show that for any num bers e and f, min(e, f) + max(e, f)
= e + f (see ex er cise 4), so

This gives us an other way to com pute lcm(a, b):

For an al ter na tive proof of this for mula, see ex er cise 8.
For ex am ple, we now have two ways to com pute lcm(1392, 444):
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and

This shows that if we want to add two frac tions with de nom i na tors 1392
and 444, we should use the com mon de nom i na tor 51504.

Ex am ple 7.2.8. Find the least com mon mul ti ple of 1386 and 1029.

So lu tion

We be gin by us ing the Eu clidean al go rithm to find gcd(1386, 1029).
The cal cu la tions in Fig ure 7.3 show that gcd(1386, 1029) = 21. There‐ 
fore

Fig ure 7.3. Cal cu la tion of gcd(1386, 1029) by Eu clidean al go rithm.

Al ter na tively, we could use prime fac tor iza tions: 1386 = 2 · 32 · 7 · 11
and 1029 = 3 · 73, so lcm(1386, 1029) = 2 · 32 · 73 · 11 = 67914.

Ex er cises
1. Find the prime fac tor iza tions of the fol low ing pos i tive in te gers:

650, 756, 1067.
*2. Find lcm(1495, 650).
3. Find lcm(1953, 868).
4. Prove that for any num bers e and f, min(e, f) + max(e, f) = e + f.
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*5. Sup pose a and b are pos i tive in te gers. Prove that a and b are rel a‐ 
tively prime iff their prime fac tor iza tions have no primes in com‐ 
mon.

6. Sup pose a and b are pos i tive in te gers. Prove that a and b are rel a‐ 
tively prime iff there are in te gers s and t such that sa + tb = 1.

7. Sup pose a, b, a ′, and b ′ are pos i tive in te gers, a and b are rel a tively
prime, a ′ | a, and b ′ | b. Prove that a ′ and b ′ are rel a tively prime.

*8. Sup pose a and b are pos i tive in te gers. In this ex er cise you will give
an al ter na tive proof of the for mula lcm(a, b) = ab/gcd(a, b). Let m =
lcm(a, b).

(a) Prove that ab/gcd(a, b) is an in te ger and that a | (ab/gcd(a, b)) and
b | (ab/gcd(a, b)). Use this to con clude that m ≤ ab/gcd(a, b).
Let q and r be the quo tient and re main der when ab is di vided by m.
Thus, ab = qm + r and 0 ≤ r < m.

(b) Prove that r = 0.
(c) By part (b), ab = qm. Prove that q | a and q | b.
(d) Use part (c) to con clude that m ≥ ab/ gcd(a, b). To gether with part

(a), this shows that m = ab/ gcd(a, b).
9. Sup pose a and b are pos i tive in te gers, and let d = gcd(a, b). Then d |

a and d | b, so there are pos i tive in te gers j and k such that a = jd and
b = kd. Prove that j and k are rel a tively prime.

10. Prove that for all pos i tive in te gers a, b, and d, if d | ab then there
are pos i tive in te gers d1 and d2 such that d = d1 d2, d1 | a, and d2 | b.

11. Prove that for all pos i tive in te gers a, b, and m, if a | m and b | m then
lcm(a, b) | m.

12. Sup pose a, b, and c are pos i tive in te gers. Let m be the small est pos‐ 
i tive in te ger such that a | m, b | m, and c | m. Prove that m =
lcm(lcm(a, b), c).

13. Prove that for all pos i tive in te gers a and b, if a2 | b2 then a | b.
14. (a) Find all prime num bers p such that 5p + 9 ∈ {n2 | n ∈ N}.

(b) Find all prime num bers p such that 15p + 4 ∈ {n2 | n ∈ N}.
(c) Find all prime num bers p such that 5p + 8 ∈ {n3 | n ∈ N}.

15. Let H = {4n + 1 | n ∈ N} = {1, 5, 9, 13, . . .}. The el e ments of H are
called Hilbert num bers (named for David Hilbert (1862–1943)). A
Hilbert num ber that is larger than 1 and can not be writ ten as a prod‐ 
uct of two smaller Hilbert num bers is called a Hilbert prime. For
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ex am ple, 9 is a Hilbert prime. (Of course, 9 is not a prime, since 9 =
3 · 3, but 3 /∈ H.)

(a) Show that H is closed un der mul ti pli ca tion; that is, ∀x ∈ H ∀y ∈
H(xy ∈ H).

(b) Show that ev ery Hilbert num ber that is larger than 1 is ei ther a
Hilbert prime or a prod uct of two or more Hilbert primes.

(c) Show that 441 is a Hilbert num ber that can be writ ten as a prod uct
of a non de creas ing list of Hilbert primes in two dif fer ent ways.
Thus, Hilbert prime fac tor iza tion is not unique.

16. Sup pose a and b are pos i tive in te gers. Prove that there are rel a tively
prime pos i tive in te gers c and d such that c | a, d | b, and cd = lcm(a,
b).

17. Sup pose a, b, and c are pos i tive in te gers.
(a) Prove that gcd(a, bc) | (gcd(a, b) · gcd(a, c)).
(b) Prove that lcm(gcd(a, b), gcd(a, c)) | gcd(a, bc). (Hint: Use ex er cise

11.)
(c) Sup pose that b and c are rel a tively prime. Prove that gcd(a, bc) =

gcd(a, b) · gcd(a, c).
18. Re call from ex er cise 5 in Sec tion 6.2 that the num bers Fn = 2(2n) +1

are called Fer mat num bers. Fer mat showed that Fn is prime for 0 ≤
n ≤ 4, and Eu ler showed that F5 is not prime. It is not known if
there is any n > 4 for which Fn is prime. In this ex er cise you will
see one rea son why one might be in ter ested in prime num bers of
this form. Show that if m is a pos i tive in te ger and 2m +1 is prime,
then m is a power of 2. (Hint: If m is not a power of 2, then m has an
odd prime num ber p in its prime fac tor iza tion. Thus there is a pos i‐ 
tive in te ger r such that m = pr. Now ap ply ex er cise 14 in Sec tion 6.1
to con clude that (2r + 1) | (2m + 1).)

19. Sup pose x is a pos i tive ra tio nal num ber.
(a) Prove that there are pos i tive in te gers a and b such that x = a/b and

gcd(a, b) = 1.
(b) Sup pose a, b, c, and d are pos i tive in te gers, x = a/b = c/d, and

gcd(a, b) = gcd(c, d) = 1. Prove that a = c and b = d.
(c) Prove that there are prime num bers p1, p2, . . . , pk and nonzero in te‐ 

gers e1, e2, . . . , ek such that p1 < p2 < · · · < pk and
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Note that some of the ex po nents ei may be neg a tive.
(d) Prove that the rep re sen ta tion of x in part (c) is unique. In other

words, if p1, p2, . . . , pk and q1, q2, . . . , qm are prime num bers, e1,
e2, . . . , ek and f1, f2, . . . , fm are nonzero in te gers, p1 < p2 < · · · <
pk, q1 < q2 < · · · < qm, and

then k = m and for all i ∈ {1, 2, . . . , k}, p= qand e= f.

20. Com plete the fol low ing proof that  is ir ra tional: Sup pose a/b = 
 where a and b are pos i tive in te gers. Then a2 = 2b2. Now de rive

a con tra dic tion by con sid er ing the ex po nent of 2 in the prime fac‐ 
tor iza tions of a and b.

7.3. Mod u lar Arith metic
Sup pose m is a pos i tive in te ger. Re call from Def i ni tion 4.5.9 that for
any in te gers a and b, we say that a is con gru ent to b mod ulo m if m | (a
− b). We write a ≡ b (mod m), or more briefly a ≡m b, to in di cate that a
is con gru ent to b mod ulo m. We saw in The o rem 4.5.10 that ≡m is an
equiv a lence re la tion on Z. For any in te ger a, let [a]m be the equiv a lence
class of a with re spect to the equiv a lence re la tion ≡m. The set of all of
these equiv a lence classes is de noted Z/≡m. Thus,

As we know from The o rem 4.5.4, Z/≡m is a par ti tion of Z.
For ex am ple, in the case m = 3 we have

No tice that ev ery in te ger is an el e ment of ex actly one of these equiv a‐ 
lence classes. It fol lows that ev ery in te ger is con gru ent mod ulo 3 to ex‐ 
actly one of the num bers 0, 1, and 2. This is an in stance of the fol low ing
gen eral the o rem.
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The o rem 7.3.1. Sup pose m is a pos i tive in te ger. Then for ev ery in te ger
a, there is ex actly one in te ger r such that 0 ≤ r < mand a ≡ r (mod m).

Proof. Let a be an ar bi trary in te ger. Let q and r be the quo tient and re‐ 
main der when a is di vided by m (see ex er cise 14 in Sec tion 6.4). This
means that a = qm + r and 0 ≤ r < m. Then a − r = qm, so m | (a − r), and
there fore a ≡ r (mod m). This proves the ex is tence of the re quired in te‐ 
ger r.

To prove unique ness, sup pose r1 and r2 are in te gers such that 0 ≤ r1 <
m, 0 ≤ r2 < m, a ≡ r1 (mod m), and a ≡ r2 (mod m). Then by the sym me‐ 
try and tran si tiv ity of the equiv a lence re la tion ≡m, r1 ≡ r2 (mod m), so
there is some in te ger d such that r1 − r2 = dm. But from 0 ≤ r1 < mand 0
≤ r2 < m we see that −m < r1 − r2 < m. Thus −m < dm < m, which im plies
that −1 < d < 1. The only in te ger strictly be tween −1 and 1 is 0, so d = 0
and there fore r1 − r2 = dm = 0. In other words, r1 = r2. □

Com men tary. Of course, the ex is tence and unique ness of the num ber r
are proven sep a rately, and the proof of unique ness uses the usual strat‐ 
egy of as sum ing that r1 and r2 are two in te gers with the re quired prop‐ 
er ties and then prov ing r1 = r2.

The o rem 7.3.1 says that ev ery in te ger is con gru ent mod ulo m to ex‐ 
actly one el e ment of the set {0, 1, . . . , m − 1}. We say that this set is a
com plete residue sys tem mod ulo m.

Note that by Lemma 4.5.5,

Thus, The o rem 7.3.1 shows that ev ery equiv a lence class in Z/≡m is
equal to ex actly one of the equiv a lence classes in the list [0] m, [1] m, . .
. , [m − 1]m. Thus, these m equiv a lence classes are dis tinct, and Z/≡m =
{[0]m, [1]m, . . . , [m − 1]m }.

Con sider any two equiv a lence classes X and Y in Z/≡m. Some thing
sur pris ing hap pens if we add or mul ti ply el e ments of X and Y. It turns
out that all sums of the form x + y, where x ∈ X and y ∈ Y, be long to
the same equiv a lence class, and also all prod ucts xy be long to the same
equiv a lence class. In other words, we have the fol low ing the o rem.
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The o rem 7.3.2. Sup pose m is a pos i tive in te ger and X and Y are el e‐ 
ments of Z/≡m. Then:

1. There is a unique S ∈ Z/≡m such that ∀x ∈ X∀y ∈ Y(x + y ∈ S).

2. There is a unique P ∈ Z/≡m such that ∀x ∈ X∀y ∈ Y(xy ∈ P).

We will prove this the o rem shortly, but first we use it to in tro duce
two bi nary op er a tions on Z/≡m.

Def i ni tion 7.3.3. Sup pose X and Y are el e ments of Z/≡m. Then we de‐ 
fine the sum and prod uct of X and Y, de noted X + Y and X · Y, as fol‐ 
lows:

The key to our proof of The o rem 7.3.2 will be the fol low ing lemma.

Lemma 7.3.4. Sup pose m is a pos i tive in te ger. Then for all in te gers a, a
′, b, and b ′, if a ′ ≡ a (mod m) and b ′ ≡ b (mod m) then a ′ +b ′ ≡ a+b
(mod m) and a ′ b ′ ≡ ab (mod m).

Proof. Sup pose a ′ ≡ a (mod m) and b ′ ≡ b (mod m). Then m | (a ′ − a)
and m | (b ′ − b), so we can choose in te gers c and d such that a ′ − a = cm
and b ′ − b = dm, or in other words a ′ = a + cm and b ′ = b + dm. There‐ 
fore (a ′ + b ′) − (a + b) = (a + cm + b + dm) − (a + b) = cm + dm = (c +
d)m, so m | ((a ′ +b ′)−(a +b)), which means a ′ +a ≡ b ′ +b (mod m).
Sim i larly, a ′ b ′ −ab = (a+cm)(b+dm)−ab = adm+bcm+cdm2 =
(ad+bc+cdm)m, so m | (a ′ b ′ − ab), and there fore a ′ b ′ ≡ ab (mod m). □

Proof of The o rem 7.3.2. Since X and Y are el e ments of Z/≡m, we can let
a and b be in te gers such that X = [a] m and Y = [b] m. To prove part 1 of
the the o rem, let S = [a + b] m. Now let x ∈ X and y ∈ Y be ar bi trary.
Then x ∈ [a]m and y ∈ [b]m, so x ≡ a (mod m) and y ≡ b (mod m). By
Lemma 7.3.4 it fol lows that x + y ≡ a + b (mod m), so x + y ∈ [a + b] m
= S. Since x and y were ar bi trary, we con clude that ∀x ∈ X∀y ∈ Y(x + y
∈ S).
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To prove that S is unique, sup pose S ′ is an other equiv a lence class
such that ∀x ∈ X∀y ∈ Y(x+y ∈ S ′). Since a ∈ X and b ∈ Y, a+b ∈ S
and a+b ∈ S ′. There fore S and S ′ are not dis joint, and since Z/≡m is
pair wise dis joint, this im plies that S = S ′.

The proof of part 2 is sim i lar, us ing P = [ab]m; see ex er cise 2. □

The proof of The o rem 7.3.2 shows that if X = [a]m and Y = [b]m, then
the sum of X and Y is the equiv a lence class S = [a + b] m and the prod uct
is P = [ab]m. Thus, we have the fol low ing the o rem.

The o rem 7.3.5. For any pos i tive in te ger m and any in te gers a and b,

Let’s try out these ideas. Con sider the case m = 5. We know that ev‐ 
ery el e ment of Z/≡5 is equal to ei ther [0]5, [1]5, [2]5, [3]5, or [4]5, and
we will of ten choose to write equiv a lence classes in one of these forms.
For ex am ple, [2]5 + [4]5 = [6]5, but also 6 ≡ 1 (mod 5), so [6]5 = [1]5.
Thus, we can say that [2]5 + [4]5 = [1]5. Sim i larly, [2]5 · [4]5 = [8]5 =
[3]5. Fig ure 7.4 shows the com plete ad di tion and mul ti pli ca tion ta bles
for Z/≡5.

Fig ure 7.4. Ad di tion and mul ti pli ca tion ta bles for Z/≡5.

How do ad di tion and mul ti pli ca tion in Z/≡m com pare to ad di tion and
mul ti pli ca tion in Z? Many prop er ties of ad di tion and mul ti pli ca tion in
Z carry over eas ily to Z/≡m.
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The o rem 7.3.6. Sup pose m is a pos i tive in te ger. Then for all equiv a‐ 
lence classes X, Y, and Z in Z/≡m:

1. X + Y = Y + X. (Ad di tion is com mu ta tive.)
2. (X + Y) + Z = X + (Y + Z). (Ad di tion is as so cia tive.)
3. X + [0]m = X. ([0]m is an iden tity el e ment for ad di tion.)

4. There is some X ′ ∈ Z/≡m such that X + X ′ = [0]m. (X has an ad di‐ 
tive in verse.)

5. X · Y = Y · X. (Mul ti pli ca tion is com mu ta tive.)
6. (X · Y) · Z = X · (Y · Z). (Mul ti pli ca tion is as so cia tive.)
7. X · [1]m = X. ([1]m is an iden tity el e ment for mul ti pli ca tion.)

8. X · [0]m = [0]m.

9. X · (Y + Z) = (X · Y) + (X · Z). (Mul ti pli ca tion dis trib utes over ad‐ 
di tion.)

Proof. Since X, Y, Z ∈ Z/≡m, there are in te gers a, b, and c such that X =
[a]m, Y = [b] m, and Z = [c] m. For part 1, we use the com mu ta tiv ity of
ad di tion in Z:

The proof of 2 is sim i lar. To prove part 3, we com pute

For part 4, let X ′ = [−a]m. Then

The proofs of the re main ing parts are sim i lar (see ex er cise 3). □

You are asked to show in ex er cise 4 that the iden tity el e ments and in‐ 
verses in The o rem 7.3.6 are unique. Thus, in part 3 of the the o rem we
can say that [0] m is not just an iden tity el e ment for ad di tion, but the
iden tity el e ment, and sim i larly [1]m is the iden tity el e ment for mul ti pli‐ 
ca tion. In part 4, we can say that X ′ is the ad di tive in verse of X; we will
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de note the ad di tive in verse of X by −X. For ex am ple, ac cord ing to the
ad di tion ta ble for Z/≡5 in Fig ure 7.4, [4]5 + [1]5 = [0]5, so −[4]5 = [1]5.

What about mul ti plica tive in verses? If X ∈ Z/≡m, X ′ ∈ Z/≡m, and X
· X ′ = [1]m, then we say that X ′ is a mul ti plica tive in verse of X. For ex‐ 
am ple, ac cord ing to the mul ti pli ca tion ta ble for Z/≡5 in Fig ure 7.4, [3]5
· [2]5 = [1]5, so [2]5 is a mul ti plica tive in verse of [3]5. In fact, in Z/≡5,
ev ery el e ment ex cept [0]5 has a mul ti plica tive in verse. Mul ti plica tive
in verses, when they ex ist, are also unique (see ex er cise 4), so we can
say that [2]5 is the mul ti plica tive in verse of [3]5. In gen eral, if X ∈ Z/
≡m, then the mul ti plica tive in verse of X, if it ex ists, is de noted X−1.
Thus 

A lit tle ex per i men ta tion re veals that mul ti plica tive in verses of ten
don’t ex ist. For ex am ple, we leave it for you to check that in Z/≡6, only
[1]6 and [5]6 have mul ti plica tive in verses (see ex er cise 1). When does
an equiv a lence class have a mul ti plica tive in verse? The an swer is given
by our next the o rem.

The o rem 7.3.7. Sup pose that a and m are pos i tive in te gers. Then [a] m
has a mul ti plica tive in verse iff m and a are rel a tively prime.

Proof. Sup pose first that [a]m has a mul ti plica tive in verse; say 
 Then [a]m · [a ′]m = [aa ′]m = [1] m, and there fore aa ′ ≡ 1

(mod m). This means that m | (aa ′ −1), so we can choose some in te ger c
such that aa ′ −1 = cm, or equiv a lently −cm + a ′ a = 1. Thus 1 is a lin ear
com bi na tion of m and a, and by ex er cise 6 in the last sec tion it fol lows
that m and a are rel a tively prime.

For the other di rec tion, as sume that m and a are rel a tively prime.
Then by The o rem 7.1.4 there are pos i tive in te gers s and t such that sm +
ta = 1. There fore ta−1 = −sm, so ta ≡ 1 (mod m). We con clude that [a] m
· [t]m = [ta]m = [1]m, so [t] m is the mul ti plica tive in verse of [a]m. □

Com men tary. No tice that the con clu sion of the the o rem is a bi con di‐ 
tional state ment, and the proof uses the usual strat egy of prov ing both
di rec tions of the bi con di tional sep a rately.

The proof of The o rem 7.3.7 shows that for any pos i tive in te gers m
and a, we can use the ex tended Eu clidean al go rithm to find  If the
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al go rithm shows that gcd(m, a) ≠ 1 then  doesn’t ex ist, and if we
find that gcd(m, a) = 1 = sm + ta then 

Ex am ple 7.3.8. Find, if pos si ble, the mul ti plica tive in verses of [34]847
and [35]847 in Z/≡847.

So lu tion

Fig ure 7.5 shows the cal cu la tion of gcd(847, 34) by the ex tended Eu‐ 
clidean al go rithm. We con clude that gcd(847, 34) = 1 = 11 · 847 − 274 ·
34, and there fore  As you can eas ily check,
34·573 = 19482 ≡ 1 (mod 847), so [34]847 · [573]847 = [19482]847 =
[1]847.

Fig ure 7.5. Cal cu la tion of gcd(847, 34) by ex tended Eu clidean al go rithm.

We leave it to you to com pute that gcd(847, 35) = 7. There fore
[35]847 does not have a mul ti plica tive in verse.

Ex am ple 7.3.9. A class has 25 stu dents. For Easter, the teacher bought
sev eral car tons of eggs, each con tain ing a dozen eggs, and then dis trib‐ 
uted the eggs among the stu dents for them to dec o rate. Af ter giv ing an
equal num ber of eggs to each stu dent, she had 7 eggs left over. What is
the small est num ber of car tons of eggs she could have bought?

So lu tion

Let x be the num ber of car tons of eggs the teacher bought. Then she had
12x eggs, and set ting aside the 7 left over at the end, the re main ing eggs
were di vided evenly among 25 stu dents. There fore 25 | (12x − 7), so 12x
≡ 7 (mod 25). We must find the small est pos i tive in te ger x sat is fy ing
this con gru ence.
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If we were solv ing the equa tion 12x = 7 for a real num ber x, we
would know what to do. If 12x = 7, then by mul ti ply ing both sides of
the equa tion by 1/12 we con clude that x = 7/12. In fact, this rea son ing
can be re versed: if x = 7/12, then mul ti ply ing by 12 we get 12x = 7.
Thus, the equa tions 12x = 7 and x = 7/12 are equiv a lent, which means
that x = 7/12 is the unique so lu tion to the equa tion 12x = 7.

Un for tu nately, we are work ing with the con gru ence 12x ≡ 7 (mod 25),
which is not an equa tion. But we can turn it into an equa tion by work ing
with equiv a lence classes. Our con gru ence is equiv a lent to the equa tion
[12]25 · [x]25 = [7]25, and we can solve this equa tion by im i tat ing our
so lu tion to the equa tion 12x = 7. We be gin by find ing the mul ti plica tive
in verse of [12]25. Ap ply ing the ex tended Eu clidean al go rithm, we find
that gcd(25, 12) = 1 = 1 · 25 − 2 · 12, so 

To solve the equa tion [12]25 · [x]25 = [7]25, we mul ti ply both sides by
 We spell out all the steps in de tail, to make it clear how

the prop er ties in The o rem 7.3.6 are be ing used:

As be fore, these steps can be re versed: mul ti ply ing both sides of the
equa tion [x]25 = [11]25 by [12]25 gives us [12]25 · [x]25 = [7]25. There‐ 
fore

In other words, the so lu tions to the con gru ence 12x ≡ 7 (mod 25) are
pre cisely the el e ments of the equiv a lence class [11]25, and the small est
pos i tive so lu tion is x = 11. If the teacher bought 11 car tons of eggs, then
she had 132 eggs, and af ter giv ing 5 to each stu dent she had 7 left over.

We were lucky in this ex am ple that 25 and 12 were rel a tively prime,
so that [12]25 had a mul ti plica tive in verse. This mul ti plica tive in verse
played a cru cial role in our so lu tion of the con gru ence 12x ≡ 7 (mod
25). How can we solve a con gru ence ax ≡ b (mod m) if m and a are not
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rel a tively prime? We won’t an a lyze such con gru ences in de tail, but
we’ll give a cou ple of ex am ples il lus trat ing how such con gru ences can
be solved by us ing the fol low ing two the o rems.

The o rem 7.3.10. Sup pose m and a are pos i tive in te gers, and let d =
gcd(m, a). Then for ev ery in te ger b, if  then there is no in te ger x
such that ax ≡ b (mod m).

Proof. See ex er cise 7. □

The o rem 7.3.11. Sup pose n and m are pos i tive in te gers. Then for all in‐ 
te gers a and b,

Proof. See ex er cise 8. □

Ex am ple 7.3.12. Solve the fol low ing con gru ences:

So lu tion

We be gin by com put ing that gcd(374, 77) = 11. Since  The o‐ 
rem 7.3.10 tells us that the first con gru ence, 77x ≡ 120 (mod 374), has
no so lu tions. To solve the sec ond con gru ence, we first write it as 11 · 7x
≡ 11 · 11 (mod 11 · 34) and then ob serve that by The o rem 7.3.11, this is
equiv a lent to 7x ≡ 11 (mod 34). To solve this con gru ence, we com pute
that gcd(34, 7) = 1 = −1 · 34 + 5 · 7, so  There fore

Thus the so lu tions to the sec ond con gru ence are the el e ments of [21]34.

Ex er cises
1. Make ad di tion and mul ti pli ca tion ta bles for Z/≡6.

2. Com plete the proof of The o rem 7.3.2.
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3. Prove parts 5–9 of The o rem 7.3.6.
*4. Sup pose m is a pos i tive in te ger.
(a) Sup pose Z1 and Z2 are both ad di tive iden tity el e ments for Z/≡m; in

other words, for all X ∈ Z/≡m, X + Z1 = X and X + Z2 = X. Prove
that Z1 = Z2. This shows that the ad di tive iden tity el e ment in Z/≡m
is unique. (Hint: Com pute Z1 + Z2 in two dif fer ent ways.)

(b) Sup pose X ∈ Z/≡m and  and  are both ad di tive in verses for X;
in other words,  Prove that  This
shows that the ad di tive in verse of X is unique. (Hint: Com pute 

 in two dif fer ent ways.)
(c) Prove that the mul ti plica tive iden tity el e ment in Z/≡m is unique.
(d) Prove that if an equiv a lence class X ∈ Z/≡m has a mul ti plica tive

in verse, then this in verse is unique.
5. Show that if p is a prime num ber then ev ery el e ment of Z/≡p ex cept

[0] p has a mul ti plica tive in verse.

6. If ab ≡ 0 (mod m), is it nec es sar ily true that ei ther a ≡ 0 (mod m) or
b ≡ 0 (mod m)? Jus tify your an swer with ei ther a proof or a coun‐ 
terex am ple.

7. Prove The o rem 7.3.10.
*8. Prove The o rem 7.3.11.
9. A class has 26 stu dents. The teacher bought some pack ages of file

cards, each of which con tained 20 file cards. When he passed the
cards out to the stu dents, he dis cov ered that he needed to add 2 ad‐ 
di tional cards from his desk to be able to give each stu dent the same
num ber of cards. If each stu dent got be tween 10 and 20 cards, how
many pack ages did he buy?

*10. Solve the fol low ing con gru ences.
(a) 40x ≡ 8 (mod 237).
(b) 40x ≡ 8 (mod 236).
11. Solve the fol low ing con gru ences.
(a) 31x ≡ 24 (mod 384).
(b) 32x ≡ 24 (mod 384).
12. In this ex er cise you will solve the fol low ing prob lem: Sup pose a

chair with out arms costs $35 and a chair with arms costs $50. If Al‐ 
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ice spent $720 on chairs, how many of each kind of chair did she
buy?

(a) Show that if x is the num ber of chairs with out arms that she bought,
then 35x ≡ 20 (mod 50).

(b) Solve the con gru ence in part (a).
(c) Not ev ery so lu tion to the con gru ence in part (a) leads to a pos si ble

an swer to the prob lem. Which ones do? (Note: There is more than
one pos si ble an swer to the prob lem.)

13. Sup pose m and n are rel a tively prime pos i tive in te gers. Prove that
for all in te gers a and b, a ≡ b (mod m) iff na ≡ nb (mod m).

14. Sup pose that m1 and m2 are pos i tive in te gers. Prove that for all in te‐ 
gers a and b, if a ≡ b (mod m1) and a ≡ b (mod m2) then a ≡ b (mod
lcm(m1, m2)). (Hint: Use ex er cise 11 in Sec tion 7.2.)

15. Prove that for all pos i tive in te gers m, a, and b, if a ≡ b (mod m) then
gcd(m, a) = gcd(m, b).

16. Sup pose a ≡ b (mod m). Prove that for ev ery nat u ral num ber n, an ≡
bn (mod m).

In ex er cises 17–19, we use the fol low ing no ta tion. If d0, d1, . . . , dk ∈
{0, 1, . . . , 9}, then (dk · · · d1 d0)10 is the num ber whose rep re sen ta tion
in dec i mal no ta tion is dk · · · d1 d0. In other words,

17. Sup pose n = (d· · · dd)10.

(a) Show that n ≡ (d0 + d1 +· · · +dk) (mod 3).
(b) Show that 3 | n iff 3 | (d0 + d1 +· · · +dk). (This gives a con ve nient

way to test a nat u ral num ber for di vis i bil ity by 3: add up the dig its
and check if the digit sum is di vis i ble by 3.)

18. Sup pose n = (dk · · · d1 d0)10.

(a) Show that n ≡ (d0 − d1 + d2 − d3 +· · · +(−1)k dk) (mod 11).
(b) Show that 11 | n iff 11 | (d0 − d1 +· · · +(−1)k dk).
(c) Is 535172 di vis i ble by 11?
19. De fine a func tion f with do main {n ∈ Z | n ≥ 10} as fol lows: if n =

(dk · · · d1 d0)10 then f(n) = (dk · · · d1)10 +5d0. For ex am ple,
f(1743) = 174 + 5 · 3 = 189.
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(a) Show that for all n ≥ 10, f(n) ≡ 5n (mod 7) and n ≡ 3f(n) (mod 7).
(b) Show that for all n ≥ 10, 7 | n iff 7 | f(n). (This gives a con ve nient

way to test a large in te ger n for di vis i bil ity by 7: re peat edly ap ply f
un til you get a num ber whose di vis i bil ity by 7 is easy to de ter‐ 
mine.)

(c) Is 627334 di vis i ble by 7?
20. (a) Find an ex am ple of pos i tive in te gers m, a, a ′, b, and b ′ such

that a ′ ≡ a (mod m) and b ′ ≡ b (mod m) but 

(b) Show that it is im pos si ble to de fine an ex po nen ti a tion op er a tion on
equiv a lence classes in such a way that for all pos i tive in te gers m, a,
and 

21. Sup pose m is a pos i tive in te ger. De fine f: Z × Z → Z/≡m by the for‐ 
mula f(a, b) = [a+b]m, and de fine h: (Z/≡m)×(Z/≡m) → Z/≡m by the
for mula h(X, Y) = X + Y. You might want to com pare this ex er cise
to ex er cise 21 in Sec tion 5.1.

(a) Show that for all in te gers x1, x2, y1, and y2, if x1 ≡m y1 and x2 ≡m y2
then f(x1, x2) = f(y1, y2). (Ex tend ing the ter mi nol ogy of ex er cise 21
in Sec tion 5.1, we could say that f is com pat i ble with ≡m.)

(b) Show that for all in te gers x1 and x2, h([x1] m, [x2] m) = f(x1, x2).

7.4. Eu ler’s The o rem
In the last sec tion, we saw that some el e ments of Z/≡m have mul ti plica‐ 
tive in verses and some don’t. In this sec tion, we fo cus on the ones that
do. We let (Z/≡m)∗ de note the set of el e ments of Z/≡m that have mul ti‐ 
plica tive in verses. In other words,

The num ber of el e ments of (Z/≡m)∗ is de noted φ(m). The func tion φ is
called Eu ler’s phi func tion, or Eu ler’s to tient func tion; it was in tro duced
by Eu ler in 1763. For ev ery pos i tive in te ger m, (Z/≡m)∗ ⊆ Z/≡m and Z/
≡m has m el e ments, so φ(m) ≤ m. And [1]m · [1]m = [1] m, so [1]m ∈ (Z/
≡m)∗ and there fore φ(m) ≥ 1. For ex am ple,
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so φ(10) = 4.
For our pur poses, the most im por tant prop er ties of (Z/≡m)∗ are that

it is closed un der in verses and mul ti pli ca tion. That is:

The o rem 7.4.1. Sup pose m is a pos i tive in te ger.

1. For ev ery X in (Z/≡m)∗, X−1 ∈ (Z/≡m)∗.

2. For ev ery X and Y in (Z/≡m)∗, X · Y ∈ (Z/≡m)∗.

Proof.

1. Sup pose X ∈ (Z/≡m)∗. Then X has a mul ti plica tive in verse X−1,
and X · X−1 = [1]m. But this equa tion also tells us that X is the
mul ti plica tive in verse of X−1; in other words, (X−1)−1 = X. There‐ 
fore X−1 ∈ (Z/≡m)∗.

2. Sup pose X ∈ (Z/≡m)∗ and Y ∈ (Z/≡m)∗. Then X and Y have mul‐ 
ti plica tive in verses X−1 and Y−1. There fore

This means that X−1 · Y−1 is the mul ti plica tive in verse of X · Y, so
(X · Y)−1 = X−1 · Y−1 and X · Y ∈ (Z/≡m)∗. □

Sup pose X ∈ (Z/≡m)∗. By The o rem 7.4.1, for ev ery Y ∈ (Z/≡m)∗,
X·Y ∈ (Z/≡m)∗, so we can de fine a func tion fX: (Z/≡m)∗ → (Z/≡m)∗

by the for mula fX (Y) = X · Y. Let’s in ves ti gate the prop er ties of this
func tion.

We claim first that fX is one-to-one. To see why, sup pose Y1 ∈ (Z/
≡m)∗, Y2 ∈ (Z/≡m)∗, and fX (Y1) = fX (Y2). Then X · Y1 = X · Y2, and
there fore

This proves that fX is one-to-one. Next, we claim that fX is onto. To
prove this, sup pose Y ∈ (Z/≡m)∗. Then since (Z/≡m)∗ is closed un der
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in verses and mul ti pli ca tion, X−1 · Y ∈ (Z/≡m)∗, and

Thus, fX is onto.
For ex am ple, con sider again the case m = 10, and let X = [3]10. Ap‐ 

ply ing fX to the four el e ments of (Z/≡10)∗ gives the val ues shown in
Fig ure 7.6. No tice that, since fX is one-to-one and onto, each of the four
el e ments of (Z/≡10)∗ ap pears ex actly once in the col umn un der fX (Y);
each el e ment ap pears at least once be cause fX is onto, and it ap pears
only once be cause fX is one-to-one. Thus, the en tries in the sec ond col‐ 
umn of Fig ure 7.6 are ex actly the same as the en tries in the first col‐ 
umn, but listed in a dif fer ent or der.

Fig ure 7.6. Val ues of fX when X = [3]10.

More gen er ally, sup pose m is a pos i tive in te ger and X ∈ (Z/≡m)∗. By
the def i ni tion of Eu ler’s phi func tion, there are φ(m) el e ments in (Z/
≡m)∗. Let Y1, Y2, . . . , Yφ(m) be a list of these el e ments. Then since fX is
one-to-one and onto, each of these el e ments oc curs ex actly once in the
list fX (Y1), fX (Y2), . . . , fX (Yφ(m)). In other words, the two lists Y1, Y2, . .
. , Yφ(m) and fX (Y1), fX (Y2), . . . , fX (Yφ(m)) con tain ex actly the same en‐ 
tries, but listed in dif fer ent or ders – just like the two col umns in Fig ure
7.6. It fol lows, by the com mu ta tive and as so cia tive laws for mul ti pli ca‐ 
tion, that if we mul ti ply all of the en tries in each of the two lists, the
prod ucts will be the same (see ex er cise 21 in Sec tion 6.4):
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where of course by Xφ(m) we mean X mul ti plied by it self φ(m) times. To
sim plify this equa tion, let Z = Y1 · Y2 · · · Yφ(m). Then the equa tion says
Z = Xφ(m) · Z. Since (Z/≡m)∗ is closed un der mul ti pli ca tion, Z ∈ (Z/
≡m)∗, so it has an in verse. Mul ti ply ing both sides of the equa tion Z =
Xφ(m) · Z by Z−1, we get

Thus, we have proven the fol low ing the o rem.

The o rem 7.4.2. Sup pose m is a pos i tive in te ger and X ∈ (Z/≡m)∗. Then
Xφ(m) = [1]m.

To un der stand the sig nif i cance of this the o rem, it may help to re‐ 
phrase it in terms of num bers.

The o rem 7.4.3. (Eu ler’s the o rem) Sup pose m is a pos i tive in te ger. Then
for ev ery pos i tive in te ger a, if gcd(m, a) = 1 then aφ(m) ≡ 1 (mod m).

Proof. Sup pose a is a pos i tive in te ger and gcd(m, a) = 1. Then by The o‐ 
rem 7.3.7, [a]m ∈ (Z/≡m)∗, so by The o rem 7.4.2,  where 

 de notes [a]m mul ti plied by it self φ(m) times. But

(For a more care ful proof of this equa tion, see ex er cise 5.) Thus, 
  and there fore aφ(m) ≡ 1 (mod m). □

For ex am ple, 10 and 7 are rel a tively prime, so ac cord ing to Eu ler’s
the o rem, 7φ(10) should be con gru ent to 1 mod ulo 10. To check this, we
com pute

To ap ply Eu ler’s the o rem, we need to be able to com pute φ(m). Of
course, we can check all the el e ments of Z/≡m one-by-one and count
how many have mul ti plica tive in verses, as we did in the case m = 10,
but for large m this will be im prac ti cal. We de vote the rest of this sec‐ 
tion to find ing a more ef fi cient way to com pute φ(m).
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We be gin by rephras ing the def i ni tion of φ(m). We know that {0, 1, . .
. , m − 1} is a com plete residue sys tem mod ulo m, but since 0 ≡ m (mod
m), we can also say that {1, 2, . . . , m} is a com plete residue sys tem.
Thus, Z/≡m = {[1]m, [2]m, . . . , [m − 1]m, [m]m } = {[a]m | 1 ≤ a ≤ m},
where each el e ment of Z/≡m ap pears ex actly once in this list of el e‐ 
ments. To iden tify which of these el e ments are in (Z/≡m)∗, we use The‐ 
o rem 7.3.7, which tells us that for any pos i tive in te ger a, [a] m has a
mul ti plica tive in verse iff m and a are rel a tively prime. Thus,

This gives us an other way to un der stand Eu ler’s phi func tion:

φ(m) = the num ber of el e ments in the set {a | 1 ≤ a ≤ m and gcd(m, a) =
1}.

Us ing this char ac ter i za tion of the phi func tion, it is easy to com pute
φ(p) when p is prime: If 1 ≤ a ≤ p − 1 then p � a, and there fore gcd(p, a)
= 1, but gcd(p, p) = p > 1. There fore

so φ(p) = p−1. In fact, it is al most as easy to com pute φ(pk) for any pos‐ 
i tive in te ger k. If a is a pos i tive in te ger and p | a then gcd(pk, a) ≥ p > 1,
but if p � a then the only com mon di vi sor of pk and a is 1, so gcd(pk, a)
= 1. Thus the el e ments of the set {a | 1 ≤ a ≤ pk } that are not rel a tively
prime to pk are pre cisely the ones that are di vis i ble by p, and those el e‐ 
ments are p, 2p, 3p, . . . , pk = pk−1 p. In other words,

and the num ber of el e ments in this set is pk − pk−1 = pk−1 (p − 1). Thus
φ(pk) = pk−1 (p − 1).

To com pute φ(m) for other val ues of m, we use the fol low ing the o‐ 
rem, which we will prove later in this sec tion.

The o rem 7.4.4. Sup pose m and n are rel a tively prime pos i tive in te gers.
Then φ(mn) = φ(m) · φ(n).

A func tion f from the pos i tive in te gers to the real num bers is called a
mul ti plica tive func tion if it has the prop erty that for all rel a tively prime
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pos i tive in te gers m and n, f(mn) = f(m) · f(n). Thus, The o rem 7.4.4 says
that Eu ler’s phi func tion is a mul ti plica tive func tion. A num ber of other
im por tant func tions in num ber the ory are also mul ti plica tive, but φ is
the only one we will study in this book. (For two more ex am ples, see
ex er cises 16 and 17.)

The o rem 7.4.4 al lows us to use the prime fac tor iza tion of any pos i‐ 
tive in te ger m to find φ(m). Sup pose the prime fac tor iza tion of m is 

 where p1, p2, . . . , pk are prime num bers and p1 < p2
< · · · < pk. Then  and  are rel a tively prime, be cause they
have no prime fac tors in com mon (see ex er cise 5 in Sec tion 7.2), so 

 Re peat ing this rea son ing we con clude that

For ex am ple, 600 = 23 · 3 · 52, so

That was a lot eas ier than ex plic itly list ing the 160 el e ments of (Z/
≡600)∗ !

Our proof of The o rem 7.4.4 will de pend on three lem mas.

Lemma 7.4.5. Sup pose m and n are rel a tively prime pos i tive in te gers.
Then for all in te gers a and b, a ≡ b (mod mn) iff a ≡ b (mod m) and a ≡
b (mod n).

Proof. See ex er cise 6. □

Lemma 7.4.6. For all pos i tive in te gers a, b, and c, gcd(ab, c) = 1 iff
gcd(a, c) = 1 and gcd(b, c) = 1.

Proof. See ex er cise 7. □

Lemma 7.4.7. Sup pose m and n are rel a tively prime pos i tive in te gers.
Then for all in te gers a and b, there is some in te ger r such that 1 ≤ r ≤
mn, r ≡ a (mod m), and r ≡ b (mod n).

Proof. Let a and b be ar bi trary in te gers. Since m and n are rel a tively
prime, there are in te gers s and t such that sm+ tn = 1. There fore tn − 1 =
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−sm and sm − 1 = −tn.
Let x = tna + smb. Then

so m | (x − a), and there fore x ≡ a (mod m). Sim i larly,

so n | (x − b) and x ≡ b (mod n).
Since {1, 2, . . . , mn} is a com plete residue sys tem mod ulo mn, we

can find some in te ger r such that r ≡ x (mod mn) and 1 ≤ r ≤ mn. By
Lemma 7.4.5, r ≡ x (mod m) and r ≡ x (mod n), and by the tran si tiv ity of
≡m and ≡n it fol lows that r ≡ a (mod m) and r ≡ b (mod n). □

Com men tary. Af ter the in tro duc tion of the ar bi trary in te gers a and b, the
goal is an ex is ten tial state ment. As is com mon in proofs of ex is ten tial
state ments, the proof in tro duces a num ber x with out pro vid ing any mo‐ 
ti va tion for the choice of x. The num ber x turns out to have most of the
prop er ties we want, but per haps not all of them, since it might not be
be tween 1 and mn. We there fore need an ex tra step to come up with the
num ber r that has all of the re quired prop er ties.

We will need one more idea for our proof of The o rem 7.4.4. Sup pose
A is a set with p el e ments and B is a set with q el e ments; say A = {a1,
a2, . . . , ap } and B = {b1, b2, . . . , bq }. Then A × B has pq el e ments. To
see why, imag ine ar rang ing the el e ments of A×B in a ta ble, with the or‐ 
dered pair (ai, bj) in row i, col umn j of the ta ble. Since the ta ble will
have p rows and q col umns, A×B must have pq el e ments. For a more
care ful proof of this fact, see ex er cise 22 in Sec tion 8.1.

We are now ready to prove that φ is a mul ti plica tive func tion.

Proof of The o rem 7.4.4. Let R = {a | 1 ≤ a ≤ mn and gcd(mn, a) = 1}. By
Lemma 7.4.6, if a ∈ R then gcd(m, a) = 1 and gcd(n, a) = 1, so [a]m ∈
(Z/≡m)∗ and [a]n ∈ (Z/≡n)∗. Thus we can de fine a func tion f: R → (Z/
≡m)∗ × (Z/≡n)∗ by the for mula f(a) = ([a]m, [a] n). Our plan is to show
that f is one-to-one and onto, which im plies that the sets R and (Z/≡m)∗

× (Z/≡n)∗ have the same num ber of el e ments. But R has φ(mn) el e‐ 
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ments and (Z/≡m)∗ × (Z/≡n)∗ has φ(m) · φ(n) el e ments, so this will es‐ 
tab lish that φ(mn) = φ(m) · φ(n).

To show that f is one-to-one, sup pose a1 ∈ R, a2 ∈ R, and f(a1) =
f(a2). This means that ([a1]m, [a1]n) = ([a2]m, [a2] n), so [a1]m = [a2]m
and [a1] n = [a2]n, and there fore a1 ≡ a2 (mod m) and a1 ≡ a2 (mod n).
By Lemma 7.4.5 it fol lows that a1 ≡ a2 (mod mn). But since {a | 1 ≤ a ≤
mn} is a com plete residue sys tem mod ulo mn, no two dis tinct el e ments
of R are con gru ent mod ulo mn, so a1 = a2. This com pletes the proof that
f is one-to-one.

Fi nally, to show that f is onto, let ([a]m, [b]n) be an ar bi trary el e ment
of (Z/≡m)∗ × (Z/≡n)∗. By Lemma 7.4.7, there is some in te ger r such
that 1 ≤ r ≤ mn, r ≡ a (mod m), and r ≡ b (mod n). There fore [r]m = [a]m
∈ (Z/≡m)∗ and [r] n = [b] n ∈ (Z/≡n)∗, so by The o rem 7.3.7, gcd(m, r)
= gcd(n, r) = 1. Ap ply ing Lemma 7.4.6, we con clude that gcd(mn, r) =
1. There fore r ∈ R and f(r) = ([r]m, [r]n) = ([a] m, [b]n), which shows
that f is onto. □

Ex er cises
1. List the el e ments of (Z/≡20)∗.

*2. Find φ(m):
(a) m = 539.
(b) m = 540.
(c) m = 541.

3. Check these in stances of Eu ler’s the o rem by com put ing aφ(m) and
ver i fy ing that aφ(m) ≡ 1 (mod m).

(a) m = 18, a = 5.
(b) m = 19, a = 2.
(c) m = 20, a = 3.
4. Check these in stances of Lemma 7.4.7 by find ing an in te ger r such

that 1 ≤ r ≤ mn, r ≡ a (mod m), and r ≡ b (mod n).
(a) m = 5, n = 8, a = 4, b = 1.
(b) m = 7, n = 10, a = 6, b = 4.
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5. Sup pose m and a are pos i tive in te gers. Use math e mat i cal in duc tion
to prove that for ev ery pos i tive in te ger n, [a]n

m = [an]m.
*6. Prove Lemma 7.4.5.
7. Prove Lemma 7.4.6.

*8. Show that if we drop the hy poth e sis that m and n are rel a tively
prime from Lemma 7.4.5, then one di rec tion of the “iff” state ment
is cor rect and one is not. Jus tify your an swer by giv ing a proof for
one di rec tion and a coun terex am ple for the other.

9. If we drop the hy poth e sis that m and n are rel a tively prime from
Lemma 7.4.7, is the lemma still cor rect? Jus tify your an swer by
giv ing ei ther a proof or a coun terex am ple.

10. Prove Fer mat’s lit tle the o rem, which says that if p is a prime num‐ 
ber, then for ev ery pos i tive in te ger a, ap ≡ a (mod p).

11. Prove that if m and a are rel a tively prime pos i tive in te gers, then 
 

12. Prove that for all pos i tive in te gers m, a, p, and q, if m and a are rel‐ 
a tively prime and p ≡ q (mod φ(m)) then ap ≡ aq (mod m).

13. Prove that if a, b1, b2, . . . , bk are pos i tive in te gers and gcd(a, b1) =
gcd(a, b2) = · · · = gcd(a, bk) = 1, then gcd(a, b1 b2 · · · bk) = 1.

14. Sup pose that m1, m2, . . . , mk are pos i tive in te gers that are pair wise
rel a tively prime; i.e., for all i, j ∈ {1, 2, . . . , k}, if i ≠ j then
gcd(mi, mj) = 1. Let M = m1 m2 · · · mk. Prove that for all in te gers a
and b, a ≡ b (mod M) iff for ev ery i ∈ {1, 2, . . . , k}, a ≡ b (mod
mi).

15. In this ex er cise you will prove the Chi nese re main der the o rem.
(The the o rem was first stated by the Chi nese math e ma ti cian Sun Zi
in the third cen tury.)

(a) Sup pose that m1, m2, . . . , mk are pos i tive in te gers that are pair wise
rel a tively prime; i.e., for all i, j ∈ {1, 2, . . . , k}, if i ≠ j then
gcd(mi, mj) = 1. Let M = m1 m2 · · · mk. Prove that for all in te gers
a1, a2, . . . , ak there is an in te ger r such that 1 ≤ r ≤ M and for all i
∈ {1, 2, . . . , k}, r ≡ ai (mod mi). (Hint: Use in duc tion on k. In the
in duc tion step, use Lemma 7.4.7. You will also find ex er cises 13
and 14 help ful.)

(b) Prove that the in te ger r in part (a) is unique.
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16. For each pos i tive in te ger n, let τ(n) = the num ber of el e ments of
D(n). For ex am ple, D(6) = {1, 2, 3, 6}, so τ(6) = 4. In this ex er cise
you will prove that τ is a mul ti plica tive func tion. Sup pose m and n
are rel a tively prime pos i tive in te gers.

(a) Prove that if a ∈ D(m) and b ∈ D(n) then ab ∈ D(mn).
(b) By part (a), we can de fine a func tion f: D(m) × D(n) → D(mn) by

the for mula f(a, b) = ab. Prove that f is one-to-one and onto.
(c) Prove that τ(mn) = τ(m)·τ(n), which shows that τ is mul ti plica tive.
17. For each pos i tive in te ger n, let σ(n) = the sum of all el e ments of

D(n). For ex am ple, D(6) = {1, 2, 3, 6}, so σ(6) = 1 + 2 + 3 + 6 = 12.
Prove that σ is a mul ti plica tive func tion. (Hint: Use the func tion f
from part (b) of ex er cise 16.)

18. In this ex er cise you will prove Eu clid’s the o rem on per fect num‐ 
bers. Re call that a pos i tive in te ger n is called per fect if n is equal to
the sum of all di vi sors of n that are smaller than n. Equiv a lently, n
is per fect if σ(n) = 2n, where σ is the func tion de fined in ex er cise
17. Prove that if p is a pos i tive in te ger and 2p − 1 is prime, then
2p−1 (2p − 1) is per fect. (Hint: You will find ex er cise 17 and Ex am‐ 
ple 6.1.1 use ful.)

19. In this ex er cise you will prove Eu ler’s the o rem on per fect num bers.
Sup pose n is an even per fect num ber. (As in ex er cise 18, to say that
n is per fect means that σ(n) = 2n, where σ is the func tion de fined in
ex er cise 17.)

(a) Prove that there are pos i tive in te gers k and m such that n = 2k m and
m is odd.

(b) Prove that 2k+1 m = (2k+1 − 1)σ (m).
(c) Prove that 2k+1 | σ(m). Thus there is a pos i tive in te ger d such that

σ(m) = 2k+1 d.
(d) Prove that m = (2k+1 − 1)d.
(e) Prove that d = 1. (Hint: Sup pose d > 1. Then 1, d, and m are dis tinct

di vi sors of m, so σ(m) ≥ 1+d +m. De rive a con tra dic tion.)
(f) Let p = k + 1. Then by parts (a), (d), and (e), n = 2p−1 (2p − 1). Prove

that 2p − 1 is prime. Thus n is a per fect num ber of the form con sid‐ 
ered in ex er cise 18.

7.5. Pub lic-Key Cryp tog ra phy
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Sup pose you want to make a pur chase on line. You go to the mer chant’s
web site and place your or der. Then the web site asks you to en ter your
credit card num ber. You type the num ber on your com puter, and your
com puter must trans mit the num ber over the in ter net to the mer chant’s
com puter.

In ter net com mu ni ca tions gen er ally pass through sev eral com put ers
on their way from the sender to the re cip i ent. As a re sult, there is a pos‐ 
si bil ity that some one with ac cess to one of those in ter me di ary com put‐ 
ers could be eaves drop ping when your com puter sends your credit card
num ber to the mer chant. To keep such an eaves drop per from steal ing
your credit card num ber, your com puter scram bles, or en crypts the
num ber be fore send ing it. The mer chant’s com puter then un scram bles,
or de crypts the num ber and charges your credit card.

For ex am ple, sup pose your credit card num ber is the 16-digit se‐ 
quence m = m1 m2 · · · m16. Each mi is one of the dig its 0, 1, 2, . . . , 9,
but we will think of it as rep re sent ing the equiv a lence class [mi]10 ∈ Z/
≡10. If your com puter and the mer chant’s com puter could agree on a
ran dom se quence of dig its k = k1 k2 · · · k16, then they could pro ceed as
fol lows, do ing all cal cu la tions in Z/≡10. Your com puter could re place
the ith digit mi of your credit card num ber with the digit ci such that
[ci]10 = [mi]10 + [ki]10. Your com puter would send the 16-digit se quence
c = c1 c2 · · · c16 to the mer chant’s com puter, which would then re cover
the orig i nal se quence m by us ing the for mula [mi]10 = [ci]10 + (−[ki]10).
The se quence k is the key that your com puter uses to en crypt the credit
card num ber and the mer chant’s com puter uses to de crypt it. An eaves‐ 
drop per who didn’t know the key k would be un able to de crypt the en‐ 
crypted mes sage c and learn your credit card num ber m.

But how can your com puter and the mer chant’s com puter agree on
the key k? If one com puter chooses the key and sends it to the other,
then an eaves drop per could learn the key and then de crypt the en crypted
mes sage. Send ing the key se curely is just as hard as send ing the credit
card num ber, so we don’t seem to have made any progress.

The prob lem with this scheme is that it uses sym met ric cryp tog ra phy,
in which the same key is used for both en cryp tion and de cryp tion. The
so lu tion to the prob lem is to use pub lic-key cryp tog ra phy, in which the
en cryp tion and de cryp tion keys are dif fer ent. The mer chant’s com puter
cre ates two keys, one for en cryp tion and one for de cryp tion. It sends the
en cryp tion key to your com puter. Your com puter uses the en cryp tion
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key to en crypt your credit card num ber and then sends the en crypted
num ber to the mer chant’s com puter, which uses the de cryp tion key to
re cover the credit card num ber. An eaves drop per could learn the en‐ 
cryp tion key, so this key is re garded as a pub lic key. But this doesn’t
help the eaves drop per, be cause de cryp tion re quires the de cryp tion key,
and this key is never trans mit ted and re mains se cret.

It may seem sur pris ing that it is pos si ble to have dif fer ent keys for
en cryp tion and de cryp tion, but it can be done. In this sec tion we dis cuss
one well-known pub lic-key en cryp tion sys tem called RSA. It is named
for Ron Rivest (1947–), Adi Shamir (1952–), and Leonard Adle man
(1945–), who de vel oped the sys tem in 1977. A sim i lar sys tem was de‐ 
vel oped in 1973 by Clif ford Cocks (1950–), a math e ma ti cian work ing
for the British in tel li gence agency, but it was clas si fied and not re‐ 
vealed un til 1997. As we will see, the RSA sys tem is based on Eu ler’s
the o rem.

We have in tro duced the idea of pub lic-key cryp tog ra phy in the con‐ 
text of in ter net pur chases, but it can be used any time one per son wants
to send a mes sage to an other while pre vent ing an eaves drop per from
read ing the mes sage. Sup pose Al ice wants to send a mes sage se curely
to Bob. To use the RSA pub lic-key sys tem, they would pro ceed as fol‐ 
lows. First Bob chooses two dis tinct prime num bers p and q. He com‐ 
putes n = pq and φ(n) = (p − 1)(q − 1). Next, he chooses a pos i tive in te‐ 
ger e such that e and φ(n) are rel a tively prime and e < φ(n). By The o rem
7.3.7, [e]φ(n) has a mul ti plica tive in verse in Z/≡φ(n), which can be com‐ 
puted by the ex tended Eu clidean al go rithm. Thus, Bob can com pute a
pos i tive in te ger d such that d < φ(n) and [e]φ(n) · [d]φ(n) = [1]φ(n), which
means that ed ≡ 1 (mod φ(n)). Bob sends the pair of num bers (n, e) to
Al ice; this is the en cryp tion key that Al ice will use to en crypt her mes‐ 
sage. He keeps the num bers p, q, and d se cret; he will use d to de crypt
Al ice’s mes sage.

We will as sume that the mes sage Al ice wants to send is a nat u ral
num ber m < n. Of course, her mes sage might ac tu ally be a piece of text,
not a num ber, but a piece of text can be en coded as a nat u ral num ber. If
the text is long, it might be nec es sary to en code it as a se quence of nat‐ 
u ral num bers, each of which is less than n, and then each of these nat u‐ 
ral num bers would have to be en crypted sep a rately. But to keep the dis‐ 
cus sion sim ple, we will as sume that Al ice’s mes sage is a sin gle nat u ral
num ber m < n.
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As be fore, we think of the mes sage m as rep re sent ing an equiv a lence
class [m] n ∈ Z/≡n, and Al ice and Bob will do all of their cal cu la tions
us ing arith metic in Z/≡n. To en crypt her mes sage, Al ice com putes 
in other words, she com putes the unique nat u ral num ber c < n such that 

 The num ber c is the en crypted mes sage, which she sends to
Bob.

To de crypt the mes sage, Bob com putes  What makes the RSA
sys tem work is the sur pris ing fact that  as we will prove be‐ 
low. Thus, by com put ing  Bob can re cover the orig i nal mes sage m.
No tice that en cryp tion and de cryp tion both in volve ex po nen ti a tion, but
the en cryp tion ex po nent e and the de cryp tion ex po nent d are dif fer ent.
Thus, it doesn’t mat ter if an eaves drop per learns e; as long as Bob
keeps d se cret, the eaves drop per will not know what ex po nent to use to
de crypt the en crypted mes sage.

To show that RSA works we need to prove the fol low ing the o rem.

The o rem 7.5.1. Sup pose p and q are dis tinct primes, n = pq, e and d are
pos i tive in te gers such that ed ≡ 1 (mod φ(n)), and m and c are nat u ral
num bers such that  Then 

Proof. If e = d = 1 then [m]n = [c]n and the con clu sion clearly holds. If
not, then ed > 1, so since ed ≡ 1 (mod φ(n)), there is some pos i tive in te‐ 
ger k such that ed−1 = kφ(n), and there fore ed = kφ(n)+1 = k(p−1)(q
−1)+1. And since  we have me ≡ c (mod n), so n | (me − c).

Al though we ul ti mately want to draw a con clu sion about arith metic
in Z/≡n, we will find it use ful to do some cal cu la tions in Z/≡p and Z/≡q

first. Since p | n and n | (me − c), by the tran si tiv ity of the di vis i bil ity re‐ 
la tion, p | (me − c). There fore me ≡ c (mod p), or equiv a lently 

Note that the usual ex po nent rules work for ex po nen ti a tion in Z/≡p.
Specif i cally, for any X ∈ Z/≡p and any pos i tive in te gers a and b we
have

and



423

(For more care ful proofs of these equa tions, see ex er cise 8.) Ap ply ing
these rules, we see that

We claim now that  To prove this, we con sider two cases.
Case 1.  Then p and m are rel a tively prime, so by Eu ler’s the o‐ 

rem,  There fore

Case 2. p | m. Then [m]p = [0] p, so

In both cases we have reached the de sired con clu sion that 
 There fore cd ≡ m (mod p). Sim i lar rea son ing shows that cd

≡ m (mod q), and since pq = n, it fol lows by Lemma 7.4.5 that cd ≡ m
(mod n). In other words,  which is what we wanted to prove.
□

Let’s try this out in a sim ple ex am ple. Sup pose Bob chooses the
primes p = 3 and q = 11, so n = pq = 33 and φ(n) = (p − 1)(q − 1) = 20.
He also chooses e = 7, and he then com putes  so d
= 3. (As a check on Bob’s work, note that [7]20 · [3]20 = [21]20 = [1]20.)
Bob sends the num bers n = 33 and e = 7 to Al ice.

Sup pose Al ice wants to send the mes sage m = 5 to Bob. She com‐ 
putes

so her en crypted mes sage is c = 14. She sends this num ber to Bob. To
de crypt the mes sage, Bob com putes
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Thus, Bob suc cess fully re cov ers the orig i nal mes sage m = 5.
Are Al ice and Bob’s com mu ni ca tions se cure? Sup pose an eaves drop‐ 

per in ter cepts both Bob’s mes sage to Al ice and Al ice’s mes sage to Bob,
thus learn ing the num bers n = 33, e = 7, and c = 14. By fac tor ing n = 33
= 3·11, the eaves drop per could learn that p = 3 and q = 11 (or vice-
versa), and there fore φ(n) = (p − 1)(q − 1) = 20. But then the eaves drop‐ 
per could com pute, just as Bob did, that  thus
learn ing the de cryp tion ex po nent d = 3. The eaves drop per can now de‐ 
crypt Al ice’s mes sage just the way Bob did. The com mu ni ca tions are
not se cure!

What has gone wrong? The prob lem is that in this sim ple ex am ple we
have used small num bers. The eaves drop per’s first step was to fac tor n
= 33, which is a prod uct of two prime num bers. A small num ber n can
be fac tored eas ily by sim ply di vid ing n by all smaller prime num bers
un til a prime fac tor is found, but if n is large then this pro ce dure will
take too long to be prac ti cal. Fac tor ing num bers that are prod ucts of
two large prime num bers is es pe cially hard. As of 2019, the largest such
num ber that has ever been fac tored is a prod uct of two 116-digit
primes. It was fac tored in 2009 af ter two years of com pu ta tion by many
hun dreds of com put ers work ing to gether on the prob lem, us ing the
equiv a lent of al most 2000 years of com put ing by a sin gle com puter.
Fac tor ing a prod uct of primes sig nif i cantly larger than this would not
be fea si ble with cur rent com put ing tech nol ogy. To day most peo ple who
use RSA choose prime num bers that are sev eral hun dreds of dig its long.
If an eaves drop per learns the num bers n and e, then in prin ci ple he has
enough in for ma tion to find the de cryp tion ex po nent d, but the only
known way to do it is to fac tor n. The se cu rity of RSA de pends on the
fact that, in prac tice, the num bers used are so large that fac tor ing n is
not fea si ble.

But wait! What about the com pu ta tions that Al ice and Bob have to do
with these ex tremely large num bers? Will they also be com pu ta tion ally
in fea si ble? If so, then the sys tem will be use less. For tu nately, there are
ef fi cient ways to do the com pu ta tions re quired of Al ice and Bob. While
a de tailed dis cus sion of how these com pu ta tions are per formed is be‐ 
yond the scope of this book, we can briefly com ment on the main
points.

The most dif fi cult com pu ta tions Al ice and Bob have to do are:

Bob must find two large prime num bers p and q.
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Bob must find 
Al ice must com pute  and Bob must com pute 

To find the primes p and q, Bob can sim ply choose suit ably large
num bers at ran dom and test them to see if they are prime un til he finds
two primes. The prob lem of test ing a large num ber to see if it is prime
has been stud ied ex ten sively. In 2019, us ing the best known meth ods, a
com puter can de ter mine whether or not a 1000-digit num ber is prime in
a few min utes. But this is not fast enough to be con ve nient for RSA,
since Bob may have to test hun dreds of num bers for pri mal ity be fore he
finds a prime. So most im ple men ta tions of RSA use prob a bilis tic pri‐ 
mal ity tests. These tests take a frac tion of a sec ond, but they are not
guar an teed to be ac cu rate; in par tic u lar, if a num ber is not prime, there
is a chance that the test will fail to de tect this and re port that the num‐ 
ber is prime. But by re peat ing the test sev eral times, the prob a bil ity of
an er ror can be made as small as de sired. For more on prob a bilis tic pri‐ 
mal ity test ing, see ex er cises 10–14.

We al ready know a method that Bob can use to com pute  the
ex tended Eu clidean al go rithm. This al go rithm is very fast, even with
very large num bers. For more on this, see ex er cise 13 in Sec tion 7.1.

Fi nally, to en crypt and de crypt mes sages, Al ice and Bob must raise
el e ments of Z/≡n to high pow ers. Sup pose X ∈ Z/≡n and a is a pos i tive
in te ger. The most straight for ward way to com pute Xa is to mul ti ply X
by it self a times, but this will not be fea si ble if a is large. There is a
bet ter way us ing re cur sion. If a = 1, then of course Xa = X. For larger
val ues of a, we use the fol low ing for mu las:

Ex am ple 7.5.2. Find [347]172
582.

So lu tion

Let X = [347]582 ∈ Z/≡582; we must find X172. Since 172 is even, we
start with
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If we can find X86, then we’ll just have to mul ti ply it by it self to find
X172. To find X86, we use the same method:

Now we need to find X43, and since 43 is odd, we use the for mula

Con tin u ing in this way, we get the fol low ing list of for mu las:

We can now work through this list in re verse or der and eval u ate each
for mula:

We con clude that  If you count, you will find that
we only per formed 10 mul ti pli ca tions – much less than the 171 that
would be re quired if we sim ply mul ti plied 172 Xs. For more on the
num ber of mul ti pli ca tions re quired to com pute Xa in gen eral, see ex er‐ 
cise 9.
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We end this sec tion with one more ex am ple of the use of RSA. This
time we will use num bers that are large enough to force us to use ef fi‐ 
cient meth ods of cal cu la tion, al though they are still not as large as
would be used in a real ap pli ca tion of RSA.

Ex am ple 7.5.3. Sup pose Bob chooses the prime num bers p = 48611 and
q = 37813. He com putes n = pq = 1838127743 and φ(n) = (p − 1)(q − 1)
= 1838041320. He then chooses the en cryp tion ex po nent e =
184270657.

1. Find the de cryp tion ex po nent d.
2. Sup pose Al ice wants to send the mes sage m = 357249732. Find

the en crypted mes sage c, and ver ify that Bob can de crypt it.

So lu tions

1. To com pute d, Bob uses the ex tended Eu clidean al go rithm to find 
  The steps are shown in Fig ure 7.7.

Bob con cludes that d = 88235833.

Fig ure 7.7. Com put ing the de cryp tion ex po nent d.

As a check, Bob can com pute that
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so ed ≡ 1 (mod φ(n)).
2. Let X = [m]n = [357249732]1838127743. To en crypt her mes sage,

Al ice must com pute Xe = X184270657. The steps are shown in Fig‐ 
ure 7.8; of course, Al ice plans her cal cu la tions by start ing at the
end of this ta ble, but per forms the cal cu la tions from the be gin‐ 
ning. She sends the en crypted mes sage c = 1357673396.

Fig ure 7.8. Com put ing the en crypted mes sage c.

To de crypt the mes sage, Bob lets Y = [c] n and com putes Yd =
Y88235833, as shown in Fig ure 7.9. As ex pected, he gets m = 357249732.
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Fig ure 7.9. De crypt ing the mes sage.

Ex er cises
1. Sup pose Bob chooses p = 5, q = 11, and e = 7.

(a) Find n, φ(n), and d.
(b) Sup pose Al ice wants to send the mes sage m = 9. Find the en crypted

mes sage c, and ver ify that Bob can de crypt it.
*2. Sup pose Bob chooses p = 71, q = 83, and e = 1369.

(a) Find n, φ(n), and d.
(b) Sup pose Al ice wants to send the mes sage m = 1001. Find the en‐ 

crypted mes sage c, and ver ify that Bob can de crypt it.
3. Sup pose Bob chooses p = 71 and q = 83. Why would e = 1368 be a

bad choice?
4. Sup pose Bob chooses p = 17389, q = 14947, and e = 35824631.

(a) Find n, φ(n), and d.
(b) Sup pose Al ice wants to send the mes sage m = 123456789. Find the

en crypted mes sage c, and ver ify that Bob can de crypt it.
*5. You are eaves drop ping on Al ice and Bob. You in ter cept the mes sage

(n, e) = (493, 129) sent to Al ice by Bob, and then the mes sage c =
149 sent to Bob by Al ice.

(a) Fac tor n.
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(b) Find the de cryp tion ex po nent d.
(c) De crypt the mes sage.
6. Sup pose Al ice and Bob are us ing RSA. As usual, Bob has gen er ated

the num bers n, e, and d, and he has sent n and e to Al ice but kept d
se cret. Al ice has a mes sage m that rep re sents a con tract that she
wants Bob to sign. The con tract is not se cret – she is glad to send it
to Bob with out en crypt ing it. But she wants Bob to send back a dig i‐ 
tal sig na ture for the con tract. Like an or di nary sig na ture, it should
be a mes sage that some one else could not forge, so that Al ice
knows that Bob, and not some im pos tor, has writ ten the sig na ture,
and Bob can not deny at a later date that he signed the con tract. To
cre ate his sig na ture, Bob com putes the unique in te ger s such that 0
≤ s < n and  and he sends s to Al ice.

(a) Show that  and if s ′ is any in te ger such that 0 ≤ s ′ < n
and s ′ ≠ s, then  Thus, Al ice can au then ti cate the sig‐ 
na ture by com put ing  and ver i fy ing that it is equal to [m]n.

(b) Why can’t an im pos tor forge Bob’s sig na ture?
*7. In this ex er cise we will see why it is im por tant for p and q to be

prime. Sup pose Bob chooses p = 9, q = 35, and e = 95, not notic ing
that 9 and 35 are not prime. He com putes n = pq = 315, and he sends
(n, e) = (315, 95) to Al ice.

(a) Sup pose Al ice wants to send the mes sage m = 123. What en crypted
mes sage c will she send?

(b) Bob com putes φ = (p − 1)(q − 1) = 272; he thinks this is φ(n), but
he’s wrong. To find the de cryp tion ex po nent d, he then com putes 

 What value of d does he get?
(c) Us ing the de cryp tion ex po nent d from part (b), what does Bob get

when he tries to de crypt Al ice’s mes sage?
(d) What is the cor rect value of φ(n)? What de cryp tion ex po nent d

would Bob have got ten if he had used the cor rect value for φ(n) and
com puted  Us ing this de cryp tion ex po nent, what
would Bob have got ten when he tried to de crypt Al ice’s mes sage?

8. Sup pose m is a pos i tive in te ger and X ∈ Z/≡m.

(a) Give a re cur sive def i ni tion of Xa, for pos i tive in te gers a.
(b) Use math e mat i cal in duc tion to prove that for all pos i tive in te gers a

and b, Xa · Xb = Xa+b.
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(c) Use math e mat i cal in duc tion to prove that for all pos i tive in te gers a
and b, (Xa)b = Xab.

*9. Sup pose X ∈ Z/≡n. Prove that for ev ery pos i tive in te ger a, the re‐ 
cur sive method of com put ing Xa that is il lus trated in Ex am ple 7.5.2
uses at most 2log2 a mul ti pli ca tions.

Ex er cises 10–14 are con cerned with prob a bilis tic pri mal ity test ing. In
these prob lems, we are look ing for a com pu ta tional test that can be per‐ 
formed on a pos i tive in te ger n so that if n is prime then n passes the
test, and if n is not prime then it fails the test. We will find that there
are some tests that work in many cases, but not all cases.

10. Ac cord ing to Eu ler’s the o rem, if n is prime and 2 ≤ a ≤ n − 1, then
an−1 ≡ 1 (mod n). This sug gests the fol low ing pri mal ity test: To test
whether or not an in te ger n > 2 is prime, choose a ran dom num ber a
∈ {2, 3, . . . , n − 1} and check whether or not an−1 ≡ 1 (mod n). If
so, then n passes the test, and if not, then it fails. This test is called
the Fer mat pri mal ity test, be cause the in stance of Eu ler’s the o rem
on which it is based is closely re lated to Fer mat’s lit tle the o rem;
see ex er cise 10 in Sec tion 7.4. If n is prime, then by Eu ler’s the o‐ 
rem, it is guar an teed to pass the test. Un for tu nately, com pos ite
num bers some times pass the test as well. If 2 ≤ a ≤ n − 1 and an−1 ≡
1 (mod n), but n is not prime, then we say that n is a Fer mat pseu‐ 
do prime to the base a; it passes the Fer mat pri mal ity test us ing the
base a, even though it is not prime. If 2 ≤ a ≤ n − 1 and an−1 ≢ 1
(mod n) then we say that a is a Fer mat wit ness for n. If there is a
Fer mat wit ness for n then, by Eu ler’s the o rem, n is not prime.

(a) Show that 15 is a Fer mat pseu do prime to the base 4, but 3 is a Fer‐ 
mat wit ness for 15.

(b) Show that if n is a Fer mat pseu do prime to the base a, then n and a
are rel a tively prime.

11. Re call from ex er cise 5 in Sec tion 6.2 that the num bers 
called Fer mat num bers. Fer mat showed that Fn is prime for 0 ≤ n ≤
4, and Eu ler showed that F5 is not prime. It is not known if there is
any n > 4 for which Fn is prime. In this ex er cise you will show that
for ev ery nat u ral num ber  Thus, if Fn is not
prime, then in the ter mi nol ogy of ex er cise 10, it is a Fer mat pseu‐ 
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do prime to the base 2. In other words, the Fer mat pri mal ity test
with a = 2 will not be use ful for test ing whether Fn is prime.

(a) Show that 
(b) Show that 
(c) Show that 2n+1 | (Fn − 1). (Hint: Use ex er cise 12(a) in Sec tion 6.3.)
(d) Show that  (Hint: Use parts (b) and (c) and ex‐ 

er cise 16 in Sec tion 7.3.)
12. Sup pose n is an in te ger larger than 2 and let R = {2, 3, . . . , n − 1}.

Let

Sup pose a ∈ R2 and gcd(n, a) = 1. Then a is a Fer mat wit ness for n,
so n is not prime. (See ex er cise 10 for the mean ings of the terms
used in this ex er cise.)

(a) Show that for ev ery x ∈ R1 there is a unique y ∈ R2 such that ax ≡
y (mod n).

(b) By part (a), we can de fine a func tion f: R1 → R2 by the for mula

Show that f is one-to-one.
(c) Use part (b) to con clude that at least half of the el e ments of R are

Fer mat wit nesses for n. (This shows that, with prob a bil ity at least
1/2, n will fail the Fer mat pri mal ity test. By re peat ing the test with
dif fer ent choices for a, the prob a bil ity of an in cor rect re sult can be
made as small as de sired.)

13. Ex er cise 12 shows that if there is at least one Fer mat wit ness for n
that is rel a tively prime to n, then the Fer mat pri mal ity test has a
good chance of de tect ing that n is not prime. Un for tu nately, there
are com pos ite num bers n for which no such wit ness ex ists. An in te‐ 
ger n > 2 is called a Carmichael num ber if it is not prime, but it is a
Fer mat pseu do prime to the base a for ev ery in te ger a ∈ {2, 3, . . . ,
n − 1} such that a and n are rel a tively prime. They are named for
Robert Daniel Carmichael (1879– 1967), who first stud ied them. If
n is a Carmichael num ber, then al though n is not prime, the Fer mat
pri mal ity test is un likely to de tect this fact. In 1994, W. R. Al ford
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(1937–2003), An drew Granville (1962–), and Carl Pomer ance
(1944–) proved that there are in fin itely many Carmichael num bers.
In this prob lem you will show that 561 is a Carmichael num ber. (In
fact, it is the small est Carmichael num ber.) We leave it to you to
ver ify that 561 = 3 · 11 · 17, so 561 is not prime. Sup pose 2 ≤ a ≤ n
− 1 and gcd(561, a) = 1.

(a) Show that a560 ≡ 1 (mod 3).
(b) Show that a560 ≡ 1 (mod 11).
(c) Show that a560 ≡ 1 (mod 17).
(d) Show that a560 ≡ 1 (mod 561). (Hint: Use ex er cise 14 in Sec tion

7.4.)
14. In this ex er cise you will work out some of the math e mat i cal ba sis

for the Miller-Ra bin test, a com monly used prob a bilis tic pri mal ity
test. It is named for Gary L. Miller (1946–) and Michael O. Ra bin
(1931–). Sup pose n is an odd in te ger and n > 1.

(a) Prove that there are pos i tive in te gers s and d such that n − 1 = 2s d
and d is odd.

(b) Prove that if n is prime and b is a pos i tive in te ger such that b2 ≡ 1
(mod n), then ei ther b ≡ 1 (mod n) or b ≡ −1 (mod n).
Let s and d be as in part (a). If 2 ≤ a ≤ n − 1, ad ≢ 1 (mod n), and
for all nat u ral num bers  then a is called a
Miller-Ra bin wit ness for n.

(c) Prove that if there is a Miller-Ra bin wit ness for n then n is not
prime. (Hint: Sup pose a is a Miller-Ra bin wit ness for n and n is
prime. Then by Eu ler’s the o rem,  There‐ 
fore we can let k be the small est nat u ral num ber such that 

 Now use part (b) to get a con tra dic tion.)
The Miller-Ra bin test works as fol lows: To test whether or not an
odd in te ger n > 1 is prime, choose a ran dom num ber a ∈ {2, 3, . . .
, n − 1} and check whether or not a is a Miller-Ra bin wit ness for n.
If it is, then n fails the test. If it is not, then n passes the test. By
part (c), if n is prime then there are no Miller-Ra bin wit nesses, so n
is guar an teed to pass the test. It can be proven that if n is not prime
then at least 3/4 of the num bers a ∈ {2, 3, . . . , n − 1} are Miller-
Ra bin wit nesses for n, so n will fail the test with prob a bil ity at
least 3/4. As in ex er cise 12, the prob a bil ity of an in cor rect re sult
can be made as small as de sired by re peat ing the test with dif fer ent
choices of a.
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(d) Show that 13 is not a Miller-Ra bin wit ness for 85, but 14 is.
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8

In fi nite Sets

8.1. Equinu mer ous Sets
In this chap ter, we’ll dis cuss a method of com par ing the sizes of in fi‐ 
nite sets. Sur pris ingly, we’ll find that, in a sense, in fin ity comes in dif‐ 
fer ent sizes!

For fi nite sets, we de ter mine the size of a set by count ing. What does
it mean to count the num ber of el e ments in a set? When you count the
el e ments in a set A, you point to the el e ments of A in turn while say ing
the words one, two, and so forth. We could think of this process as
defin ing a func tion f from the set {1, 2, . . . , n} to A, for some nat u ral
num ber n. For each i ∈ {1, 2, . . . , n}, we let f(i) be the el e ment of A
you’re point ing to when you say “i.” Be cause ev ery el e ment of A gets
pointed to ex actly once, the func tion f is one-to-one and onto. Thus,
count ing the el e ments of A is sim ply a method of es tab lish ing a one-to-
one cor re spon dence be tween the set {1, 2, . . . , n} and A, for some nat u‐ 
ral num ber n. One-to-one cor re spon dence is the key idea be hind mea‐ 
sur ing the sizes of sets, and sets of the form {1, 2, . . . , n} are the stan‐ 
dards against which we mea sure the sizes of fi nite sets. This sug gests
the fol low ing def i ni tion.

Def i ni tion 8.1.1. Sup pose A and B are sets. We’ll say that A is equinu‐ 
mer ous with B if there is a func tion f: A → B that is one-to-one and
onto. We’ll write A ∼ B to in di cate that A is equinu mer ous with B. For
each nat u ral num ber n, let In = {i ∈ Z+ | i ≤ n}. A set A is called fi nite
if there is a nat u ral num ber n such that In ∼ A. Oth er wise, A is in fi nite.

You are asked in ex er cise 6 to show that if A is fi nite, then there is
ex actly one n such that In ∼ A. Thus, it makes sense to de fine the num‐ 
ber of el e ments of a fi nite set A to be the unique n such that In ∼ A.
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This num ber is also some times called the car di nal ity of A, and it is de‐ 
noted |A|. Note that ac cord ing to this def i ni tion, ∅ is fi nite and |∅| = 0.

The def i ni tion of equinu mer ous can also be ap plied to in fi nite sets,
with re sults that are some times sur pris ing. For ex am ple, you might
think that Z+ could not be equinu mer ous with Z be cause Z in cludes not
only all the pos i tive in te gers, but also all the neg a tive in te gers and zero.
But con sider the func tion f: Z+ → Z de fined as fol lows:

This no ta tion means that for ev ery pos i tive in te ger n, if n is even then
f(n) = n/2 and if n is odd then f(n) = (1 − n)/2. The ta ble of val ues for f
in Fig ure 8.1 re veals a pat tern that sug gests that f might be one-to-one
and onto.

Fig ure 8.1.

To check this more care fully, first note that for ev ery pos i tive in te ger
n, if n is even then f(n) = n/2 > 0, and if n is odd then f(n) = (1 − n)/2 ≤
0. Now sup pose n1 and n2 are pos i tive in te gers and f(n1) = f(n2). If f(n1)
= f(n2) > 0 then n1 and n2 must both be even, so the equa tion f(n1) =
f(n2) means n1 /2 = n2 /2, and there fore n1 = n2. Sim i larly, if f(n1) =
f(n2) ≤ 0 then n1 and n2 are both odd, so we get (1 − n1)/2 = (1 − n2)/2,
and once again it fol lows that n1 = n2. Thus, f is one-to-one.

To see that f is onto, let m be an ar bi trary in te ger. If m > 0 then let n =
2m, an even pos i tive in te ger, and if m ≤ 0 then let n = 1 − 2m, an odd
pos i tive in te ger. In both cases it is easy to ver ify that f(n) = m. Thus, f is
onto as well as one-to-one, so ac cord ing to Def i ni tion 8.1.1, Z+ ∼ Z.

Note that the func tion f had to be cho sen very care fully. There are
many other func tions from Z+ to Z that are one-to-one but not onto,
onto but not one-to-one, or nei ther one-to-one nor onto, but this does
not con tra dict our claim that Z+ ∼ Z. Ac cord ing to Def i ni tion 8.1.1, to
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show that Z+ ∼ Z we need only show that there is at least one func tion
from Z+ to Z that is both one-to-one and onto, and of course to prove
this it suf fices to give an ex am ple of such a func tion.

Per haps an even more sur pris ing ex am ple is that Z+ × Z+ ∼ Z+. To
show this we must come up with a one-to-one, onto func tion f: Z+ × Z+

→ Z+. An el e ment of the do main of this func tion would be an or dered
pair (i, j), where i and j are pos i tive in te gers. Ex er cise 12 asks you to
show that the fol low ing for mula de fines a func tion from Z+ × Z+ to Z+

that is one-to-one and onto:

Once again, the ta ble of val ues in Fig ure 8.2 may help you un der stand
this ex am ple.

Fig ure 8.2.

The o rem 8.1.2. Sup pose A ∼ B and C ∼ D. Then:

1. A × C ∼ B × D.

2. If A and C are dis joint and B and D are dis joint, then A ∪ C ∼ B ∪
D.

Proof. Since A ∼ B and C ∼ D, we can choose func tions f: A → B and
g: C → D that are one-to-one and onto.

1. De fine h: A × C → B × D by the for mula
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To see that h is one-to-one, sup pose h(a1, c1) = h(a2, c2). This
means that (f (a1), g(c1)) = (f (a2), g(c2)), so f(a1) = f(a2) and
g(c1) = g(c2). Since f and g are both one-to-one, it fol lows that a1
= a2 and c1 = c2, so (a1, c1) = (a2, c2).

To see that h is onto, sup pose (b, d) ∈ B × D. Then since f and
g are both onto, we can choose a ∈ A and c ∈ C such that f(a) =
b and g(c) = d. There fore h(a, c) = (f (a), g(c)) = (b, d), as re‐ 
quired. Thus h is one-to-one and onto, so A × C ∼ B × D.

2. Sup pose A and C are dis joint and B and D are dis joint. You are
asked in ex er cise 14 to show that f ∪ g is a one-to-one, onto func‐ 
tion from A ∪ C to B ∪ D, so A ∪ C ∼ B ∪ D. □

It is not hard to show that ∼ is re flex ive, sym met ric, and tran si tive.
In other words, we have the fol low ing the o rem:

The o rem 8.1.3. For any sets A, B, and C:

1. A ∼ A.

2. If A ∼ B then B ∼ A.

3. If A ∼ B and B ∼ C then A ∼ C.

Proof.

1. The iden tity func tion iA is a one-to-one, onto func tion from A to
A.

2. Sup pose A ∼ B. Then we can choose some func tion f: A → B that
is one-to-one and onto. By The o rem 5.3.4, f−1 is a func tion from B
to A. But now note that (f−1)−1 = f, which is a func tion from A to
B, so by The o rem 5.3.4 again, f−1 is also one-to-one and onto.
There fore B ∼ A.

3. Sup pose A ∼ B and B ∼ C. Then we can choose one-to-one, onto
func tions f: A → B and g: B → C. By The o rem 5.2.5, g ◦ f: A → C
is one-to-one and onto, so A ∼ C. □

The o rems 8.1.2 and 8.1.3 are of ten help ful in show ing that sets are
equinu mer ous. For ex am ple, we showed ear lier that Z+ × Z+ ∼ Z+ and
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Z
+ ∼ Z, so by part 3 of The o rem 8.1.3 it fol lows that Z+ × Z+ ∼ Z. Part

2 tells us that we need not dis tin guish be tween the state ments “A is
equinu mer ous with B” and “B is equinu mer ous with A,” be cause they
are equiv a lent. For ex am ple, we al ready know that Z+ × Z+ ∼ Z+, so we
can also write Z+ ∼ Z+ × Z+. By part 1 of The o rem 8.1.2, Z+ × Z+ ∼ Z
× Z, so we also have Z+ ∼ Z × Z.

We have now found three sets, Z, Z+ ×Z
+, and Z×Z, that are equinu‐ 

mer ous with Z+. Such sets are es pe cially im por tant and have a spe cial
name.

Def i ni tion 8.1.4. A set A is called de nu mer able if Z+ ∼ A. It is called
count able if it is ei ther fi nite or de nu mer able. Oth er wise, it is un count‐ 
able.

You might think of the count able sets as those sets whose el e ments
can be counted by point ing to all of them, one by one, while nam ing
pos i tive in te gers in or der. If the count ing process ends at some point,
then the set is fi nite; and if it never ends, then the set is de nu mer able.
The fol low ing the o rem gives two more ways of think ing about count‐ 
able sets.

The o rem 8.1.5. Sup pose A is a set. The fol low ing state ments are equiv‐ 
a lent:

1. A is count able.

2. Ei ther A = ∅ or there is a func tion f: Z+ → A that is onto.

3. There is a func tion f: A → Z+ that is one-to-one.

Proof. 1 → 2. Sup pose A is count able. If A is de nu mer able, then there is
a func tion f: Z+ → A that is one-to-one and onto, so clearly state ment 2
is true. Now sup pose A is fi nite. If A = ∅ then there is noth ing more to
prove, so sup pose A ≠ ∅. Then we can choose some el e ment a0 ∈ A.
Let g: In → A be a one-to-one, onto func tion, where n is the num ber of
el e ments of A. Now de fine f: Z+ → A as fol lows:
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It is easy to check now that f is onto, as re quired.
2 → 3. Sup pose that ei ther A = ∅ or there is an onto func tion from

Z
+ to A. We con sider these two pos si bil i ties in turn. If A = ∅, then the

empty set is a one-to-one func tion from A to Z+. Now sup pose g: Z+ →
A, and g is onto. Then for each a ∈ A, the set {n ∈ Z+ | g(n) = a} is not
empty, so by the well-or der ing prin ci ple it must have a small est el e‐ 
ment. Thus, we can de fine a func tion f: A → Z+ by the for mula

Note that for each a ∈ A, g(f (a)) = a, so g ◦ f = iA. But then by The o rem
5.3.3, it fol lows that f is one-to-one, as re quired.

3 → 1. Sup pose g: A → Z+ and g is one-to-one. Let B = Ran(g) ⊆ Z+.
Then g maps onto B. This means that if we think of g as a func tion from
A to B, then it is one-to-one and onto, so A ∼ B. Thus, it suf fices to
show that B is count able, since by The o rem 8.1.3 it fol lows from this
that A is also count able.

Sup pose B is not fi nite. We must show that B is de nu mer able, which
we can do by defin ing a one-to-one, onto func tion f: Z+ → B. The idea
be hind the def i ni tion is sim ply to let f(n) be the nth el e ment of B, for
each n ∈ Z+. (Re call that B ⊆ Z+, so we can use the or der ing of the
pos i tive in te gers to make sense of the idea of the nth el e ment of B.) For
a more care ful def i ni tion of f and the proof that f is one-to-one and
onto, see ex er cise 15. □

If A is count able and A ≠ ∅, then by The o rem 8.1.5 there is a func‐ 
tion f: Z+ → A that is onto. If, for ev ery n ∈ Z+, we let an = f(n), then
the fact that f is onto means that ev ery el e ment of A ap pears at least
once in the list a1, a2, a3, . . . . In other words, A = {a1, a2, a3, . . .}.
Count abil ity of a set A is of ten used in this way to en able us to write the
el e ments of A in a list, in dexed by the pos i tive in te gers. In fact, you
might want to think of count abil ity for nonempty sets as mean ing lista‐ 
bil ity. Of course, if A is de nu mer able, then the func tion f can be taken to
be one-to-one, which means that each el e ment of A will ap pear only
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once in the list a1, a2, a3, . . . . For an ex am ple of an ap pli ca tion of
count abil ity in which the el e ments of a count able set are writ ten in a
list, see ex er cise 19.

The o rem 8.1.5 is also some times use ful for prov ing that a set is de‐ 
nu mer able, as the proof of our next the o rem shows.

The o rem 8.1.6. Q is de nu mer able.

Proof. Let f: Z × Z+ → Q be de fined as fol lows:

Clearly f is onto, since by def i ni tion all ra tio nal num bers can be writ ten
as frac tions, but note that f is not one-to-one. For ex am ple, f(1, 2) = f(2,
4) = 1/2. Since Z+ ∼ Z, by The o rem 8.1.2 we have Z+ × Z+ ∼ Z × Z+,
and since we al ready know that Z+ × Z+ is de nu mer able, it fol lows that
Z × Z+ is also de nu mer able. Thus, we can choose a one-to-one, onto
func tion g: Z+ → Z × Z+. By The o rem 5.2.5, f ◦ g: Z+ → Q is onto, so
by The o rem 8.1.5, Q is count able. Clearly Q is not fi nite, so it must be
de nu mer able. □

Al though our fo cus in this chap ter is on in fi nite sets, the meth ods in
this sec tion can be used to prove the o rems that are use ful for com put ing
the car di nal i ties of fi nite sets. We end this sec tion with one ex am ple of
such a the o rem, and give sev eral other ex am ples in the ex er cises (see
ex er cises 20–30).

The o rem 8.1.7. Sup pose A and B are dis joint fi nite sets. Then A ∪ B is
fi nite, and |A ∪ B| = |A| +|B|.

Proof. Let n = |A| and m = |B|. Then A ∼ In and B ∼ Im. No tice that if x
∈ Im then 1 ≤ x ≤ m, and there fore n + 1 ≤ x + n ≤ n + m, so x + n ∈
In+m \ In. Thus we can de fine a func tion f: Im → In+m \ In by the for mula
f(x) = x + n. It is easy to check that f is one-to-one and onto, so Im ∼
In+m \ In. Since B ∼ Im, it fol lows that B ∼ In+m \ In. Ap ply ing part 2 of
The o rem 8.1.2, we can con clude that A ∪ B ∼ In ∪ (In+m \ In) = In+m.
There fore A ∪ B is fi nite, and |A ∪ B| = n + m = |A| +|B|. □
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Ex er cises
*1. Show that the fol low ing sets are de nu mer able.
(a) N.
(b) The set of all even in te gers.
2. Show that the fol low ing sets are de nu mer able:

(a) Q ×Q.
(b)  (See ex er cise 21(b) of Sec tion 5.4 for the mean ing of the

no ta tion used here.)
3. In this prob lem we’ll use the fol low ing no ta tion for in ter vals of real

num bers. If a and b are real num bers and a < b, then

(a) Show that [0, 1] ∼ [0, 2].
(b) Show that (−π/2, π/2) ∼ R. (Hint: Use a trigono met ric func tion.)
(c) Show that (0, 1) ∼ R.
(d) Show that (0, 1] ∼ (0, 1).
*4. Jus tify your an swer to each ques tion with ei ther a proof or a coun‐ 

terex am ple.
(a) Sup pose A ∼ B and A × C ∼ B × D. Must it be the case that C ∼

D?
(b) Sup pose A ∼ B, A and C are dis joint, B and D are dis joint, and A ∪

C ∼ B ∪ D. Must it be the case that C ∼ D?

5. Prove that if A ∼ B then P(A) ∼ P(B).
*6. (a) Prove that for all nat u ral num bers n and m, if In ∼ Im then n =

m. (Hint: Use in duc tion on n.)
(b) Prove that if A is fi nite, then there is ex actly one nat u ral num ber n

such that In ∼ A.

7. Sup pose A and B are sets and A is fi nite. Prove that A ∼ B iff B is
also fi nite and |A| = |B|.
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*8. (a) Prove that if n ∈ N and A ⊆ In, then A is fi nite and |A| ≤ n.
Fur ther more, if A ≠ In, then |A| < n.

(b) Prove that if A is fi nite and B ⊆ A, then B is also fi nite, and |B| ≤
|A|. Fur ther more, if B ≠ A, then |B| < |A|.

9. Sup pose B ⊆ A, B ≠ A, and B ∼ A. Prove that A is in fi nite.
10. Prove that if n ∈ N, f: In → B, and f is onto, then B is fi nite and |B|

≤ n.
11. Sup pose A and B are fi nite sets and f: A → B.

(a) Prove that if |A| < |B| then f is not onto.
(b) Prove that if |A| > |B| then f is not one-to-one. (This is some times

called the pi geon hole prin ci ple, be cause it means that if n items
are put into m pi geon holes, where n > m, then some pi geon hole
must con tain more than one item.)

(c) Prove that if |A| = |B| then f is one-to-one iff f is onto.
12. Show that the func tion f: Z+ × Z+ → Z+ de fined by the for mula

is one-to-one and onto.

13. In this ex er cise you will give an other proof that Z+ × Z+ ∼ Z+. Let
f: Z+ × Z+ → Z+ be de fined by the for mula

Prove that f is one-to-one and onto.
14. Com plete the proof of part 2 of The o rem 8.1.2 by show ing that if f:

A → B and g: C → D are one-to-one, onto func tions, A and C are
dis joint, and B and D are dis joint, then f ∪ g is a one-to-one, onto
func tion from A ∪ C to B ∪ D.

15. In this ex er cise you will com plete the proof of 3 → 1 of The o rem
8.1.5. Sup pose B ⊆ Z+ and B is in fi nite. We now de fine a func tion
f: Z+ → B by re cur sion as fol lows:

For all n ∈ Z+,

f(n) = the small est el e ment of B \ {f(m) | m ∈ Z+, m < n}.
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Of course, the def i ni tion is re cur sive be cause the spec i fi ca tion of
f(n) refers to f(m) for all m < n.

(a) Sup pose n ∈ Z+. The def i ni tion of f(n) only makes sense if we can
be sure that B \ {f(m) | m ∈ Z+, m < n} ≠ ∅, in which case the
well-or der ing prin ci ple guar an tees that it has a small est el e ment.
Prove that B \ {f(m) | m ∈ Z+, m < n} ≠ ∅. (Hint: See ex er cises 8
and 10.)

(b) Prove that for all n ∈ Z+, f(n) ≥ n.
(c) Prove that f is one-to-one and onto.
16. In this ex er cise you will give an al ter na tive proof of The o rem

8.1.6.
(a) Find a func tion f: Z+ → Z \ {0} that is one-to-one and onto.
(b) Let g: Z+ → Q+ be de fined as fol lows. Sup pose n ∈ Z+ and the

prime fac tor iza tion of n is  where p1, p2, . . . , pk
are prime num bers, p1 < p2 < · · · < pk, and e1, e2, . . . , ek are pos i‐ 
tive in te gers. Then we let

where f is the func tion from part (a). (As in Sec tion 7.2, we con‐ 
sider the empty prod uct to be 1, so that g(1) = 1.) Prove that g is
one-to-one and onto. (Hint: You will find ex er cise 19 in Sec tion 7.2
use ful.)

(c) Use g to de fine a one-to-one, onto func tion h: Z → Q, and con clude
that Q is de nu mer able.

17. Prove that if B ⊆ A and A is count able, then B is count able.

18. Prove that if B ⊆ A, A is in fi nite, and B is fi nite, then A \ B is in fi‐ 
nite.

19. Sup pose A is de nu mer able and R is a par tial or der on A. Prove that
R can be ex tended to a to tal or der on A. In other words, prove that
there is a to tal or der T on A such that R ⊆ T. Note that we proved a
sim i lar the o rem for fi nite A in Ex am ple 6.2.2. (Hint: Since A is de‐ 
nu mer able, we can write the el e ments of A in a list: A = {a1, a2, a3,
. . .}. Now, us ing ex er cise 2 of Sec tion 6.2, re cur sively de fine par‐ 
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tial or ders Rn, for n ∈ N, so that R = R0 ⊆ R1 ⊆ R2 ⊆ · · · and ∀i
∈ In ∀j ∈ Z+ ((ai, aj) ∈ Rn ∨ (aj, ai) ∈ Rn). Let 

20. Sup pose A is fi nite and B ⊆ A. By ex er cise 8, B and A \ B are both
fi nite. Prove that |A \ B| = |A| − |B|. (In par tic u lar, if a ∈ A then |A \
{a}| = |A| −1. We used this fact in sev eral proofs in Chap ter 6; for
ex am ple, we used it in Ex am ples 6.2.1 and 6.2.2.)

21. Sup pose n is a pos i tive in te ger and for each i ∈ In, Ai is a fi nite
set. Also, as sume that ∀i ∈ In ∀j ∈ In (i ≠ j → Ai ∩ Aj = ∅). Prove
that  is fi nite and 

*22. (a) Prove that if A and B are fi nite sets, then A × B is fi nite and
|A × B| = |A| · |B|. (Hint: Use in duc tion on |B|. In other words,
prove the fol low ing state ment by in duc tion: ∀n ∈ N∀A∀B(if
A and B are fi nite and |B| = n, then A × B is fi nite and |A × B| =
|A| · n). You may find The o rem 4.1.3 use ful.)

(b) A meal at Al ice’s Restau rant con sists of an en tree and a dessert.
The en tree can be ei ther steak, chicken, pork chops, shrimp, or
spaghetti, and dessert can be ei ther ice cream, cake, or pie. How
many dif fer ent meals can you or der at Al ice’s Restau rant?

23. For any sets A and B, the set of all func tions from A to B is de noted
A B.

(a) Prove that if A ∼ B and C ∼ D then A C ∼ B D.
(b) Prove that if A, B, and C are sets and A ∩ B = ∅, then A∪B C ∼ A C

× B C.
(c) Prove that if A and B are fi nite sets, then A B is fi nite and |A B| =

|B||A|. (Hint: Use in duc tion on |A|.)
(d) A pro fes sor has 20 stu dents in his class, and he has to as sign a

grade of ei ther A, B, C, D, or F to each stu dent. In how many ways
can the grades be as signed?

24. Sup pose |A| = n, and let F = {f | f is a one-to-one, onto func tion from
In to A}.

(a) Prove that F is fi nite, and |F | = n!. (Hint: Use in duc tion on n.)
(b) Let L = {R | R is a to tal or der on A}. Prove that F ∼ L, and there‐ 

fore |L| = n!.
(c) Five peo ple are to sit in a row of five seats. In how many ways can

they be seated?
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25. Sup pose A is a fi nite set and R is an equiv a lence re la tion on A.
Sup pose also that there is some pos i tive in te ger n such that ∀x ∈
A(|[x]R | = n). Prove that A/R is fi nite and |A/R| = |A|/n. (Hint: Use
ex er cise 21.)

26. (a) Sup pose that A and B are fi nite sets. Prove that A ∪ B is fi nite,
and |A ∪ B| = |A| +|B| −|A ∩ B|.

(b) Sup pose that A, B, and C are fi nite sets. Prove that A ∪ B ∪ C is fi‐ 
nite, and

27. In this prob lem you will prove the in clu sion-ex clu sion prin ci ple,
which gen er al izes the for mu las in ex er cise 26. Sup pose A1, A2, . . . ,
An are fi nite sets. Let P = P(In) \{∅}, and for each S ∈ P let 

 Prove that  is fi nite and

(The no ta tion on the right-hand side of this equa tion de notes the re‐ 
sult of run ning through all sets S ∈ P, com put ing the num ber
(−1)|S|+1 |AS | for each S, and then adding these num bers. Hint: Use
in duc tion on n.)

28. Prove that if A and B are fi nite sets and |A| = |B|, then |A △  B| is
even.

29. Each cus tomer in a cer tain bank has a PIN num ber, which is a se‐ 
quence of four dig its. Show that if the bank has more than 10,000
cus tomers, then some two cus tomers must have the same PIN num‐ 
ber. (Hint: See ex er cise 11.)

30. Al ice opened her grade re port and ex claimed, “I can’t be lieve
Prof. Jones flunked me in Prob a bil ity.” “You were in that course?”
said Bob. “That’s funny, I was in it too, and I don’t re mem ber ever
see ing you there.” “Well,” ad mit ted Al ice sheep ishly, “I guess I did
skip class a lot.” “Yeah, me too” said Bob. Prove that ei ther Al ice or
Bob missed at least half of the classes.
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8.2. Count able and Un count able Sets
Of ten when we per form some set-the o retic op er a tion with count able
sets, the re sult is again a count able set.

The o rem 8.2.1. Sup pose A and B are count able sets. Then:

1. A × B is count able.
2. A ∪ B is count able.

Proof. Since A and B are count able, by The o rem 8.1.5 we can choose
one-to-one func tions f: A → Z+ and g: B → Z+.

1. De fine h: A × B → Z+ × Z+ by the for mula

As in the proof of part 1 of The o rem 8.1.2, it is not hard to show
that h is one-to-one. Since Z+ ×Z

+ is de nu mer able, we can let j:
Z

+ ×Z
+ → Z+ be a one-to-one, onto func tion. Then by The o rem

5.2.5, j ◦h: A×B → Z+ is one-to-one, so by The o rem 8.1.5, A × B is
count able.

2. De fine h: A ∪ B → Z as fol lows:

We claim now that h is one-to-one. To see why, sup pose that h(x1)
= h(x2), for some x1 and x2 in A ∪ B. If h(x1) = h(x2) > 0, then ac‐ 
cord ing to the def i ni tion of h, we must have x1 ∈ A, x2 ∈ A, and
f(x1) = h(x1) = h(x2) = f(x2). But then since f is one-to-one, x1 = x2.
Sim i larly, if h(x1) = h(x2) ≤ 0, then we must have g(x1) = −h(x1) =
−h(x2) = g(x2), and then since g is one-to-one, x1 = x2. Thus, h is
one-to-one.

Since Z is de nu mer able, we can let j: Z → Z+ be a one-to-one,
onto func tion. As in part 1, we then find that j ◦ h: A ∪ B → Z+ is
one-to-one, so A ∪ B is count able. □
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As our next the o rem shows, part 2 of The o rem 8.2.1 can be ex tended
to unions of more than two sets.

The o rem 8.2.2. The union of count ably many count able sets is count‐ 
able. In other words, if F is a fam ily of sets, F is count able, and also

ev ery el e ment of F is count able, then  is count able.

Proof. We will as sume first that ∅ /∈ F. At the end of the proof we

will dis cuss the case ∅ ∈ F.

If F = ∅, then of course  which is count able. Now sup pose

F ≠ ∅. Then, as de scribed af ter the proof of The o rem 8.1.5, since F is

count able and nonempty we can write the el e ments of F in a list, in‐ 

dexed by the pos i tive in te gers. In other words, we can say that F = {A1,

A2, A3, . . .}. Sim i larly, ev ery el e ment of F is count able and nonempty

(since ∅ /∈ F), so for each pos i tive in te ger i the el e ments of Ai can be

writ ten in a list. Thus we can write

and, in gen eral,

Note that, by the def i ni tion of union, 
Now de fine a func tion  by the for mula

Clearly f is onto. Since Z+ × Z+ is de nu mer able, we can let g: Z+ → Z+

× Z+ be a one-to-one, onto func tion. Then  is onto, so 
 is count able.

Fi nally, sup pose ∅ ∈ F. Let F ′ = F \ {∅}. Then F ′ is also a count‐ 

able fam ily of count able sets and ∅ /∈ F ′, so by the ear lier rea son ing,
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 is count able. But clearly  so  is count able too. □

An other op er a tion that pre serves count abil ity is the for ma tion of fi‐ 
nite se quences. Sup pose A is a set and a1, a2, . . . , an is a list of el e‐ 
ments of A. We might spec ify the terms in this list with a func tion f: In
→ A, where for each i, f(i) = ai = the ith term in the list. Such a func tion
is called a fi nite se quence of el e ments of A.

Def i ni tion 8.2.3. Sup pose A is a set. A func tion f: In → A, where n is a
nat u ral num ber, is called a fi nite se quence of el e ments of A, and n is
called the length of the se quence.

The o rem 8.2.4. Sup pose A is a count able set. Then the set of all fi nite
se quences of el e ments of A is also count able.

Proof. For each n ∈ N, let Sn be the set of all se quences of length n of
el e ments of A. We first show that for ev ery n ∈ N, Sn is count able. We
pro ceed by in duc tion on n.

In the base case we as sume n = 0. Note that I0 = ∅, so a se quence of
length 0 is a func tion f: ∅ → A, and the only such func tion is ∅. Thus,
S0 = {∅}, which is clearly a count able set.

For the in duc tion step, sup pose n is a nat u ral num ber and Sn is count‐ 
able. We must show that Sn+1 is count able. Con sider the func tion F: Sn
× A → Sn+1 de fined as fol lows:

In other words, for any se quence f ∈ Sn and any el e ment a ∈ A, F(f, a)
is the se quence you get by start ing with f, which is a se quence of length
n, and then tack ing on a as term num ber n + 1. You are asked in ex er‐ 
cise 2 to ver ify that F is one-to-one and onto. Thus, Sn × A ∼ Sn+1. But
Sn and A are both count able, so by The o rem 8.2.1, Sn × A is count able,
and there fore Sn+1 is count able.

This com pletes the in duc tive proof that for ev ery n ∈ N, Sn is count‐ 
able. Fi nally, note that the set of all fi nite se quences of el e ments of A is 

 and this is count able by The o rem 8.2.2. □
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As an ex am ple of the use of The o rem 8.2.4, you should be able to
show that the set of all gram mat i cal sen tences of Eng lish is a de nu mer‐ 
able set. (See ex er cise 17.)

By now you may be won der ing if per haps all sets are count able! Is
there any set-the o retic op er a tion that can be used to pro duce un count‐ 
able sets? We’ll see in our next the o rem that the an swer is yes, the
power set op er a tion. This fact was dis cov ered by the Ger man math e ma‐ 
ti cian Georg Can tor (1845–1918) by means of a fa mous and in ge nious
proof. In fact, it was Can tor who first con ceived of the idea of com par‐ 
ing the sizes of in fi nite sets. Can tor’s proof is some what harder than the
pre vi ous proofs in this chap ter, so we’ll dis cuss the strat egy be hind the
proof be fore pre sent ing the proof it self.

The o rem 8.2.5. (Can tor’s the o rem) P(Z+) is un count able.

Scratch work

The proof is based on state ment 2 of The o rem 8.1.5. We’ll show that
there is no func tion f: Z+ → P(Z+) that is onto. Clearly P(Z+) ≠ ∅, so
by The o rem 8.1.5 this shows that P(Z+) is not count able.

Our strat egy will be to let f: Z+ → P(Z+) be an ar bi trary func tion
and prove that f is not onto. Re ex press ing this neg a tive goal as a pos i‐ 
tive state ment, we must show that ∃D[D ∈ P(Z+) ∧∀n ∈ Z+ (D ≠
f(n))]. This sug gests that we should try to find a par tic u lar set D for
which we can prove both D ∈ P(Z+) and ∀n ∈ Z+ (D ≠ f(n)). This is
the most dif fi cult step in fig ur ing out the proof. There is a set D that
makes the proof work, but it will take some clev er ness to come up with
it.

We want to make sure that D ∈ P(Z+), or in other words D ⊆ Z+, so
we know that we need only con sider pos i tive in te gers when de cid ing
what the el e ments of D should be. But this still leaves us in fin itely
many de ci sions to make: for each pos i tive in te ger n, we must de cide
whether or not we want n to be an el e ment of D. We also need to make
sure that ∀n ∈ Z+ (D ≠ f(n)). This im poses in fin itely many re stric tions
on our choice of D: for each pos i tive in te ger n, we must make sure that
D ≠ f(n). Why not make each of our in fin itely many de ci sions in such a
way that it guar an tees that the cor re spond ing re stric tion is sat is fied? In
other words, for each pos i tive in te ger n, we’ll make our de ci sion about
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whether or not n is an el e ment of D in such a way that it will guar an tee
that D ≠ f(n). This isn’t hard to do. We can let n be an el e ment of D if n
/∈ f(n), and leave n out of D if n ∈ f(n). This will guar an tee that D ≠
f(n), be cause one of these sets will con tain n as an el e ment and the other
won’t. This sug gests that we should let D = {n ∈ Z+ | n /∈ f(n)}.

Fig ure 8.3 may help you un der stand the def i ni tion of the set D. For
each m ∈ Z+, f(m) is a sub set of Z+, and it can be spec i fied by say ing,
for each pos i tive in te ger n, whether or not n ∈ f(m). The an swers to
these ques tions can be ar ranged in a ta ble as shown in Fig ure 8.3. Each
row of the ta ble gives the an swers needed to spec ify the set f(m) for a
par tic u lar value of m. The set D can also be spec i fied with a row of
yesses and noes, as shown at the bot tom of Fig ure 8.3. For each n ∈ Z+

we’ve de cided to de ter mine whether or not n ∈ D by ask ing whether or
not n ∈ f(n), and the an swers to these ques tions are the ones sur‐ 
rounded by boxes in Fig ure 8.3. Be cause n ∈ D iff n /∈ f(n), the row of
yesses and noes that spec i fies D can be found by read ing the boxed an‐ 
swers along the di ag o nal of Fig ure 8.3 and re vers ing all the an swers.
This is guar an teed to be dif fer ent from ev ery row of the ta ble in Fig ure
8.3, be cause for each n ∈ Z+ it dif fers from row n in the nth po si tion.

If you found this rea son ing dif fi cult to fol low, don’t worry about it.
Re mem ber, the rea son ing used in choos ing the set D won’t be part of
the proof any way! Af ter you fin ish read ing the proof, you can go back
and try read ing the last two para graphs again.

Fig ure 8.3.
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It should be clear that the set D we have cho sen is a sub set of Z+, so
D ∈ P(Z+). Our other goal is to prove that ∀n ∈ Z+ (D ≠ f(n)), so we
let n be an ar bi trary pos i tive in te ger and prove D ≠ f(n). Now re call that
we chose D care fully so that we would be able to prove D ≠ f(n), and the
rea son ing be hind this choice hinged on whether or not n ∈ f(n). Per‐ 
haps the eas i est way to write the proof is to con sider the two cases n ∈
f(n) and n /∈ f(n) sep a rately. In each case, ap ply ing the def i ni tion of D
eas ily leads to the con clu sion that D ≠ f(n).

Proof. Sup pose f: Z+ → P(Z+). We will show that f can not be onto by
find ing a set D ∈ P(Z+) such that D /∈ Ran(f). Let D = {n ∈ Z+ | n /
∈ f(n)}. Clearly D ⊆ Z+, so D ∈ P(Z+). Now let n be an ar bi trary
pos i tive in te ger. We con sider two cases.

Case 1. n ∈ f(n). Since D = {n ∈ Z+ | n /∈ f(n)}, we can con clude
that n /∈ D. But then since n ∈ f(n) and n /∈ D, it fol lows that D ≠
f(n).

Case 2. n /∈ f(n). Then by the def i ni tion of D, n ∈ D. Since n ∈ D
and n /∈ f(n), D ≠ f(n).

Since these cases are ex haus tive, this shows that ∀n ∈ Z+ (D ≠ f(n)),
so D /∈ Ran(f). Since f was ar bi trary, this shows that there is no onto
func tion f: Z+ → P(Z+). Clearly P(Z+) ≠ ∅, so by The o rem 8.1.5,
P(Z+) is un count able. □

The method used in the proof of The o rem 8.2.5 is called di ag o nal iza‐ 
tion be cause of the di ag o nal ar range ment of the boxed an swers in Fig‐ 
ure 8.3. Di ag o nal iza tion is a pow er ful tech nique that can be used to
prove many the o rems, in clud ing our next the o rem. How ever, rather than
do ing an other di ag o nal iza tion ar gu ment, we’ll sim ply ap ply The o rem
8.2.5 to prove the next the o rem.

The o rem 8.2.6. R is un count able.

Proof. We will de fine a func tion f: P(Z+) → R and show that f is one-
to-one. If R were count able, then there would be a one-to-one func tion
g: R → Z+. But then g ◦ f would be a one-to-one func tion from P(Z+)
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to Z+ and there fore P(Z+) would be count able, con tra dict ing Can tor’s
the o rem. Thus, this will show that R is un count able.

To de fine f, sup pose A ∈ P(Z+). Then f(A) will be a real num ber be‐ 
tween 0 and 1 that we will spec ify by giv ing its dec i mal ex pan sion. For
each pos i tive in te ger n, the nth digit of f(A) will be the num ber dn de‐ 
fined as fol lows:

In other words, in dec i mal no ta tion we have f(A) = 0.d1 d2 d3. . .. For
ex am ple, if E is the set of all pos i tive even in te gers, then f(E) =
0.37373737 . . . . If P is the set of all prime num bers, then f(P) =
0.37737373337 . . . .

To see that f is one-to-one, sup pose that A ∈ P(Z+), B ∈ P(Z+),
and A ≠ B. Then there is some n ∈ Z+ such that ei ther n ∈ A and n /∈
B, or n ∈ B and n /∈ A. But then f(A) and f(B) can not be equal, since
their dec i mal ex pan sions dif fer in the nth digit.1 Thus, f is one-to-one. □

Ex er cises
*1. (a) Prove that the set of all ir ra tional num bers, R \ Q, is un count‐ 

able.
(b) Prove that R \ Q ∼ R.

2. Let F: Sn × A → Sn+1 be the func tion de fined in the proof of The o‐ 
rem 8.2.4. Show that F is one-to-one and onto.

3. In this ex er cise you will give an al ter na tive proof of The o rem 8.2.4.
Sup pose A is a count able set, and let S be the set of all fi nite se‐ 
quences of el e ments of A. Since A is count able, there is a one-to-
one func tion g: A → Z+. For each pos i tive in te ger n, let pn be the
nth prime num ber; thus, p1 = 2, p2 = 3, and so on. De fine F: S → Z+

as fol lows: Sup pose f ∈ S and the length of f is n. Then
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Show that F is one-to-one, and there fore S is count able.

4. Let P = {X ∈ P(Z+) | X is fi nite}. Prove that P is de nu mer able.
*5. Prove the fol low ing more gen eral form of Can tor’s the o rem: For

any set  (Hint: Im i tate the proof of The o rem 8.2.5.)
6. For the mean ing of the no ta tion used in this ex er cise, see ex er cise

23 of Sec tion 8.1.
(a) Prove that for any sets A, B, and C, A (B × C) ∼ A B × A C.
(b) Prove that for any sets A, B, and C,(A×B) C ∼ A (B C).
(c) Prove that for any set A, P(A) ∼ A {yes, no}. (Note that if A is fi‐ 

nite and |A| = n then, by ex er cise 23(c) of Sec tion 8.1, it fol lows
that |P(A)| = |{yes, no}||A| = 2n. Of course, you al ready proved this,
by a dif fer ent method, in ex er cise 11 of Sec tion 6.2.)

(d) Prove that 

7. Sup pose A is de nu mer able. Prove that there is a par ti tion P of A
such that P is de nu mer able and for ev ery X ∈ P, X is de nu mer able.

*8. Prove that if A and B are dis joint sets, then P(A∪B) ∼
P(A)×P(B).

9. (a) Sup pose A1 ⊆ A2 ⊆ A3 ⊆ · · · and  Prove that
for ev ery un count able set B ⊆ R there is some pos i tive in te ger
n such that B ∩ An is un count able.

(b) Sup pose A1 ⊆ A2 ⊆ A3 ⊆ · · · and  Sup pose also
that for ev ery in fi nite set B ⊆ Z+ there is some pos i tive in te ger n
such that B ∩ Anis in fi nite. Prove that for some n, A= Z+.

10. Sup pose A ⊆ R+, b ∈ R+, and for ev ery list a1, a2, . . . , ak of fi‐ 
nitely many dis tinct el e ments of A, a1 + a2 + · · · + ak ≤ b. Prove
that A is count able. (Hint: For each pos i tive in te ger n, let An = {x ∈
A | x ≥ 1/n}. What can you say about the num ber of el e ments in
An?)

11. Sup pose E is an equiv a lence re la tion on R and for all real num bers
x and y, [x]E ∼ [y]E. Prove that ei ther R/E is un count able or for ev‐ 
ery x ∈ R, [x]Eis un count able.

12. A real num ber x is called al ge braic if there is a pos i tive in te ger n
and in te gers a0, a1, . . . , an such that a0 + a1 x + a2 x2 +· · · +an xn =
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0 and an ≠ 0. Let A be the set of all al ge braic num bers.

(a) Prove that Q⊆ A.
(b) Prove that 
(c) Prove that A is count able. Note: You may use the fact that if n is a

pos i tive in te ger, a0, a1, . . . , an are in te gers, and an ≠ 0, then {x ∈
R | a0 + a1 x + a2 x2 +· · · +an xn = 0} is fi nite.

13. Sup pose F ⊆ {f | f: Z+ → R} and F is count able. Prove that there is

a func tion g: Z+ → R such that F ⊆ O(g). (See ex er cise 19 of Sec‐ 

tion 5.1 for the mean ing of the no ta tion used here.)
14. Sup pose F ⊆ P(Z+) and F is pair wise dis joint. Prove that F is

count able.
*15. If A and B are in fi nite sets, we say that A and B are al most dis joint

if A ∩ B is fi nite. If F is a fam ily of in fi nite sets, then we say that F

is pair wise al most dis joint if for all A and B in F, if A ≠ B then A

and B are al most dis joint. In this ex er cise you will prove that there
is some F ⊆ P(Z+) such that all el e ments of F are in fi nite, F is

pair wise al most dis joint, and F is un count able. (Con trast this with

the pre vi ous ex er cise.)
Let P = {X ∈ P(Z+) | X is fi nite} and Q = {X ∈ P(Z+) | X is in‐ 

fi nite}. By ex er cise 4, P is de nu mer able, so we can choose a one-to-
one, onto func tion g: P → Z+.

(a) Prove that Q is un count able. For each A ∈ Q, let SA = {A∩In | n ∈
Z

+ }. For ex am ple, if A is the set of all prime num bers, then SA =
{∅, {2}, {2, 3}, {2, 3, 5}, . . .}. (We might de scribe SA as the set
of all ini tial seg ments of A.)

(b) Prove that if A ∈ Q then SA ⊆ P and SA is in fi nite.
(c) Prove that if A, B ∈ Q and A ≠ B then SA ∩ SB is fi nite.
(d) Let F = {g(SA) | A ∈ Q}. Prove that F ⊆ P(Z+), ev ery el e ment of

F is in fi nite, F is pair wise al most dis joint, and F is un count able.

16. Prove that there is a func tion f: Z+ → Z+ such that for all pos i tive
in te gers a, b, and c there is some pos i tive in te ger n such that f(an+



456

b) = c.
17. Prove that the set of all gram mat i cal sen tences of Eng lish is de nu‐ 

mer able. (Hint: Ev ery gram mat i cal sen tence of Eng lish is a fi nite
se quence of Eng lish words. First show that the set of all gram mat i‐ 
cal sen tences is count able, and then show that it is in fi nite.)

18. Some real num bers can be de fined by a phrase in the Eng lish lan‐ 
guage. For ex am ple, the phrase “the ra tio of the cir cum fer ence of a
cir cle to its di am e ter” de fines the num ber π.

(a) Prove that the set of num bers that can be de fined by an Eng lish
phrase is de nu mer able. (Hint: See ex er cise 17.)

(b) Prove that there are real num bers that can not be de fined by Eng lish
phrases.

8.3. The Can tor-Schröder-Bern stein The o rem
Sup pose A and B are sets and f is a one-to-one func tion from A to B.
Then f shows that A ∼ Ran(f) ⊆ B, so it is nat u ral to think of B as be‐ 
ing at least as large as A. This sug gests the fol low ing no ta tion:

Def i ni tion 8.3.1. If A and B are sets, then we will say that B dom i nates
A, and write A ≾ B, if there is a func tion f: A → B that is one-to-one. If
A ≾ B and A ≁ B, then we say that B strictly dom i nates A, and write A ≺
B.

For ex am ple, in the proof of The o rem 8.2.6 we gave a one-to-one
func tion f: P(Z+) → R, so P(Z+) ≾ R. Of course, for any sets A and B,
if A ∼ B then also A ≾ B. It should also be clear that if A ⊆ B then A ≾
B. For ex am ple, Z+ ≾ R. In fact, by The o rem 8.2.6 we also know that Z+

≁ R, so we can say that Z+ ≺ R.
You might think that ≾ would be a par tial or der, but it turns out that it

isn’t. You’re asked in ex er cise 1 to check that ≾ is re flex ive and tran si‐ 
tive, but it is not an ti sym met ric. (In the ter mi nol ogy of ex er cise 25 of
Sec tion 4.5, ≾ is a pre order.) For ex am ple, Z+ ∼ Q, so Z+ ≾ Q and Q ≾
Z

+, but of course Z+ ≠ Q. But this sug gests an in ter est ing ques tion: If A
≾ B and B ≾ A, then A and B might not be equal, but must they be
equinu mer ous?
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The an swer, it turns out, is yes, as we’ll prove in our next the o rem.
Sev eral math e ma ti cians’ names are usu ally as so ci ated with this the o‐ 
rem. Can tor was the first per son to state the the o rem, and he gave a par‐ 
tial proof. Later, Ernst Schröder (1841–1902) and Fe lix Bern stein
(1878–1956) dis cov ered proofs in de pen dently.

The o rem 8.3.2. (Can tor-Schröder-Bern stein the o rem) Sup pose A and B
are sets. If A ≾ B and B ≾ A, then A ∼ B.

Scratch work

We start by as sum ing that A ≾ B and B ≾ A, which means that we can
choose one-to-one func tions f: A → B and g: B → A. To prove that A ∼
B we need to find a one-to-one, onto func tion h: A → B.

At this point, we don’t know much about A and B. The only tools we
have to help us match up the el e ments of A and B are the func tions f and
g. If f is onto, then of course we can let h = f; and if g is onto, then we
can let h = g−1. But it may turn out that nei ther f nor g is onto. How can
we come up with the re quired func tion h in this case?

Our so lu tion will be to com bine parts of f and g−1 to get h. To do this,
we’ll split A into two pieces X and Y, and B into two pieces W and Z, in
such a way that X and W can be matched up by f, and Y and Z can be
matched up by g. More pre cisely, we’ll have W = f(X) = {f(x) | x ∈ X}
and Y = g(Z) = {g(z) | z ∈ Z}. The sit u a tion is il lus trated in Fig ure 8.4.
Once we have this, we’ll be able to de fine h by let ting h(a) = f(a) for a
∈ X, and h(a) = g−1 (a) for a ∈ Y.
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Fig ure 8.4.

How can we choose the sets X, Y, W, and Z? First of all, note that ev‐ 
ery el e ment of Y must be in Ran(g), so any el e ment of A that is not in
Ran(g) must be in X. In other words, if we let A1 = A \ Ran(g), then we
must have A1 ⊆ X. But now con sider any a ∈ A1. We know that we
must have a ∈ X, and there fore f(a) ∈ W. But now note that since g is
one-to-one, g(f (a)) will be dif fer ent from g(z) for ev ery z ∈ Z, and
there fore g(f (a)) /∈ g(Z) = Y. Thus, we must have g(f (a)) ∈ X. Since
a was an ar bi trary el e ment of A1, this shows that if we let A2 = g(f (A1))
= {g(f (a)) | a ∈ A1 }, then we must have A2 ⊆ X. Sim i larly, if we let
A3 = g(f (A2)), then it will turn out that we must have A3 ⊆ X. Con tin u‐ 
ing in this way we can de fine sets An for ev ery pos i tive in te ger n, and
for ev ery n we must have An ⊆ X. As you will see, let ting 

 works. In the fol low ing proof, we ac tu ally do not men‐ 
tion the sets W and Z.

Proof. Sup pose A ≾ B and B ≾ A. Then we can choose one-to-one func‐ 
tions f: A → B and g: B → A. Let R = Ran(g) ⊆ A. Then g maps onto R,
so by The o rem 5.3.4, g−1: R → B.

We now de fine a se quence of sets A1, A2, A3, . . . by re cur sion as fol‐ 
lows:

Let  and Y = A \ X. Of course, ev ery el e ment of A is in ei‐ 
ther X or Y, but not both. Now de fine h: A → B as fol lows:

Note that for ev ery a ∈ A, if a /∈ R then a ∈ A1 ⊆ X. Thus, if a ∈ Y
then a ∈ R, so g−1 (a) is de fined. There fore this def i ni tion makes sense.

We will show that h is one-to-one and onto, which will es tab lish that
A ∼ B. To see that h is one-to-one, sup pose a1 ∈ A, a2 ∈ A, and h(a1)
= h(a2).
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Case 1. a1 ∈ X. Sup pose a2 ∈ Y. Then ac cord ing to the def i ni tion of
h, h(a1) = f(a1) and h(a2) = g−1 (a2). Thus, the equa tion h(a1) = h(a2)
means f(a1) = g−1 (a2), so g(f (a1)) = g(g−1 (a2)) = a2. Since 

 we can choose some n ∈ Z+ such that a1 ∈ An. But then a2
= g(f (a1)) ∈ g(f (An)) = An+1, so a2 ∈ X, con tra dict ing our as sump tion
that a2 ∈ Y.

Thus, a2 /∈ Y, so a2 ∈ X. This means that h(a2) = f(a2), so from the
equa tion h(a1) = h(a2) we get f(a1) = f(a2). But f is one-to-one, so it fol‐ 
lows that a1 = a2.

Case 2. a1 ∈ Y. As in case 1, if a2 ∈ X, then we can de rive a con tra‐ 
dic tion, so we must have a2 ∈ Y. Thus, the equa tion h(a1) = h(a2)
means g−1 (a1) = g−1 (a2). There fore, a1 = g(g−1 (a1)) = g(g−1 (a2)) = a2.

In both cases we have a1 = a2, so h is one-to-one.
To see that h is onto, sup pose b ∈ B. Then g(b) ∈ A, so ei ther g(b)

∈ X or g(b) ∈ Y.
Case 1. g(b) ∈ X. Choose n such that g(b) ∈ An. Note that g(b) ∈

Ran(g) = R and A1 = A \ R, so g(b) /∈ A1. Thus, n > 1, so An = g(f
(An−1)), and there fore we can choose some a ∈ An−1 such that g(f (a)) =
g(b). But then since g is one-to-one, f(a) = b. Since a ∈ An−1, a ∈ X, so
h(a) = f(a) = b. Thus, b ∈ Ran(h).

Case 2. g(b) ∈ Y. Then h(g(b)) = g−1 (g(b)) = b, so b ∈ Ran(h).
In both cases we have b ∈ Ran(h), so h is onto. □

The Can tor-Schröder-Bern stein the o rem is of ten use ful for show ing
that sets are equinu mer ous. For ex am ple, in ex er cise 3 of Sec tion 8.1
you were asked to show that (0, 1] ∼ (0, 1), where

and

It is sur pris ingly dif fi cult to find a one-to-one cor re spon dence be tween
these two sets, but it is easy to show that they are equinu mer ous us ing
the Can tor-Schröder-Bern stein the o rem. Of course, (0, 1) ⊆ (0, 1], so
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clearly (0, 1) ≾ (0, 1]. For the other di rec tion, de fine f: (0, 1] → (0, 1)
by the for mula f(x) = x/2. It is easy to check that this func tion is one-to-
one (al though it is not onto), so (0, 1] ≾ (0, 1). Thus, by the Can tor-
Schröder-Bern stein the o rem, (0, 1] ∼ (0, 1). For more on this ex am ple
see ex er cise 9.

Our next the o rem gives a more sur pris ing con se quence of the Can tor-
Schröder-Bern stein the o rem.

The o rem 8.3.3. R ∼ P(Z+).

It is quite dif fi cult to prove The o rem 8.3.3 di rectly by giv ing an ex‐ 
am ple of a one-to-one, onto func tion from R to P(Z+). In our proof
we’ll use the Can tor-Schröder-Bern stein the o rem and the fol low ing
lemma.

Lemma 8.3.4. Sup pose x and y are real num bers and x < y. Then there is
a ra tio nal num ber q such that x < q < y.

Proof. Let k be a pos i tive in te ger larger than 1/(y −x). Then 1/k < y−x.
We will show that there is a frac tion with de nom i na tor k that is be tween
x and y.

Let m and n be in te gers such that m < x < n, and let S = {j ∈ N |
m+j/k > x}. Note that m+k(n−m)/k = n > x, and there fore k(n−m) ∈ S.
Thus S ≠ ∅, so by the well-or der ing prin ci ple it has a small est el e ment.
Let j be the small est el e ment of S. Note also that m + 0/k = m < x, so 0 /
∈ S, and there fore j > 0. Thus, j − 1 is a nat u ral num ber, but since j is
the small est el e ment of S, j − 1 /∈ S. It fol lows that m + (j − 1)/k ≤ x.

Let q = m + j/k. Clearly q is a ra tio nal num ber, and since j ∈ S, q = m
+ j/k > x. Also, com bin ing the ob ser va tions that m + (j − 1)/k ≤ x and 1/k
< y − x, we have

Thus, we have x < q < y, as re quired. □

Proof of The o rem 8.3.3. As we noted ear lier, we al ready know that
P(Z+) ≾ R. Now con sider the func tion f: R → P(Q) de fined as fol‐ 
lows:
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We claim that f is one-to-one. To see why, sup pose x ∈ R, y ∈ R, and x
≠ y. Then ei ther x < y or y < x. Sup pose first that x < y. By Lemma 8.3.4,
we can choose a ra tio nal num ber q such that x < q < y. But then q ∈ f(y)
and q /∈ f(x), so f(x) ≠ f(y). A sim i lar ar gu ment shows that if y < x then
f(x) ≠ f(y), so f is one-to-one.

Since f is one-to-one, we have shown that R ≾ P(Q). But we also
know that Q ∼ Z+, so by ex er cise 5 in Sec tion 8.1 it fol lows that P(Q)
∼ P(Z+). Thus, R ≾ P(Q) ≾ P(Z+), so by tran si tiv ity of ≾ (see ex er‐ 
cise 1) we have R ≾ P(Z+). Com bin ing this with the fact that P(Z+) ≾
R and ap ply ing the Can tor-Schröder-Bern stein the o rem, we con clude
that R ∼ P(Z+). □

We said at the be gin ning of this chap ter that we would show that in‐ 
fin ity comes in dif fer ent sizes. We now see that, so far, we have found
only two sizes of in fin ity. One size is rep re sented by the de nu mer able
sets, which are all equinu mer ous with each other. The only ex am ples of
non de nu mer able in fi nite sets we have given so far are P(Z+) and R,
which we now know are equinu mer ous. In fact, there are many more
sizes of in fin ity. For ex am ple, P(R) is an in fi nite set that is nei ther de‐ 
nu mer able nor equinu mer ous with R. Thus, it rep re sents a third size of
in fin ity. For more on this see ex er cise 8.

Be cause Z+ ≺ R, it is nat u ral to think of the set of real num bers as
larger than the set of pos i tive in te gers. In 1878, Can tor asked whether
there was a size of in fin ity be tween these two sizes. More pre cisely, is
there a set X such that Z+ ≺ X ≺ R? Can tor con jec tured that the an swer
was no, but he was un able to prove it. His con jec ture is known as the
con tin uum hy poth e sis. At the Sec ond In ter na tional Con gress of Math e‐ 
ma ti cians in 1900, David Hilbert (1862–1943) gave a fa mous lec ture in
which he listed what he be lieved to be the most im por tant un solved
math e mat i cal prob lems of the time, and the proof or dis proof of the
con tin uum hy poth e sis was num ber one on his list.

The sta tus of the con tin uum hy poth e sis was “re solved” in a re mark‐ 
able way by the work of Kurt Gödel (1906–1978) in 1939 and Paul Co‐ 
hen (1934–2007) in 1963. The res o lu tion turns out to re quire even more
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care ful analy ses than we have given in this book of both the no tion of
proof and the ba sic as sump tions un der ly ing set the ory. Once such
analy ses have been given, it is pos si ble to prove the o rems about what
can be proven and what can not be proven. What Gödel and Co hen
proved was that, us ing the meth ods of math e mat i cal proof and set-the o‐ 
retic as sump tions ac cepted by most math e ma ti cians to day, it is im pos‐ 
si ble to prove the con tin uum hy poth e sis, and it is also im pos si ble to
dis prove it!

Ex er cises
*1. Prove that ≾ is re flex ive and tran si tive. In other words:
(a) For ev ery set A, A ≾ A.
(b) For all sets A, B, and C, if A ≾ B and B ≾ C then A ≾ C.
2. Prove that ≺ is ir reflex ive and tran si tive. In other words:

(a) For ev ery set A, A ⊀ A.
(b) For all sets A, B, and C, if A ≺ B and B ≺ C then A ≺ C.

3. Sup pose A ⊆ B ⊆ C and A ∼ C. Prove that B ∼ C.

4. Sup pose A ≾ B and C ≾ D.
(a) Prove that A × C ≾ B × D.
(b) Prove that if A and C are dis joint and B and D are dis joint, then A ∪

C ≾ B ∪ D.
(c) Prove that P(A) ≾ P(B).
*5. For the mean ing of the no ta tion used in this ex er cise, see ex er cise

23 of Sec tion 8.1. Sup pose A ≾ B and C ≾ D.
(a) Prove that if A ≠ ∅ then A C ≾ B D.
(b) Is the as sump tion that A ≠ ∅ needed in part (a)?
6. (a) Prove that if A ≾ B and B is fi nite, then A is fi nite and |A| ≤ |B|.

(b) Prove that if A ≺ B and B is fi nite, then A is fi nite and |A| < |B|.
7. Prove that for ev ery set A, A ≺ P(A). (Hint: See ex er cise 5 of Sec‐ 

tion 8.2. Note that in par tic u lar, if A is fi nite and |A| = n then, as you
showed in ex er cise 11 of Sec tion 6.2, and again in ex er cise 6(c) of
Sec tion 8.2, |P(A)| = 2n. It fol lows, by ex er cise 6(b), that 2n > n. Of
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course, you al ready proved this, by a dif fer ent method, in ex er cise
12(a) of Sec tion 6.3.)

*8. Let A1 = Z+, and for all n ∈ Z+ let An+1 = P(An).

(a) Prove that for all n ∈ Z+ and m ∈ Z+, if n < mthen A≺ A.
(b) The sets An, for n ∈ Z+, rep re sent in fin itely many sizes of in fin ity.

Are there any more sizes of in fin ity? In other words, can you think
of an in fi nite set that is not equinu mer ous with An for any n ∈ Z+?

9. The proof of the Can tor-Schröder-Bern stein the o rem gives a
method for con struct ing a one-to-one and onto func tion h: A → B
from one-to-one func tions f: A → B and g: B → A. Use this method
to find a one-to-one, onto func tion h: (0, 1] → (0, 1). Start with the
func tions f: (0, 1] → (0, 1) and g: (0, 1) → (0, 1] given by the for‐ 
mu las:

10. Let E = {R | R is an equiv a lence re la tion on Z+ }.

(a) Prove that E ≾ P(Z+).

(b) Let A = Z+ \{1, 2} and let P be the set of all par ti tions of Z+. De‐ 

fine f: P(A) → P by the for mula f(X) = {X ∪ {1}, (A \ X) ∪ {2}}.

Prove that f is one-to-one.
(c) Prove that E ∼ P(Z+).

11. Let T = {R | R is a to tal or der on Z+ }. Prove that T ∼ P(Z+).

(Hint: Im i tate the so lu tion to ex er cise 10.)
12. (a) Prove that if A has at least two el e ments and A × A ∼ A then

P(A) × P(A) ∼ P(A).

(b) Prove that R × R ∼ R.

13. An in ter val is a set I ⊆ R with the prop erty that for all real num‐ 
bers x, y, and z, if x ∈ I, z ∈ I, and x < y < z, then y ∈ I. An in ter‐ 
val is non de gen er ate if it con tains at least two dif fer ent real num‐ 
bers. Sup pose F is a set of non de gen er ate in ter vals and F is pair‐ 
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wise dis joint. Prove that F is count able. (Hint: By Lemma 8.3.4, ev‐ 

ery non de gen er ate in ter val con tains a ra tio nal num ber.)
14. For the mean ing of the no ta tion used in this ex er cise, see ex er cise

23 of Sec tion 8.1.
(a) Prove that R R ∼ P(R).
(b) Prove that Q R ∼ R.
(c) (For read ers who have stud ied cal cu lus.) Let C = {f ∈ R

 R | f is

con tin u ous}. Prove that C ∼ R. (Hint: Show that if f and g are con‐ 

tin u ous func tions and ∀x ∈ Q(f (x) = g(x)), then f = g.)

1 We should re ally be a bit more care ful here. It is ac tu ally pos si ble for two dif fer ent
dec i mal ex pan sions to rep re sent the same num ber. For ex am ple, in a cal cu lus class
you may have learned the sur pris ing fact that 0.999 . . . = 1.000 . . . . How ever, this
only hap pens with dec i mal ex pan sions that end with ei ther an in fi nite se quence of 9s
or an in fi nite se quence of 0s. For dec i mal ex pan sions made up of 3s and 7s, dif fer ent
dec i mal ex pan sions al ways rep re sent dif fer ent num bers.
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Ap pen dix

So lu tions to Se lected Ex er cises

In tro duc tion
1. (a) One pos si ble an swer is 32,767 = 31 · 1057.

(b) One pos si ble an swer is x = 231 − 1 = 2,147,483,647.
3. (a) The method yields the prime num ber 211.

(b) The method yields two primes, 3 and 37.
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Chap ter 1

Sec tion 1.1
1. (a) (R ∨ H) ∧ ¬(H ∧ T), where R stands for the state ment

“We’ll have a read ing as sign ment,” H stands for “We’ll have
home work prob lems,” and T stands for “We’ll have a test.”

(b) ¬G ∨ (G ∧ ¬S), where G stands for “You’ll go ski ing,” and S
stands for “There will be snow.”

(c)
6. (a) I won’t buy the pants with out the shirt.

(b) I won’t buy the pants and I won’t buy the shirt.
(c) Ei ther I won’t buy the pants or I won’t buy the shirt.

Sec tion 1.2
1. (a)

(b)

5. (a)

(b) ¬(P ∨ Q).
(c) ¬P is equiv a lent to P ↓ P, P ∨ Q is equiv a lent to (P ↓ Q) ↓ (P ↓

Q), and P ∧ Q is equiv a lent to (P ↓ P) ↓ (Q ↓ Q).
7. (a) and (c) are valid; (b) and (d) are in valid.
9. (a) is nei ther a con tra dic tion nor a tau tol ogy; (b) is a con tra dic‐ 

tion; (c) and (d) are tau tolo gies.
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11. (a) P ∨ Q.
(b) P.
(c) ¬P ∨ Q.
14. We use the as so cia tive law for ∧ twice:

16. P ∨ ¬Q.

Sec tion 1.3
1. (a) D(6) ∧ D(9) ∧ D(15), where D(x) means “x is di vis i ble by

3.”
(b) D(x, 2) ∧ D(x, 3) ∧ ¬D(x, 4), where D(x, y) means “x is di vis i‐ 

ble by y.”
(c) N(x) ∧ N(y) ∧ [(P (x) ∧ ¬P(y)) ∨ (P (y) ∧ ¬P(x))], where N(x)

means “x is a nat u ral num ber” and P(x) means “x is prime.”
3. (a) {x | x is a planet}.

(b) {x | x is an Ivy League school}.
(c) {x | x is a state in the United States}.
(d) {x | x is a prov ince or ter ri tory in Canada}.
5. (a) (−3 ∈ R) ∧ (13 − 2(−3) > 1). Bound vari ables: x; no free

vari ables. This state ment is true.
(b) (4 ∈ R) ∧ (4 < 0) ∧ (13 − 2(4) > 1). Bound vari ables: x; no free

vari ables. This state ment is false.
(c) ¬[(5 ∈ R) ∧ (13 − 2(5) > c)]. Bound vari ables: x; free vari ables:

c.
8. (a) {x | Eliz a beth Tay lor was once mar ried to x} = {Con rad

Hilton Jr., Michael Wild ing, Michael Todd, Ed die Fisher,
Richard Bur ton, John Warner, Larry Forten sky}.

(b) {x | x is a log i cal con nec tive stud ied in Sec tion 1.1} = { ∧, ∨,
¬}.

(c) {x | x is the au thor of this book} = {Daniel J. Velle man}.

Sec tion 1.4
1. (a) {3, 12}.
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(b) {1, 12, 20, 35}.
(c) {1, 3, 12, 20, 35}.

The sets in parts (a) and (b) are both sub sets of the set in part (c).
4. (a) Both Venn di a grams look like this:

(b) Both Venn di a grams look like this:

9. Sets (a), (d), and (e) are equal, and sets (b) and (c) are equal.
12. (a) There is no re gion cor re spond ing to the set (A ∩ D) \ (B ∪

C), but this set could have el e ments.
(b) Here is one pos si bil ity:

14. The Venn di a grams for both sets look like this:
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Sec tion 1.5
1. (a) (S ∨ ¬E) → ¬H, where S stands for “This gas has an un‐ 

pleas ant smell,” E stands for “This gas is ex plo sive,” and H
stands for “This gas is hy dro gen.”

(b) (F ∧ H) → D, where F stands for “George has a fever,” H stands
for “George has a headache,” and D stands for “George will go to
the doc tor.”

(c) (F → D) ∧ (H → D), where the let ters have the same mean ings
as in part (b).

(d) (x ≠ 2) → (P (x) → O(x)), where P(x) stands for “x is prime” and
O(x) stands for “x is odd.”

4. (a) and (b) are valid, but (c) is in valid.
7. (a) Ei ther make a truth ta ble, or rea son as fol lows:

(b) (P → R) ∨ (Q → R) is equiv a lent to (P ∧ Q) → R.

9. ¬(P → ¬Q).
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Chap ter 2

Sec tion 2.1
1. (a) ∀x[∃yF(x, y) → S(x)], where F(x, y) stands for “x has for‐ 

given y,” and S(x) stands for “x is a saint.”
(b) ¬∃x[C(x) ∧ ∀y(D(y) → S(x, y))], where C(x) stands for “x is in

the cal cu lus class,” D(y) stands for “y is in the dis crete math
class,” and S(x, y) stands for “x is smarter than y.”

(c) ∀x(¬(x = m) → L(x, m)), where L(x, y) stands for “x likes y,” and
m stands for Mary.

(d) ∃x(P(x) ∧ S(j, x)) ∧ ∃y(P(y) ∧ S(r, y)), where P(x) stands for “x
is a po lice of fi cer,” S(x, y) stands for “x saw y,” j stands for Jane,
and r stands for Roger.

(e) ∃x(P(x) ∧ S(j, x) ∧ S(r, x)), where the let ters have the same
mean ings as in part (d).

4. (a) All un mar ried men are un happy.
(b) y is a sis ter of one of x’s par ents; i.e., y is x’s blood aunt.
8. (a), (d), and (e) are true; (b), (c), and (f) are false.

Sec tion 2.2
1. (a) ∃x[M(x) ∧ ∀y(F(x, y) → ¬H(y))], where M(x) stands for “x

is ma jor ing in math,” F(x, y) stands for “x and y are friends,”
and H(y) stands for “y needs help with his or her home‐ 
work.” In Eng lish: There is a math ma jor all of whose
friends don’t need help with their home work.

(b) ∃x∀y(R(x, y) → ∃zL(y, z)), where R(x, y) stands for “x and y are
room mates” and L(y, z) stands for “y likes z.” In Eng lish: There
is some one all of whose room mates like at least one per son.

(c) ∃x[(x ∈ A ∨ x ∈ B) ∧ (x ∉ C ∨ x ∈ D)].
(d) ∀x∃y[y > x ∧ ∀z(z2 + 5z ≠ y)].

4. Hint: Be gin by re plac ing P(x) with ¬P(x) in the first quan ti fier
nega tion law, to get the fact that ¬∃x¬P(x) is equiv a lent to
∀x¬¬P(x).
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6. Hint: Be gin by show ing that ∃x(P(x) ∨ Q(x)) is equiv a lent to
¬∀x¬(P (x) ∨ Q(x)).

8. (∀x ∈ A P (x)) ∧ (∀x ∈ B P (x))

11. A \ B = ∅ is equiv a lent to ¬∃x(x ∈ A ∧ x ∉ B)

14. A ∩ B = ∅ is equiv a lent to ¬∃x(x ∈ A ∧ x ∈ B)

(by Sec tion 1.5 ex er cise 11(b))

Sec tion 2.3
1. (a) ∀x(x ∈ F → ∀y(y ∈ x → y ∈ A)).

(b) ∀x(x ∈ A → ∃n ∈ N(x = 2n + 1)).
(c) ∀n ∈ N∃m ∈ N(n2 + n + 1 = 2m + 1).
(d) ∃x(∀y(y ∈ x → ∃i ∈ I (y ∈ Ai)) ∧ ∀i ∈ I∃y(y ∈ x ∧ y ∉ Ai)).

4.  and 
8. (a) A2 = {2, 4}, A3 = {3, 6}, B2 = {2, 3}, B3 = {3, 4}.

(b)
(c) They are not equiv a lent.
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12. One ex am ple is A = {1, 2} and B = {2, 3}.
14. (a) B3 = {1, 2, 3, 4, 5} and B4 = {1, 2, 4, 5, 6}.

(b)
(c)
(d)  means ∀j ∈ J ∃i ∈ I (x ∈ Ai,j) and 

 means ∃i ∈ I∀j ∈ J(x ∈ Ai,j). They are not
equiv a lent.



473

Chap ter 3

Sec tion 3.1
1. (a) Hy pothe ses: n is an in te ger larger than 1 and n is not prime.

Con clu sion: 2n − 1 is not prime. The hy pothe ses are true
when n = 6, so the the o rem tells us that 26 − 1 is not prime.
This is cor rect, since 26 − 1 = 63 = 9 · 7.

(b) We can con clude that 32767 is not prime. This is cor rect, since
32767 = 151 · 217.

(c) The the o rem tells us noth ing; 11 is prime, so the hy pothe ses are
not sat is fied.

4. Sup pose 0 < a < b. Then b − a > 0. Mul ti ply ing both sides by the
pos i tive num ber b + a, we get (b + a) · (b − a) > (b + a) · 0, or in
other words b2 − a2 > 0. Since b2 − a2 > 0, it fol lows that a2 < b2.
There fore if 0 < a < b then a2 < b2.

8. We will prove the con tra pos i tive. Sup pose x ∉ B. Then since x ∈
A, it fol lows that x ∈ A \ B. But we also know that A \ B ⊆ C ∩
D, so we can con clude that x ∈ C ∩ D, and there fore x ∈ D.
Thus, if x ∉ D then x ∈ B.

10. Hint: Add b to both sides of the in equal ity a < b.
12. We will prove the con tra pos i tive. Sup pose c ≤ d. Mul ti ply ing both

sides of this in equal ity by the pos i tive num ber a, we get ac ≤ ad.
Also, mul ti ply ing both sides of the given in equal ity a < b by the
pos i tive num ber d gives us ad < bd. Com bin ing ac ≤ ad and ad <
bd, we can con clude that ac < bd. Thus, if ac ≥ bd then c > d.

15. Since x > 3 > 0, by the the o rem in Ex am ple 3.2.1, x2 > 9. Also,
mul ti ply ing both sides of the given in equal ity y < 2 by −2 (and re‐ 
vers ing the di rec tion of the in equal ity, since −2 is neg a tive) we
get −2y > −4. Fi nally, adding the in equal i ties x2 > 9 and −2y >−4
gives us x2−2y >5.

Sec tion 3.2
1. (a) Sup pose P. Since P → Q, it fol lows that Q. But then, since Q

→ R, we can con clude R. Thus, P → R.
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(b) Sup pose P. To prove that Q → R, we will prove the con tra pos i‐ 
tive, so sup pose ¬R. Since ¬R → (P → ¬Q), it fol lows that P →
¬Q, and since we know P, we can con clude ¬Q. Thus, Q → R, so
P → (Q → R).

5. Sup pose x ∈ A \ B and x ∈ B \C. Since x ∈ A \ B, x ∈ A and x ∉
B, and since x ∈ B \ C, x ∈ B and x ∉ C. But now we have x ∈ B
and x ∉ B, which is a con tra dic tion. There fore it can not be the
case that x ∈ A \ B and x ∈ B \ C.

6. Sup pose a ∈ A \ B. This means that a ∈ A and a ∉ B. Since a ∈
A and a ∈ C, a ∈ A ∩ C. But then since A ∩ C ⊆ B, it fol lows
that a ∈ B, and this con tra dicts the fact that a ∉ B. Thus, a ∉ A \
B.

9. Hint: As sume a < 1/a < b < 1/b. Now prove that a < 1, then use
this fact to prove that a < 0, and then use this fact to prove that a
< −1.

12. (a) The sen tence “Then x = 3 and y = 8” is in cor rect. (Why?)
(b) One coun terex am ple is x = 3, y = 7.
15.

Sec tion 3.3
1. Sup pose ∃x(P(x) → Q(x)). Then we can choose some x0 such that

P(x0) → Q(x0). Now sup pose that ∀xP(x). Then in par tic u lar,
P(x0), and since P(x0) → Q(x0), it fol lows that Q(x0). Since we
have found a par tic u lar value of x for which Q(x) holds, we can
con clude that ∃xQ(x). Thus ∀xP(x) → ∃xQ(x).

3. Sup pose that A ⊆ B \ C, but A and C are not dis joint. Then we can
choose some x such that x ∈ A and x ∈ C. Since x ∈ A and A ⊆
B \ C, it fol lows that x ∈ B \C, which means that x ∈ B and x ∉
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C. But now we have both x ∈ C and x ∉ C, which is a con tra dic‐ 
tion. Thus, if A ⊆ B \ C then A and C are dis joint.

7. Sup pose x > 2. Let  which is de fined since
x2 − 4 > 0. Then

9. Sup pose F is a fam ily of sets and A ∈ F. Sup pose  Then

by the def i ni tion of  since  and A ∈ F, x ∈ A. But x

was an ar bi trary el e ment of  so it fol lows that 
12. Hint: As sume F ⊆ G and let x be an ar bi trary el e ment of 

You must prove that  which means ∃A ∈ G(x ∈ A), so

you should try to find some A ∈ G such that x ∈ A. To do this,

write out the givens in log i cal no ta tion. You will find that one of
them is a uni ver sal state ment, and one is ex is ten tial. Ap ply ex is‐ 
ten tial in stan ti a tion to the ex is ten tial one.

14. Sup pose  Then we can choose some i ∈ I such
that x ∈ P(Ai), or in other words x ⊆ Ai. Now let a be an ar bi‐ 
trary el e ment of x. Then a ∈ Ai, and there fore  Since
a was an ar bi trary el e ment of x, it fol lows that  which
means that  Thus 

17. Hint: The last hy poth e sis means ∀A ∈ F ∀B ∈ G(A ⊆ B), so if

in the course of the proof you ever come across sets A ∈ F and B

∈ G, you can con clude that A ⊆ B. Start the proof by let ting x be

ar bi trary and as sum ing  and prove that  To see
where to go from there, write these state ments in log i cal sym bols.

20. The sen tence “Then for ev ery real num ber x, x2 < 0” is in cor rect.
(Why?)

22. Based on the log i cal form of the state ment to be proven, the proof
should have this out line:
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This out line makes it clear that y should be in tro duced into the
proof af ter x. There fore, x can not be de fined in terms of y, be‐ 
cause y will not yet have been in tro duced into the proof when x is
be ing de fined. But in the given proof, x is de fined in terms of y
in the first sen tence. (The mis take has been dis guised by the fact
that the sen tence “Let y be an ar bi trary real num ber” has been
left out of the proof. If you try to add this sen tence to the proof,
you will find that there is nowhere it could be added that would
lead to a cor rect proof of the in cor rect the o rem.)

25. Here is the be gin ning of the proof: Let x be an ar bi trary real num‐ 
ber. Let y = 2x. Now let z be an ar bi trary real num ber. Then . . . .

Sec tion 3.4
1. (→) Sup pose ∀x(P(x) ∧ Q(x)). Let y be ar bi trary. Then since

∀x(P(x) ∧ Q(x)), P(y) ∧ Q(y), and so in par tic u lar P(y). Since y
was ar bi trary, this shows that ∀xP(x). A sim i lar ar gu ment proves
∀xQ(x): for ar bi trary y, P(y) ∧ Q(y), and there fore Q(y). Thus,
∀xP(x) ∧ ∀xQ(x).

(←) Sup pose ∀xP(x) ∧ ∀xQ(x). Let y be ar bi trary. Then since
∀xP(x), P(y), and sim i larly since ∀xQ(x), Q(y). Thus, P(y) ∧
Q(y), and since y was ar bi trary, it fol lows that ∀x(P(x) ∧ Q(x)).

4. Sup pose that A ⊆ B and A ⊈ C. Since A ⊈ C, we can choose some
a ∈ A such that a ∉ C. Since a ∈ A and A ⊆ B, a ∈ B. Since a
∈ B and a ∉ C, B ⊈ C.

7. Let A and B be ar bi trary sets. Let x be ar bi trary, and sup pose that x
∈ P(A ∩ B). Then x ⊆ A ∩ B. Now let y be an ar bi trary el e ment
of x. Then since x ⊆ A ∩ B, y ∈ A ∩ B, and there fore y ∈ A.
Since y was ar bi trary, this shows that x ⊆ A, so x ∈ P(A). A
sim i lar ar gu ment shows that x ⊆ B, and there fore x ∈ P(B).
Thus, x ∈ P(A) ∩ P(B).
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Now sup pose that x ∈ P(A)∩P(B). Then x ∈ P(A) and x ∈
P(B), so x ⊆ A and x ⊆ B. Sup pose that y ∈ x. Then since x ⊆
A and x ⊆ B, y ∈ A and y ∈ B, so y ∈ A ∩ B. Thus, x ⊆ A ∩ B,
so x ∈ P(A ∩ B).

9. Sup pose that x and y are odd. Then we can choose in te gers j and k
such that x = 2j + 1 and y = 2k + 1. There fore xy = (2j + 1)(2k + 1)
= 4jk + 2j + 2k + 1 = 2(2jk + j + k) + 1. Since 2jk + j + k is an in te‐ 
ger, it fol lows that xy is odd.

13. Hint: Let x ∈ R be ar bi trary, and prove both di rec tions of the bi‐ 
con di tional sep a rately. For the “→” di rec tion, use ex is ten tial in‐ 
stan ti a tion and proof by con tra dic tion. For the “←” di rec tion, as‐ 
sume that x ≠ 1 and then solve the equa tion x + y = xy for y in or‐ 
der to de cide what value to choose for y.

16. Sup pose that  are not dis joint. Then we can choose
some x such that  Since  we can
choose some A ∈ F such that x ∈ A. Since we are given that ev‐ 

ery el e ment of F is dis joint from some el e ment of G, there must

be some B ∈ G such that A∩B = ∅. Since x ∈ A, it fol lows that x

∉ B. But we also have  and B ∈ G, from which it fol lows

that x ∈ B, which is a con tra dic tion. Thus,  must be
dis joint.

18. (a) Sup pose  Then we can choose some A ∈ F ∩

G such that x ∈ A. Since A ∈ F ∩ G, A ∈ F and A ∈ G.

Since x ∈ A and  and sim i larly since x ∈ A
and  There fore,  Since x
was ar bi trary, this shows that 

(b) The sen tence “Thus, we can choose a set A such that A ∈ F, A ∈

G, and x ∈ A” is in cor rect. (Why?)

(c) One ex am ple is F = {{1}, {2}}, G = {{1}, {1, 2}}.

22. Sup pose that  Then there is some  such that 
  Since  we can choose some A ∈ F such that x

∈ A. Now let B ∈ G be ar bi trary. If A ⊆ B, then since x ∈ A, x

∈ B. But then since x ∈ B and  which we al ready
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know is false. There fore A ⊈ B. Since B was ar bi trary, this shows
that for all B ∈ G, A ⊈ B. Thus, we have shown that there is some

A ∈ F such that for all B ∈ G, A ⊈ B.

24. (a) Sup pose  Then we can choose some i ∈ I
such that x ∈ Ai \ Bi, which means x ∈ Ai and x ∉ Bi. Since
x ∈ Ai,  and since  Thus, 

 
(b) One ex am ple is I = {1, 2}, A1 = B1 = {1}, A2 = B2 = {2}.

Sec tion 3.5
1. Sup pose x ∈ A ∩ (B ∪ C). Then x ∈ A, and ei ther x ∈ B or x ∈

C.
Case 1. x ∈ B. Then since x ∈ A, x ∈ A ∩ B, so x ∈ (A ∩ B) ∪

C.
Case 2. x ∈ C. Then clearly x ∈ (A ∩ B) ∪ C.
Since x was ar bi trary, we can con clude that A∩(B ∪ C) ⊆

(A∩B)∪C.

5. Sup pose x ∈ A. We now con sider two cases:
Case 1. x ∈ C. Then x ∈ A ∩ C, so since A ∩ C ⊆ B ∩ C, x ∈

B ∩ C, and there fore x ∈ B.
Case 2. x ∉ C. Since x ∈ A, x ∈ A ∪ C, so since A ∪ C ⊆ B ∪

C, x ∈ B ∪ C. But x ∉ C, so we must have x ∈ B.
Thus, x ∈ B, and since x was ar bi trary, A ⊆ B.

8. Hint: As sume x ∈ P(A) ∪ P(B), which means that ei ther x ∈
P(A) or x ∈ P(B). Treat these as two sep a rate cases. In case 1,
as sume x ∈ P(A), which means x ⊆ A, and prove x ∈ P(A ∪
B), which means x ⊆ A ∪ B. Case 2 is sim i lar.

12. Let x be an ar bi trary real num ber.
(←) Sup pose |x − 4| > 2.
Case 1. x − 4 ≥ 0. Then |x − 4| = x − 4, so we have x − 4 > 2, and

there fore x > 6. Adding x to both sides gives us 2x > 6 + x, so 2x
−6 > x. Since x > 6, this im plies that 2x −6 is pos i tive, so |2x −6| =
2x − 6 > x.
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Case 2. x − 4 < 0. Then |x − 4| = 4 − x, so we have 4 − x > 2, and
there fore x < 2. There fore 3x < 6, and sub tract ing 2x from both
sides we get x < 6 − 2x. Also, from x < 2 we get 2x < 4, so 2x − 6 <
−2. There fore 2x − 6 is neg a tive, so |2x − 6| = 6 − 2x > x.

(→) Hint: Im i tate the “←” di rec tion, us ing the cases 2x − 6 ≥ 0
and 2x − 6 < 0.

16. (a) Sup pose  Then we can choose some A ∈ F ∪

G such that x ∈ A. Since A ∈ F ∪ G, ei ther A ∈ F or A ∈

G.

Case 1. A ∈ F. Since x ∈ A and 

Case 2. A ∈ G. Since x ∈ A and 

Thus, 
Now sup pose that  Then ei ther  or 

Case  Then we can choose some A ∈ F such that x

∈ A. Since A ∈ F, A ∈ F ∪ G, so since x ∈ A, it fol lows that 

Case  A sim i lar ar gu ment shows that 
Thus, 

(b) The the o rem is: 

20. (→) Sup pose that A △ B and C are dis joint. Let x be an ar bi trary
el e ment of A ∩ C. Then x ∈ A and x ∈ C. If x ∉ B, then since x
∈ A, x ∈ A \ B, and there fore x ∈ A △ B. But also x ∈ C, so this
con tra dicts our as sump tion that A △  B and C are dis joint. There‐ 
fore x ∈ B. Since we also know x ∈ C, we have x ∈ B ∩ C.
Since x was an ar bi trary el e ment of A ∩ C, this shows that A ∩ C
⊆ B ∩ C. A sim i lar ar gu ment shows that B ∩ C ⊆ A ∩ C.

(←) Sup pose that A ∩ C = B ∩ C. Sup pose that A △ B and C are
not dis joint. Then we can choose some x such that x ∈ A △ B and
x ∈ C. Since x ∈ A △ B, ei ther x ∈ A \ B or x ∈ B \ A.

Case 1. x ∈ A \ B. Then x ∈ A and x ∉ B. Since we also know
x ∈ C, we can con clude that x ∈ A ∩ C but x ∉ B ∩ C. This con‐ 
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tra dicts the fact that A ∩ C = B ∩ C.
Case 2. x ∈ B \ A. Sim i larly, this leads to a con tra dic tion.
Thus we can con clude that A △ B and C are dis joint.

23. (a) Hint: Sup pose x ∈ A \ C, and then break the proof into
cases, de pend ing on whether or not x ∈ B. (b) Hint: Ap ply
part (a).

24. (a) Sup pose x ∈ (A ∪ B) △ C. Then ei ther x ∈ (A ∪ B) \ C or x
∈ C \ (A ∪ B).

Case 1. x ∈ (A ∪ B) \ C. Then ei ther x ∈ A or x ∈ B, and x ∉
C. We now break case 1 into two sub cases, de pend ing on whether
x ∈ A or x ∈ B:

Case 1a. x ∈ A. Then x ∈ A \ C, so x ∈ A △ C, so x ∈ (A △ C)
∪ (B △ C).

Case 1b. x ∈ B. Sim i larly, x ∈ B △ C, so x ∈ (A △ C) ∪ (B △
C).

Case 2. x ∈ C \ (A ∪ B). Then x ∈ C, x ∉ A, and x ∉ B. It
fol lows that x ∈ A △ C and x ∈ B △ C, so cer tainly x ∈ (A △ C)
∪ (B △ C).

(b) Here is one ex am ple: A = {1}, B = {2}, C = {1, 2}.
27. The proof is in cor rect, be cause it only es tab lishes that ei ther 0 < x

or x < 6, but what must be proven is that 0 < x and x < 6. How ever,
it can be fixed.

29. The proof is cor rect.
31. Hint: Here is a coun terex am ple to the the o rem: A = {1, 2}, B =

{1}, C = {2}.

Sec tion 3.6

1. Let x be an ar bi trary real num ber. Let y = x/(x2 + 1). Then

To see that y is unique, sup pose that x2 z = x − z. Then z(x2 + 1)
= x, and since x2 + 1 ≠ 0, we can di vide both sides by x2 + 1 to
con clude that z = x/(x2 + 1) = y.
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4. Sup pose x ≠ 0. Let y = 1/x. Nowlet z be an ar bi trary real num ber.
Then zy = z(1/x) = z/x, as re quired.

To see that y is unique, sup pose that y′ is a num ber with the
prop erty that ∀z ∈ R(zy′ = z/x). Then in par tic u lar, tak ing z = 1,
we have y′ = 1/x, so y′ = y.

6. (a) Let A = ∅ ∈ P(U). Then clearly for any B ∈ P(U), A ∪ B
= ∅ ∪ B = B.

To see that A is unique, sup pose that A′ ∈ P(U) and for all B
∈ P(U), A′ ∪ B = B. Then in par tic u lar, tak ing B = ∅, we can
con clude that A′ ∪ ∅ = ∅. But clearly A′ ∪ ∅ = A′, so we have
A′ = ∅ = A.

(b) Hint: Let A = U.
11. Ex is tence: We are given that for ev ery  so in par‐ 

tic u lar, since  Now sup pose B ∈
F. Then by ex er cise 8 of Sec tion 3.3,  as re quired.

Unique ness: Sup pose that A1 ∈ F, A2 ∈ F, ∀B ∈ F(B ⊆ A1),

and ∀B ∈ F(B ⊆ A2). Ap ply ing this last fact with B = A1 we can

con clude that A1 ⊆ A2, and sim i larly the pre vi ous fact im plies
that A2 ⊆ A1. Thus A1 = A2.

Sec tion 3.7
1. Hint: Com par ing (b) to ex er cise 16 of Sec tion 3.3 may give you

an idea of what to use for A.
5. Sup pose  It is clear that 

 so  and there fore 
 By the def i ni tion of the union of a fam ily,

this means that there is some i ∈ I such that  Now
let j ∈ I be ar bi trary. Then by ex er cise 8 in Sec tion 3.3, 

 so Aj ⊆ Ai.

8. Sup pose that limx→c f(x) = L > 0. Let ϵ = L. Then by the def i ni tion
of limit, we can choose some δ > 0 such that for all x, if 0 < |x − c|
< δ then |f(x) − L| < ϵ = L. Now let x be an ar bi trary real num ber
and sup pose 0 < |x − c| < δ. Then |f(x) − L| < L, so −L < f(x) − L < L
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and there fore 0 < f(x) < 2L. There fore, for ev ery real num ber x, if
0 < |x − c| < δ then f(x) > 0.

10. The proof is cor rect.
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Chap ter 4

Sec tion 4.1
1. (a) {(x, y) ∈ P × P | x is a par ent of y} = {(Bill Clin ton, Chelsea

Clin ton), (Goldie Hawn, Kate Hud son), . . .}.
(b) {(x, y) ∈ C × U | there is some one who lives in x and at tends y}.

If you are a uni ver sity stu dent, then let x be the city you live in,
and let y be the uni ver sity you at tend; (x, y) will then be an el e‐ 
ment of this truth set.

4. A × (B ∩ C) = (A × B) ∩ (A × C) = {(1, 4), (2, 4), (3, 4)},

6. The cases are not ex haus tive.
8. Yes, it is true.

10. Sup pose (x, y) ∈ (A \ C) × (B \ D). Then x ∈ A \ C and y ∈ B \ D,
which means x ∈ A, x ∉ C, y ∈ B, and y ∉ D. Since x ∈ A and
y ∈ B, (x, y) ∈ A × B. And since x ∉ C, (x, y) ∉ C × D. There‐ 
fore (x, y) ∈ (A × B) \ (C × D).

15. The the o rem is in cor rect. Coun terex am ple: A = {1}, B = C = D =
∅. No tice that A ⊈ C. Where is the mis take in the proof that A ⊆
C?

Sec tion 4.2
1. (a) Do main = {p ∈ P | p has a liv ing child}; Range = {p ∈ P | p

has a liv ing par ent}.
(b) Do main = R; Range = R+.

5. (a) {(1, 4), (1, 5), (1, 6), (2, 4), (3, 6)}.
(b) {(4, 4), (5, 5), (5, 6), (6, 5), (6, 6)}.
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8. E ◦ E ⊆ F.
11. We prove the con tra pos i tives of both di rec tions.

(→) Sup pose Ran(R) and Dom(S) are not dis joint. Then we can
choose some b ∈ Ran(R) ∩ Dom(S). Since b ∈ Ran(R), we can
choose some a ∈ A such that (a, b) ∈ R. Sim i larly, since b ∈
Dom(S), we can choose some c ∈ C such that (b, c) ∈ S. But
then (a, c) ∈ S ◦ R, so S ◦ R ≠ ∅.

(←) Sup pose S ◦ R ≠ ∅. Then we can choose some (a, c) ∈ S ◦
R. By the def i ni tion of S ◦ R, this means that we can choose some
b ∈ B such that (a, b) ∈ R and (b, c) ∈ S. But then b ∈ Ran(R)
and b ∈ Dom(S), so Ran(R) and Dom(S) are not dis joint.

Sec tion 4.3
1.

3.

5. S ◦ R = {(a, y), (a, z), (b, x), (c, y), (c, z)}.
7. (→) Sup pose R is re flex ive. Let (x, y) be an ar bi trary el e ment of

iA. Then by the def i ni tion of iA, x = y ∈ A. Since R is re flex ive, (x,
y) = (x, x) ∈ R. Since (x, y) was ar bi trary, this shows that iA ⊆ R.

(←) Sup pose iA ⊆ R. Let x ∈ A be ar bi trary. Then (x, x) ∈ iA,
so since iA ⊆ R, (x, x) ∈ R. Since x was ar bi trary, this shows that
R is re flex ive.

10. Sup pose (x, y) ∈ iD. Then x = y ∈ D = Dom(S), so there is some
z ∈ A such that (x, z) ∈ S. There fore (z, x) ∈ S−1, so (x, y) = (x,
x) ∈ S−1 ◦ S. Thus, iD ⊆ S−1 ◦ S. The proof of the other state ment
is sim i lar.

13. (a) Yes. To prove it, sup pose R1 and R2 are re flex ive, and sup‐ 
pose a ∈ A. Since R1 is re flex ive, (a, a) ∈ R1, so (a, a) ∈
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R1 ∪ R2.

(b) Yes. To prove it, sup pose R1 and R2 are sym met ric, and sup pose
(x, y) ∈ R1 ∪ R2. Then ei ther (x, y) ∈ R1 or (x, y) ∈ R2. If (x, y)
∈ R1 then since R1 is sym met ric, (y, x) ∈ R1, so (y, x) ∈ R1 ∪
R2. Sim i lar rea son ing shows that if (x, y) ∈ R2 then (y, x) ∈ R1
∪ R2.

(c) No. Coun terex am ple: A = {1, 2, 3}, R1 = {(1, 2)}, R2 = {(2, 3)}.

17. First note that by part 2 of The o rem 4.3.4, since R and S are sym‐ 
met ric, R = R−1 and S = S−1. There fore

(The o rem 4.3.4, part 2)

(The o rem 4.2.5, part 5)

20. Sup pose R is tran si tive, and sup pose (X, Y) ∈ S and (Y, Z) ∈ S.
To prove that (X, Z) ∈ S we must show that ∀x ∈ X∀z ∈ Z(xRz),
so let x ∈ X and z ∈ Z be ar bi trary. Since Y ∈ B, Y ≠ ∅, so we
can choose y ∈ Y. Since (X, Y) ∈ S and (Y, Z) ∈ S, by the def i ni‐ 
tion of S we have xRy and yRz. But then since R is tran si tive, xRz,
as re quired. The empty set had to be ex cluded from B so that we
could come up with y ∈ Y in this proof. (Can you find a coun‐ 
terex am ple if the empty set is not ex cluded?)

23. Hint: Sup pose aRb and bRc. To prove aRc, sup pose that X ⊆ A \
{a, c} and X ∪ {a} ∈ F; you must prove that X ∪ {c} ∈ F. To

do this, you may find it help ful to con sider two cases: b ∉ X or b
∈ X. In the sec ond of these cases, try work ing with the sets X′ =
(X ∪ {a}) \ {b} and X″ = (X ∪{c}) \ {b}.

Sec tion 4.4
1. (a) Par tial or der, but not to tal or der. (b) Not a par tial or der. (c)

Par tial or der, but not to tal or der.
4. (→) Sup pose that R is both an ti sym met ric and sym met ric. Sup‐ 

pose that (x, y) ∈ R. Then since R is sym met ric, (y, x) ∈ R, and
since R is an ti sym met ric, it fol lows that x = y. There fore (x, y) ∈
iA. Since (x, y) was ar bi trary, this shows that R ⊆ iA.



486

(←) Sup pose that R ⊆ iA. Sup pose (x, y) ∈ R. Then (x, y) ∈ iA,
so x = y, and there fore (y, x) = (x, y) ∈ R. This shows that R is
sym met ric. To see that R is an ti sym met ric, sup pose that (x, y) ∈
R and (y, x) ∈ R Then (x, y) ∈ iA, so x = y.

8. To see that T is re flex ive, con sider an ar bi trary (a, b) ∈ A × B.
Since R and S are both re flex ive, we have aRa and bSb. By the
def i ni tion of T, it fol lows that (a, b)T (a, b). To see that T is an ti‐ 
sym met ric, sup pose that (a, b)T (a′, b′) and (a′, b′)T (a, b). Then
aRa′ and a′ Ra, so since R is an ti sym met ric, a = a′. Sim i larly, bSb′
and b′ Sb, so since S is an ti sym met ric, we also have b = b′. Thus
(a, b) = (a′, b′), as re quired. Fi nally, to see that T is tran si tive, sup‐ 
pose that (a, b)T (a′, b′) and (a′, b′)T (a″, b″). Then aRa′ and a′
Ra″, so since R is tran si tive, aRa″. Sim i larly, bSb′ and b′ Sb″, so
bSb″, and there fore (a, b)T (a″, b″).

Even if both R and S are to tal or ders, T need not be a to tal or der.
11. The min i mal el e ments of B are the prime num bers. B has no

small est el e ment.
14. (a) b is the R-largest el e ment of B

(b) b is an R-max i mal el e ment of B

17. No. Let A = R × R, and let R = {((x, y), (x′, y′)) ∈ A × A | x ≤ x′
and y ≤ y′}. (You might want to com pare this to ex er cise 8.) Let B
= {(0, 0)} ∪ ({1} × R). We will leave it to you to check that R is a
par tial or der on A, and that (0, 0) is the only min i mal el e ment of
B, but it is not a small est el e ment.

21. (a) Sup pose that x ∈ U and xRy. To prove that y ∈ U, we must
show that y is an up per bound for B, so sup pose that b ∈ B.
Since x ∈ U, x is an up per bound for B, so bRx. But we also
have xRy, so by the tran si tiv ity of R we can con clude that
bRy. Since b was ar bi trary, this shows that y is an up per
bound for B.
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(b) Sup pose b ∈ B. To prove that b is a lower bound for U, let x be
an ar bi trary el e ment of U. Then by the def i ni tion of U, x is an up‐ 
per bound for B, so bRx. Since x was ar bi trary, this shows that b
is a lower bound for U.

(c) Hint: Sup pose x is the great est lower bound of U. First use part
(b) to show that x is an up per bound for B, and there fore x ∈ U.
Then use the fact that x is a lower bound for U to show that x is
the small est el e ment of U – in other words, it is the least up per
bound of B.

24. (a) Sup pose (x, y) ∈ S. Then ei ther (x, y) ∈ R or (x, y) ∈ R−1.
If (x, y) ∈ R, then (y, x) ∈ R−1, so (y, x) ∈ S. If (x, y) ∈
R−1, then (y, x) ∈ R, so (y, x) ∈ S. There fore S is sym met‐ 
ric. Since S = R ∪ R−1, it is clear that R ⊆ S.

(b) Sup pose T is a sym met ric re la tion on A and R ⊆ T. To show that
S ⊆ T, let (x, y) be an ar bi trary el e ment of S. Then ei ther (x, y)
∈ R or (x, y) ∈ R−1. If (x, y) ∈ R, then since R ⊆ T, (x, y) ∈ T.
If (x, y) ∈ R−1, then (y, x) ∈ R, so since R ⊆ T, (y, x) ∈ T. But T
is sym met ric, so it fol lows that (x, y) ∈ T.

27. (a) First, note that R1 ⊆ R and R2 ⊆ R. It fol lows, by ex er cise
26, that S1 ⊆ S and S2 ⊆ S, so S1 ∪ S2 ⊆ S. For the other di‐ 
rec tion, note that R = R1 ∪ R2 ⊆ S1 ∪ S2, and by ex er cise
13(b) of Sec tion 4.3, S1 ∪ S2 is sym met ric. There fore, by ex‐ 
er cise 24(b), S ⊆ S1 ∪ S2.

(b) Im i tat ing the first half of the proof in part (a), we can use ex er‐ 
cise 26 to show that T1 ∪ T2 ⊆ T. How ever, the an swer to ex er‐ 
cise 13(c) of Sec tion 4.3 was no, so we can’t im i tate the sec ond
half of the proof. In fact, the ex am ple given in the so lu tion to ex‐ 
er cise 13(c) works as an ex am ple for which T1 ∪ T2 ≠ T.

Sec tion 4.5
1. Here is a list of all par ti tions:
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3. (a) R is an equiv a lence re la tion. There are 26 equiv a lence
classes – one for each let ter of the al pha bet. The equiv a lence
classes are: the set of all words that start with a, the set of all
words that start with b, . . . , the set of all words that start
with z.

(b) S is not an equiv a lence re la tion, be cause it is not tran si tive.
(c) T is an equiv a lence re la tion. The equiv a lence classes are: the set

of all one-let ter words, the set of all two-let ter words, and so on.
For ev ery pos i tive in te ger n, if there is at least one Eng lish word
of length n, then the set of all words of length n is an equiv a lence
class.

6. The as sump tion that is needed is that for ev ery date d, some one
was born on the date d. What would go wrong if, say, just by
chance, no one was born on April 23? Where in the proof is this
as sump tion used?

10. Since S is the equiv a lence re la tion de ter mined by F, the proof of

The o rem 4.5.6 shows that A/S = F = A/R. The de sired con clu sion

now fol lows from ex er cise 9.
13. See Lemma 7.3.4.
16. By ex er cise 16(a) of Sec tion 3.5, 

 see that F ∪ G is pair wise dis‐ 

joint, sup pose that X ∈ F ∪ G, Y ∈ F ∪ G, and X ∩ Y ≠ ∅. If X

∈ F and Y ∈ G then X ⊆ A and Y ⊆ B, and since A and B are

dis joint it fol lows that X and Y are dis joint, which is a con tra dic‐ 
tion. Thus it can not be the case that X ∈ F and Y ∈ G, and a sim‐ 

i lar ar gu ment can be used to rule out the pos si bil ity that X ∈ G

and Y ∈ F. Thus, X and Y are ei ther both el e ments of F or both

el e ments of G. If they are both in F, then since F is pair wise dis‐ 

joint, X = Y. A sim i lar ar gu ment ap plies if they are both in G. Fi‐ 
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nally, we have ∀X ∈ F(X ≠ ∅) and ∀X ∈ G(X ≠ ∅), and it fol‐ 

lows by ex er cise 8 of Sec tion 2.2 that ∀X ∈ F ∪ G(X ≠ ∅).

20. (a) Here is the proof of tran si tiv ity: Sup pose (x, y) ∈ T and (y,
z) ∈ T. Then since T = R ∩ S, (x, y) ∈ R and (y, z) ∈ R, so
since R is tran si tive, (x, z) ∈ R. Sim i larly, (x, z) ∈ S, so (x,
z) ∈ R ∩ S = T.

(b) Sup pose x ∈ A. Then for all y ∈ A,

(c) Sup pose X ∈ A/T. Then since A/T is a par ti tion, X ≠ ∅. Also, for
some x ∈ A, X = [x]T = [x]R ∩ [x]S, so since [x]R ∈ A/R and [x]S
∈ A/S, X ∈ (A/R) · (A/S).

Now sup pose X ∈ (A/R) · (A/S). Then for some y and z in A, X
= [y]R ∩ [z]S. Also, X ≠ ∅, so we can choose some x ∈ X. There‐ 
fore x ∈ [y]R and x ∈ [z]S, and by part 2 of Lemma 4.5.5 it fol‐ 
lows that [x]R = [y]R and [x]S = [z]S. There fore X = [x]R ∩ [x]S =
[x]T ∈ A/T.

22. F ⊗ F = {R
+ × R+, R− × R+, R− × R−, R+ × R−, R+ ×{0}, R− ×

{0}, {0} × R+, {0} × R−, {(0, 0)}}. In geo met ric terms these are
the four quad rants of the plane, the pos i tive and neg a tive x-axes,
the pos i tive and neg a tive y-axes, and the ori gin.

24. (a) Hint: Let T = {(X, Y) ∈ A/S × A/S | ∃x ∈ X∃y ∈ Y(xRy)}.
(b) Sup pose x, y, x′, y′ ∈ A, xSx′, and ySy′. Then [x]S = [x′]S and [y]S =

[y′]S, so xRy iff [x]S T [y]S iff [x′]S T [y′]S iff x′ Ry′.
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Chap ter 5

Sec tion 5.1
1. (a) Yes.

(b) No.
(c) Yes.
3. (a) f(a) = b, f(b) = b, f(c) = a.

(b) f(2) = 0.
(c) f(π) = 3 and f(−π) = −4.
5. L ◦ H: N → N, and for ev ery n ∈ N, (L ◦ H)(n) = n. Thus, L ◦ H =

iN. H ◦ L: C → C, and for ev ery c ∈ C, (H ◦ L)(c) = the cap i tal of
the coun try in which c is lo cated.

7. (a) Sup pose that c ∈ C. We must prove that there is a unique b
∈ B such that (c, b) ∈ f ↾ C.

Ex is tence: Let b = f(c) ∈ B. Then (c, b) ∈ f and (c, b) ∈ C ×
B, and there fore (c, b) ∈ f ∩ (C × B) = f ↾ C.

Unique ness: Sup pose that (c, b1) ∈ f ↾ C and (c, b2) ∈ f ↾ C.
Then (c, b1) ∈ f and (c, b2) ∈ f, so since f is a func tion, b1 = b2.

This proves that f ↾ C is a func tion from C to B. Fi nally, to de‐ 
rive the for mula for (f ↾ C)(c), sup pose that c ∈ C, and let b =
f(c). We showed in the ex is tence half of the proof that (c, b) ∈ f
↾ C. It fol lows that

(b) (→) Sup pose g = f ↾ C. Then g = f ∩ (C × B), so clearly g ⊆ f.
(←) Sup pose g ⊆ f. Sup pose c ∈ C, and let b = g(c). Then (c, b)
∈ g, so (c, b) ∈ f, and there fore f(c) = b. But then by part (a), (f
↾ C)(c) = f(c) = b = g(c). Since c was ar bi trary, it fol lows by The‐ 
o rem 5.1.4 that g = f ↾ C.

(c) h ↾ Z = h ∩ (Z × R) = {(x, y) ∈ R × R | y = 2x + 3} ∩(Z × R) =
{(x, y) ∈ Z × R | y = 2x + 3} = g.
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10. Since f ≠ g, by The o rem 5.1.4 we can choose some a ∈ A such
that f(a) ≠ g(a). There fore (a, f(a)) ∈ f and (a, f(a)) ∉ g, so by
the def i ni tion of sym met ric dif fer ence, (a, f(a)) ∈ f △ g, and sim‐ 
i larly (a, g(a)) ∈ f △ g. Since f(a) ≠ g(a), it fol lows that f △  g is
not a func tion.

13. (a) Sup pose b ∈ B. Since Dom(S) = B, we know that there is
some c ∈ C such that (b, c) ∈ S. To see that it is unique,
sup pose that c′ ∈ C and (b, c′) ∈ S. Since Ran(R) = B, we
can choose some a ∈ A such that (a, b) ∈ R. But then (a, c)
∈ S ◦ R and (a, c′) ∈ S ◦ R, and since S ◦ R is a func tion, it
fol lows that c = c′.

(b) A = {1}, B = {2, 3}, C = {4}, R = {(1, 2), (1, 3)}, S = {(2, 4), (3,
4)}.

15. (a) No. Ex am ple: A = {1}, B = {2, 3}, f = {(1, 2)}, R = {(1, 1)}.
(b) Yes. Sup pose R is sym met ric. Sup pose (x, y) ∈ S. Then we can

choose some u and v in A such that f(u) = x, f(v) = y, and (u, v) ∈
R. Since R is sym met ric, (v, u) ∈ R, and there fore (y, x) ∈ S.

(c) No. Ex am ple: A = {1, 2, 3, 4}, B = {5, 6, 7}, f = {(1, 5), (2, 6), (3,
6), (4, 7)}, R = {(1, 2), (3, 4)}.

19. (a) Let a = 3 and c = 8. Then for any x > a = 3,

This shows that f ∈ O(g).
Now sup pose that g ∈ O(f). Then we can choose a ∈ Z+ and c

∈ R+ such that ∀x > a(|g(x)| ≤ c|f(x)|), or in other words, ∀x >
a(x2 ≤ c(7x + 3)). Let x be any pos i tive in te ger larger than both a
and 10c. Mul ti ply ing both sides of the in equal ity x > 10c by x,
we can con clude that x2 > 10cx. But since x > a, we also have x2

≤ c(7x + 3) ≤ c(7x + 3x) = 10cx, so we have reached a con tra dic‐ 
tion. There fore g ∉ O(f).

(b) Clearly for any func tion f ∈ F we have ∀x ∈ Z+ (|f(x)| ≤ 1 ·

|f(x)|), so f ∈ O(f), and there fore (f, f) ∈ S. Thus, S is re flex ive.
To see that it is also tran si tive, sup pose (f, g) ∈ S and (g, h) ∈ S.
Then there are pos i tive in te gers a1 and a2 and pos i tive real num‐ 
bers c1 and c2 such that ∀x > a1 (|f(x)| ≤ c1 |g(x)|) and ∀x > a2
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(|g(x)| ≤ c2 |h(x)|). Let a be the max i mum of a1 and a2, and let c =
c1 c2. Then for all x > a,

Thus, (f, h) ∈ S, so S is tran si tive. Fi nally, to see that S is not a
par tial or der, we show that it is not an ti sym met ric. Let f and g be
the func tions from Z+ to R de fined by the for mu las f(x) = x and
g(x) = 2x. Then for all x ∈ Z+, |f(x)| ≤ |g(x)| and |g(x)| ≤ 2|f(x)|, so
f ∈ O(g) and also g ∈ O(f). There fore (f, g) ∈ S and (g, f) ∈ S,
but f ≠ g.

(c) Since f1 ∈ O(g), we can choose a1 ∈ Z+ and c1 ∈ R+ such that
∀x > a1 (|f1 (x)| ≤ c1 |g(x)|). Sim i larly, since f2 ∈ O(g) we can
choose a2 ∈ Z+ and c2 ∈ R+ such that ∀x > a2 (|f2 (x)| ≤ c2
|g(x)|). Let a be the max i mum of a1 and a2, and let c = |s|c1 + |t|c2
+ 1. (We have added 1 here just to make sure that c is pos i tive, as
re quired in the def i ni tion of O.) Then for all x > a,

There fore f ∈ O(g).
21. (a) Hint: Let h = {(X, y) ∈ A/R × B | ∃x ∈ X(f(x) = y)}.
(b) Hint: Use the fact that for all x and y in A, if xRy then [x]R = [y]R.

Sec tion 5.2
2. (a) f is not a func tion.

(b) f is not a func tion. g is a func tion that is onto, but not one-to-one.
(c) R is one-to-one and onto.
5. (a) Sup pose that x1 ∈ A, x2 ∈ A, and f(x1) = f(x2). Then we can

per form the fol low ing al ge braic steps:
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This shows that f is one-to-one.
To show that f is onto, sup pose that y ∈ A. Let

No tice that this is de fined, since y ≠ 1, and also clearly x ≠ 1, so x
∈ A. Then

(b) For any x ∈ A,

9. (a) {1, 2, 3, 4}.
(b) f is onto, but not one-to-one.
13. (a) Sup pose that f is one-to-one. Sup pose that c1 ∈ C, c2 ∈ C,

and (f ↾ C)(c1) = (f ↾ C)(c2). By ex er cise 7(a) of Sec tion 5.1,
it fol lows that f(c1) = f(c2), so since f is one-to-one, c1 = c2.

(b) Sup pose that f ↾ C is onto. Sup pose b ∈ B. Then since f ↾ C is
onto, we can choose some c ∈ C such that (f ↾ C)(c) = b. But
then c ∈ A, and by ex er cise 7(a) of Sec tion 5.1, f(c) = b.

(c) Let A = B = R and C = R+. For (a), use f(x) = |x|, and for (b), use
f(x) = x.

17. (a) Sup pose R is re flex ive and f is onto. Let x ∈ B be ar bi trary.
Since f is onto, we can choose some u ∈ A such that f(u) = x.
Since R is re flex ive, (u, u) ∈ R. There fore (x, x) ∈ S.
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(b) Sup pose R is tran si tive and f is one-to-one. Sup pose that (x, y) ∈
S and (y, z) ∈ S. Since (x, y) ∈ S, we can choose some u and v in
A such that f(u) = x, f(v) = y, and (u, v) ∈ R. Sim i larly, since (y,
z) ∈ S we can choose p and q in A such that f(p) = y, f(q) = z, and
(p, q) ∈ R. Since f(v) = y = f(p) and f is one-to-one, v = p. There‐ 
fore (v, q) = (p, q) ∈ R. Since we also have (u, v) ∈ R, by the
tran si tiv ity of R it fol lows that (u, q) ∈ R, so (x, z) ∈ S.

20. (a) Let b ∈ B be ar bi trary. Since f is onto, we can choose some
a ∈ A such that f(a) = b. There fore g(b) = (g ◦ f)(a) = (h ◦ f)
(a) = h(b). Since b was ar bi trary, this shows that ∀b ∈

B(g(b) = h(b)), so g = h.
(b) Let c1 and c2 be two dis tinct el e ments of C. Sup pose b ∈ B. Let g

and h be func tions from B to C such that ∀x ∈ B(g(x) = c1), ∀x
∈ B \ {b}(h(x) = c1), and h(b) = c2. (For mally, g = B ×{c1} and h
= [(B \{b}) ×{c1}] ∪{(b, c2)}.) Then g ≠ h, so by as sump tion g ◦ f
≠ h ◦  f, and there fore we can choose some a ∈ A such that g(f
(a)) ≠ h(f (a)). But by the way g and h were de fined, the only x ∈
B for which g(x) ≠ h(x) is x = b, so it fol lows that f(a) = b. Since b
was ar bi trary, this shows that f is onto.

Sec tion 5.3

1. R−1 (p) = the per son sit ting im me di ately to the right of p.
3. Let g(x) = (3x − 5)/2. Then for any x ∈ R,

and

There fore f ◦  g = iR and g ◦  f = iR, and by The o rems 5.3.4 and
5.3.5 it fol lows that f is one-to-one and onto and f−1 = g.

5. f−1 (x) = 2 − log x.
9. Sup pose that f: A → B, g: B → A, and f ◦ g = iB. Let b be an ar bi‐ 

trary el e ment of B. Let a = g(b) ∈ A. Then f(a) = f(g(b)) = (f ◦ g)
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(b) = iB (b) = b. Since b was ar bi trary, this shows that f is onto.
11. (a) Sup pose that f is one-to-one and f ◦ g = iB. By part 2 of The o‐ 

rem 5.3.3, f is also onto, so f−1: B → A and f−1 ◦ f = iA. This
gives us enough in for ma tion to im i tate the rea son ing in the
proof of The o rem 5.3.5:

(b) Hint: Im i tate the so lu tion to part (a).
(c) Hint: Use parts (a) and (b), to gether with The o rem 5.3.3.
14. (a) Sup pose x ∈ A′ = Ran(g). Then we can choose some b ∈ B

such that g(b) = x. There fore (g ◦f)(x) = g(f (g(b))) = g((f ◦g)
(b)) = g(iB (b)) = g(b) = x.

(b) By the given in for ma tion, (f ↾ A′) ◦ g = iB, and by part (a), g ◦ (f ↾
A′) = iA′. There fore by The o rem 5.3.4, f ↾ A′ is a one-to-one, onto
func tion from A′ to B, and by The o rem 5.3.5, g = (f ↾ A′)−1.

16. Hint: Sup pose x ∈ R. To de ter mine whether or not x ∈ Ran(f),
you must see if you can find a real num ber y such that f(y) = x. In
other words, you must try to solve the equa tion 4y − y2 = x for y in
terms of x. No tice that this is sim i lar to the method we used in
part 1 of Ex am ple 5.3.6. How ever, in this case you will find that
for some val ues of x there is no so lu tion for y, and for some val‐ 
ues of x there is more than one so lu tion for y.

18. Since g is one-to-one and onto, g−1: C → B. Let h = g−1 ◦ f. Then
h: A → B and

(The o rem 4.2.5)
(The o rem 5.3.2)
(ex er cise 9 of Sec tion 4.3).

Sec tion 5.4
1. (a) No.

(b) Yes.
(c) Yes.
(d) No.
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3. {−1, 0, 1, 2}.
7. Sup pose C ⊆ A and C is closed un der f. Sup pose x ∈ A \ C, so x

∈ A and x ∉ C. Then f−1 (x) ∈ A. Sup pose f−1 (x) ∈ C. Then
since C is closed un der f, x = f(f−1 (x)) ∈ C, which is a con tra dic‐ 
tion. There fore f−1 (x) ∉ C, so f−1 (x) ∈ A \ C. Since x was an ar‐ 
bi trary el e ment of A \ C, this shows that A \ C is closed un der f−1.

9. (a) Sup pose x ∈ C1 ∪ C2. Then ei ther x ∈ C1 or x ∈ C2.

Case 1. x ∈ C1. Then since C1 is closed un der f, f(x) ∈ C1, so
f(x) ∈ C1 ∪ C2.

Case 2. x ∈ C2. Then since C2 is closed un der f, f(x) ∈ C2, so
f(x) ∈ C1 ∪ C2.

There fore f(x) ∈ C1 ∪ C2. Since x was ar bi trary, we can con‐ 
clude that C1 ∪ C2 is closed un der f.

(b) Yes. Proof: Sup pose x ∈ C1 ∩ C2. Then x ∈ C1 and x ∈ C2.
Since x ∈ C1 and C1 is closed un der f, f(x) ∈ C1. Sim i larly, f(x)
∈ C2. There fore f(x) ∈ C1 ∩ C2, so since x was ar bi trary, C1 ∩
C2 is closed un der f.

(c) No. Here is a coun terex am ple: A = {1, 2}, f = {(1, 2), (2, 2)}, C1 =
{1, 2}, C2 = {2}.

12. (a) Z.

(b) {X ⊆ N | X is fi nite}.

14. Z.
17. (a) Yes.
(b) Yes.
(c) Yes.
(d) No. (The com po si tion of two strictly de creas ing func tions is

strictly in creas ing.)
20. (b) and (e) are closed un der f.
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Chap ter 6

Sec tion 6.1
1. Base case: When n = 0, both sides of the equa tion are 0.

In duc tion step: Sup pose that n ∈ N and 0+1+2+· · ·+n =
n(n+1)/2. Then

as re quired.
3. Base case: When n = 0, both sides of the equa tion are 0.

In duc tion step: Sup pose n ∈ N and 03 + 13 + 23 + · · · + n3 =
[n(n + 1)/2]2. Then

7. Hint: The for mula is (3n+1 − 1)/2.
10. Base case: When n = 0, 9n − 8n − 1 = 0 = 64 · 0, so 64 | (9n − 8n −

1).
In duc tion step: Sup pose that n ∈ N and 64 | (9n − 8n − 1).

Then there is some in te ger k such that 9n − 8n − 1 = 64k. There‐ 
fore
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so 64 | (9n+1 − 8(n + 1) − 1).
12. (a) Base case: When n = 0, 7n − 5n = 0 = 2 · 0, so 7n − 5n is

even.
In duc tion step: Sup pose n ∈ N and 7n − 5n is even. Then there

is some in te ger k such that 7n − 5n = 2k. There fore

so 7n+1 − 5n+1 is even.
(b) For the in duc tion step, you might find it use ful to com plete the

fol low ing equa tion: 
15. Base case: When n = 10, 2n = 1024 > 1000 = n3.

In duc tion step: Sup pose n ≥ 10 and 2n > n3. Then

20. (a) Base case: When n = 1, the state ment to be proven is 0 < a <
b, which was given.

In duc tion step: Sup pose that n ≥ 1 and 0 < an < bn. Mul ti ply ing
this in equal ity by the pos i tive num ber a we get 0 < an+1 < abn,
and mul ti ply ing the in equal ity a < b by the pos i tive num ber bn
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gives us abn < bn+1. Com bin ing these in equal i ties, we can con‐ 
clude that 0 < an+1 < bn+1.

(b) Hint: First note that  and  are both pos i tive. (For n odd, this
fol lows from ex er cise 19. For n even, each of a and b has two nth
roots, one pos i tive and one neg a tive, but  and  are by def i‐ 
ni tion the pos i tive roots.) Now use proof by con tra dic tion, and
ap ply part (a).

(c) Hint: The in equal ity to be proven can be re ar ranged to read an+1 −
abn − ban + bn+1 > 0. Now fac tor the left side of this in equal ity.

(d) Hint: Use math e mat i cal in duc tion. For the base case, use the n =
1 case of part (c). For the in duc tion step, mul ti ply both sides of
the in duc tive hy poth e sis by (a + b)/2 and then ap ply part (c).

Sec tion 6.2
1. (a) We must prove that R′ is re flex ive (on A′), tran si tive, and an‐ 

ti sym met ric. For the first, sup pose x ∈ A′. Since R is re flex‐ 
ive (on A) and x ∈ A, (x, x) ∈ R, so (x, x) ∈ R ∩ (A′ × A′) =
R′. This shows that R′ is re flex ive.

Next, sup pose that (x, y) ∈ R′ and (y, z) ∈ R′. Then (x, y) ∈ R,
(y, z) ∈ R, and x, y, z ∈ A′. Since R is tran si tive, (x, z) ∈ R, so
(x, z) ∈ R ∩ (A′ × A′) = R′. There fore R′ is tran si tive.

Fi nally, sup pose that (x, y) ∈ R′ and (y, x) ∈ R′. Then (x, y) ∈
R and (y, x) ∈ R, so since R is an ti sym met ric, x = y. Thus R′ is
an ti sym met ric.

(b) To see that T is re flex ive, sup pose x ∈ A. If x = a, then (x, x) = (a,
a) ∈ {a} × A ⊆ T. If x ≠ a, then x ∈ A′, so since R′ is re flex ive,
(x, x) ∈ R′ ⊆ T′ ⊆ T.

For tran si tiv ity, sup pose that (x, y) ∈ T and (y, z) ∈ T. If x = a
then (x, z) = (a, z) ∈ {a} × A ⊆ T. Now sup pose x ≠ a. Then (x,
y) ∉ {a} × A, so since (x, y) ∈ T = T′ ∪ ({a} × A) we must have
(x, y) ∈ T′. But T′ ⊆ A′ × A′, so y ∈ A′ and there fore y ≠ a. Sim i‐ 
lar rea son ing now shows that (y, z) ∈ T′. Since T′ is tran si tive, it
fol lows that (x, z) ∈ T′ ⊆ T.

To show that T is an ti sym met ric, sup pose (x, y) ∈ T and (y, x)
∈ T. If x = a then (y, x) ∉ T′, so (y, x) ∈ {a} × A and there fore y
= a = x. Sim i larly, if y = a then x = y. Now sup pose x ≠ a and y ≠
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a. Then as in the proof of tran si tiv ity it fol lows that (x, y) ∈ T′
and (y, x) ∈ T′, so by an ti sym me try of T′, x = y.

We now know that T is a par tial or der. To see that it is to tal,
sup pose x ∈ A and y ∈ A. If x = a then (x, y) ∈ {a} × A ⊆ T.
Sim i larly, if y = a then (y, x) ∈ T. Now sup pose x ≠ a and y ≠ a.
Then x ∈ A′ and y ∈ A′, so since T′ is a to tal or der, ei ther (x, y)
∈ T′ ⊆ T or (y, x) ∈ T′ ⊆ T.

Fi nally, to see that R ⊆ T, sup pose that (x, y) ∈ R. If x = a
then (x, y) ∈ {a}×A ⊆ T. Now sup pose x ≠ a. If y = a then the
fact that (x, y) ∈ R would con tra dict the R-min i mal ity of a.
There fore y ≠ a. But then (x, y) ∈ R ∩ (A′ × A′) = R′ ⊆ T′ ⊆ T.

4. (a) We will prove the state ment: ∀n ≥ 1∀B ⊆ A[B has n el e‐ 
ments → ∃x ∈ B∀y ∈ B((x, y) ∈ R ◦ R)]. We pro ceed by in‐ 
duc tion on n.

Base case: Sup pose n = 1. If B ⊆ A and B has one el e ment,
then for some x ∈ B, B = {x}. Since R is re flex ive, (x, x) ∈ R,
and there fore (x, x) ∈ R ◦ R. But x is the only el e ment in B, so ∀y
∈ B((x, y) ∈ R ◦ R), as re quired.

In duc tion step: Sup pose that n ≥ 1 and for ev ery B ⊆ A, if B
has n el e ments then ∃x ∈ B∀y ∈ B((x, y) ∈ R ◦ R). Now sup pose
that B ⊆ A and B has n + 1 el e ments. Choose some b ∈ B, and
let B′ = B \{b}. Then B′ ⊆ A and B′ has n el e ments, so by the in‐ 
duc tive hy poth e sis there is some x ∈ B′ such that ∀y ∈ B′ ((x, y)
∈ R ◦ R). We now con sider two cases.

Case 1: (x, b) ∈ R ◦ R. Then ∀y ∈ B((x, y) ∈ R ◦ R), so we are
done.

Case 2: (x, b) ∉ R ◦ R. In this case, we will prove that ∀y ∈
B((b, y) ∈ R ◦ R). To do this, let y ∈ B be ar bi trary. If y = b, then
since R is re flex ive, (b, b) ∈ R, and there fore (b, y) = (b, b) ∈ R
◦ R. Now sup pose y ≠ b. Then y ∈ B′, so by the choice of x we
know that (x, y) ∈ R ◦ R. This means that for some z ∈ A, (x, z)
∈ R and (z, y) ∈ R. We have (x, z) ∈ R, so if (z, b) ∈ R then (x,
b) ∈ R ◦ R, con trary to the as sump tion for this case. There fore
(z, b) ∉ R, so by the hy poth e sis on R, (b, z) ∈ R. But then since
(b, z) ∈ R and (z, y) ∈ R, we have (b, y) ∈ R ◦ R, as re quired.
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(b) Hint: Let A = B = the set of con tes tants and let R = {(x, y) ∈ A ×
A | x beats y} ∪ iA. Now ap ply part (a).

8. (a) Let m = (a + b)/2, the arith metic mean of a and b, and let d =
(a − b)/2. Then it is easy to check that m + d = a and m − d =
b, so

(b) We use in duc tion on n.
Base case: n = 1. This case is taken care of by part (a).
In duc tion step: Sup pose n ≥ 1, and the arith metic mean–geo‐ 

met ric mean in equal ity holds for lists of length 2n. Now let a1,
a2, . . . , a2n+1 be a list of 2n+1 pos i tive real num bers. Let

No tice that a1 + a2 + · · · + a2n = m1 2n, and sim i larly a2n+1 +
a2n+2 +· · ·+a2n+1 = m22n. Also, by the in duc tive hy poth e sis, we
know that 
There fore

(c) We use in duc tion on n.
Base case: If n = n0, then by as sump tion the arith metic mean–

geo met ric mean in equal ity fails for some list of length n.
In duc tion step: Sup pose n ≥ n0, and there are pos i tive real

num bers a1, a2, . . . , an such that

Let m = (a1 + a2 +· · · +an)/n, and let an+1 = m. Then we have 
 so mn < a1 a2 · · · an. Mul ti ply ing both sides of

this in equal i tyby m gives us mn+1 < a1 a2 · · · an m = a1 a2 · · ·
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an+1, so  But no tice that we also have mn =
a1 + a2 +· · · +an, so

Thus, we have a list of length n + 1 for which the arith metic
mean– geo met ric mean in equal ity fails.

(d) Sup pose that the arith metic mean–geo met ric mean in equal ity
fails for some list of pos i tive real num bers. Let n0 be the length
of this list, and choose an in te ger n ≥ 1 such that n0 ≤ 2n. (In fact,
we could just let n = n0, as you will show in ex er cise 12(a) in
Sec tion 6.3.) Then by part (b), the arith metic mean–geo met ric
mean in equal ity holds for all lists of length 2n, but by part (c), it
must fail for some list of length 2n. This is a con tra dic tion, so the
in equal ity must al ways hold.

10. (a) Hint: Show that (a1 b1 + a2 b2) − (a1 b2 + a2 b1) ≥ 0.

(b) Use in duc tion on n. For the in duc tion step, as sume the re sult
holds for se quences of length n, and sup pose a1 ≤ a2 ≤ · · · ≤ an ≤
an+1, b1 ≤ b2 ≤ · · · ≤ bn ≤ bn+1, and f is a one-to-one, onto func‐ 
tion from {1, 2, . . . , n + 1} to it self. Now con sider two cases. For
case 1, as sume that f(n + 1) = n + 1, and use the in duc tive hy poth‐ 
e sis to com plete the proof. For case 2, as sume that f(n + 1) < n +
1. Find a one-to-one, onto func tion g from {1, 2, . . . , n + 1} to it‐ 
self such that g is al most the same as f but g(n + 1) = n + 1, and
show that

11. We pro ceed by in duc tion on n.
Base case: n = 0. If A has 0 el e ments, then A = ∅, so P(A) =

{∅}, which has 1 = 20 el e ments.
In duc tion step: Sup pose that for ev ery set A with n el e ments,

P(A) has 2n el e ments. Now sup pose that A has n+1 el e ments.
Let a be any el e ment of A, and let A′ = A \ {a}. Then A′ has n el e‐ 
ments, so by the in duc tive hy poth e sis P(A′) has 2n el e ments.
There are two kinds of sub sets of A: those that con tain a as an el‐ 
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e ment, and those that don’t. The sub sets that don’t con tain a are
just the sub sets of A′, and there are 2n of these. Those that do
con tain a are the sets of the form X ∪{a}, where X ∈ P(A′), and
there are also 2n of these, since there are 2n pos si ble choices for
X. Thus the to tal num ber of el e ments of P(A) is 2n + 2n = 2n+1.

14. Base case: n = 1. One chord cuts the cir cle into two re gions, and
(n2 + n + 2)/2 = 2.

In duc tion step: Sup pose that when n chords are drawn, the cir‐ 
cle is cut into (n2 +n+2)/2 re gions. When an other chord is drawn,
it will in ter sect each of the first n chords ex actly once. There fore
it will pass through n+1 re gions, cut ting each of those re gions in
two. (Each time it crosses one of the first n chords, it passes
from one re gion to an other.) There fore the num ber of re gions af‐ 
ter the next chord is drawn is

as re quired.

Sec tion 6.3
1. Hint: The for mula is

6. Base case: n = 1. Then

In duc tion step: Sup pose that

Then
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8. (a) We let m be ar bi trary and then prove by in duc tion that for all
n ≥ m, Hn − Hm ≥ (n − m)/n.

Base case: n = m. Then Hn − Hm = 0 ≥ 0 = (n − m)/n.
In duc tion step: Sup pose that n ≥ m and Hn − Hm ≥ (n − m)/n.

Then

(b) Base case: If n = 0 then H2n = H1 = 1 ≥ 1 = 1 + n/2.
In duc tion step: Sup pose n ≥ 0 and H2n ≥ 1 + n/2. By part (a),

There fore

(c) Since limn→∞ (1+n/2) = ∞, by part (b) limn→∞ H2n = ∞. Clearly
the Hn ’s form an in creas ing se quence, so limn→∞ Hn = ∞.

12. (a) Hint: Try prov ing that 2n ≥ n + 1, from which the de sired
con clu sion fol lows.

(b) Base case: n = 9. Then n! = 362880 ≥ 262144 = (2n)2.
In duc tion step: Sup pose that n ≥ 9 and n! ≥ (2n)2. Then

(c) Base case: n = 0. Then n! = 1 ≤ 1 = 2(n2).
In duc tion step: Sup pose that n! ≤ 2(n2). Then
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15. Base case: n = 0. Then an = a0 = 0 = 20 − 0 − 1 = 2n − n − 1.

In duc tion step: Sup pose that n ∈ N and an = 2n − n − 1. Then

18. (a)
(b)

(c) We fol low the hint.
Base case: n = 0. Sup pose A is a set with 0 el e ments. Then A =

∅, the only value of k we have to worry about is k = 0, P0 (A) =
{∅}, which has 1 el e ment, and 

In duc tion step: Sup pose the de sired con clu sion holds for sets
with n el e ments, and A is a set with n + 1 el e ments. Let a be an
el e ment of A, and let A′ = A \ {a}, which is a set with n el e ments.
Now sup pose 0 ≤ k ≤ n + 1. We con sider three cases.

Case 1: k = 0. Then Pk (A) = {∅}, which has 1 el e ment, and 

Case 2: k = n + 1. Then Pk (A) = {A}, which has 1 el e ment,
and 

Case 3. 0 < k ≤ n. There are two kinds of k-el e ment sub sets of
A: those that con tain a as an el e ment, and those that don’t. The k-
el e ment sub sets that don’t con tain a are just the k-el e ment sub‐ 
sets of A′, and by the in duc tive hy poth e sis there are  of these.
Those that do con tain a are the sets of the form X ∪ {a}, where X
∈ Pk−1 (A′), and by the in duc tive hy poth e sis there are  of
these, since this is the num ber of pos si bil i ties for X. There fore by
part (b), the to tal num ber of k-el e ment sub sets of A is
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(d) We let x and y be ar bi trary and then prove the equa tion by in duc‐ 
tion on n.

Base case: n = 0. Then both sides of the equa tion are equal to
1.

In duc tion step: We will make use of parts (a) and (b). Sup pose
that

Then
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20. Hint: Sur pris ingly, it is eas ier to prove that for all n ≥ 1, 0 < an <
1/2.

Sec tion 6.4
1. (a) (→) Sup pose that ∀nQ(n). Let n be ar bi trary. Then Q(n + 1)

is true, which means ∀k < n + 1 P(k). In par tic u lar, since n <
n + 1, P(n) is true. Since n was ar bi trary, this shows that ∀nP
(n).

(←) Sup pose that ∀nP (n). Then for any n, it is clearly true
that ∀k < nP(k), which means that Q(n) is true.

(b) Base case: n = 0. Then Q(n) is the state ment ∀k < 0 P(k), which is
vac u ously true.

In duc tion step: Sup pose Q(n) is true. This means that ∀k <
nP(k) is true, so by as sump tion, it fol lows that P(n) is true.
There fore ∀k < n + 1 P(k) is true, which means that Q(n + 1) is
true. 4. (a) Sup pose  is ra tio nal. Let 

 Then S ≠ ∅, so we can let q
be the small est el e ment of S, and we can choose a pos i tive in te‐ 
ger p such that  There fore p2 = 6q2, so p2 is even, and
hence p is even. This means that  for some in te ger  Thus

 so  and there fore 3q2 is even. It is easy to
check that if q is odd then 3q2 is odd, so q mustbe even, which
means that  for some in te ger  But then  and 

 con tra dict ingthe fact that q is the small est el e ment of S.
(b) Sup posethat  Squar ing both sides gives us 5 + 

 which con tra dicts part (a).
7. (a) We use or di nary in duc tion on n.

Base case: n = 0. Both sides of the equa tion are equal to 0.
In duc tion step: Sup pose that  Then

(b) We use or di nary in duc tion on n.
Base case: n = 0. Both sides of the equa tion are equal to 0.
In duc tion step. Sup pose that  Then
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(c) We use or di nary in duc tion on n.
Base case: n = 0. Both sides of the equa tion are equal to 1.
In duc tion step: Sup pose that  Then

(d) The for mula is 
9. (a) (→) Sup pose a0, a1, a2, . . . is a Gi bonacci se quence. Then in

par tic u lar a2 = a0 + a1, which means c2 = 1 + c. Solv ing this
qua dratic equa tion by the qua dratic for mula leads to the con‐ 
clu sion 

(←) Sup pose ei ther  Then c2

= 1 + c, and there fore for ev ery n ≥ 2, an = cn = cn−2 c2 = cn−2 (1
+ c) = cn−2 + cn−1 = an−2 + an−1.

(b) It will be con ve nient to in tro duce the no ta tion 
and  Then for any 

 
 

(c) Hint: Let 

11. Hint: The for mula is an = 2 · 3n − 3 · 2n.
15. Let a be the larger of 5k and k(k + 1). Now sup pose n > a, and by

the di vi sion al go rithm choose q and r such that n = qk + r and 0 ≤
r < k. Note that if q ≤ 4 then n = qk + r ≤ 4k + r < 5k ≤ a, which is
a con tra dic tion. There fore q > 4, so q ≥ 5, and by Ex am ple 6.1.3 it
fol lows that 2q ≥ q2. Sim i lar rea son ing shows that q ≥ k + 1, so q2

≥ q(k + 1) = qk + q > qk + k > qk + r = n. There fore 2n ≥ 2qk =
(2q)k ≥ (q2)k ≥ nk.

18. Hint: The for mula is an = Fn+2 /Fn+1.
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21. (a) For any num bers a, b, c, and d,

(b) To sim plify no ta tion, we will as sume that any prod uct is the left-
grouped prod uct un less paren the ses are used to in di cate oth er‐ 
wise. We use strong in duc tion on n. As sume the state ment is true
for prod ucts of fewer than n terms, and con sider any prod uct of
a1, a2, . . . , an. If n = 1, then the only prod uct is the left-grouped
prod uct, so there is noth ing to prove. Now sup pose n > 1. Then
our prod uct has the form pq, where p is a prod uct of a1, . . . , ak−1
and q is a prod uct of ak, . . . , an for some k with 2 ≤ k ≤ n. By the
in duc tive hy poth e sis, p = a1 · · · ak−1 and q = ak · · · an (where by
our con ven tion, these two prod ucts are left-grouped). Thus, it
will suf fice to prove (a1 · · · ak−1)(ak · · · an) = a1 · · · an. If k =
n, then the left-hand side of this equa tion is al ready left-grouped,
so there is noth ing to prove. If k < n, then

(c) By part (b), we may as sume that the two prod ucts are left-
grouped. Thus, we must prove that if b1, b2, . . . , bn is some re‐ 
order ing of a1, a2, . . . , an, then a1 · · · an = b1 · · · bn, where as
in part (b) we as sume prod ucts are left-grouped un less paren the‐ 
ses in di cate oth er wise. We use in duc tion on n. If n = 1 then the
prod ucts are clearly equal be cause b1 = a1. Now sup pose the
state ment is true for prod ucts of length n, and sup pose that b1, . .
. , bn+1 is a re order ing of a1, . . . , an+1. Then bn+1 is one of a1, . . .
, an+1. If bn+1 = an+1 then
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Now sup pose bn+1 = ak for some k ≤ n. We will write 
 for the (left-grouped) prod uct of the num bers a1, . .

. , an with the fac tor ak left out. Then

Sec tion 6.5
1. Bn = {n}.

4. B0 = {∅}, B1 = {X ∈ P(N) | X has ex actly one el e ment}, B2 =
{X ∈ P(N) | X has ei ther one or two el e ments}, . . . . In gen eral,
for ev ery pos i tive in te ger n, Bn = {X ∈ P(N) | X ≠ ∅ and X has
at most n el e ments}.

5. {n ∈ Z | n ≥ 2}.
7. (a) B0 = {x ∈ R | −2 ≤ x ≤ 0}, B1 = {x ∈ R | 0 ≤ x ≤ 4}, B2 = {x

∈ R | 0 ≤ x ≤ 16}, . . . . In gen eral, for ev ery pos i tive in te ger

n, Bn = {x ∈ R | 0 ≤ x ≤ 2(2n)}.

(b)  There fore  but 
 is not closed un der f. In

other words, prop erty 2 in Def i ni tion 5.4.8 does not hold.
(c) R.

10. We use in duc tion on n.
Base case: n = 1. Then x = 2! +2 = 4. The only value of i we

have to worry about is i = 0, and for this value of i we have i + 2 =
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2 and x + i = 4. Since 2 | 4, we have (i + 2) | (x + i), as re quired.
In duc tion step: Sup pose that n is a pos i tive in te ger, and for ev‐ 

ery in te ger i, if 0 ≤ i ≤ n − 1 then (i + 2) | ((n + 1)! + 2 + i). Now
let x = (n + 2)! +2, and sup pose that 0 ≤ i ≤ n. If i = n then we have

so (i + 2) | (x + i). Now sup pose 0 ≤ i ≤ n − 1. By the in duc tive hy‐ 
poth e sis, we know that (i + 2) | ((n + 1)! +2 + i), so we can choose
some in te ger k such that (n+1)! +2+i = k(i+2), and there fore
(n+1)! = (k − 1)(i + 2). There fore

so (i + 2) | (x + i).
14. Clearly T is a re la tion on A and R = R1 ⊆ T. To see that T is tran‐ 

si tive, sup pose (x, y) ∈ T and (y, z) ∈ T. Then by the def i ni tion
of T, we can choose pos i tive in te gers n and m such that (x, y) ∈
Rn and (y, z) ∈ Rm. Thus by ex er cise 11, (x, z) ∈ Rm ◦ Rn = Rm+n,
so   There fore T is tran si tive.

Fi nally, sup pose R ⊆ S ⊆ A × A and S is tran si tive. We must
show that T ⊆ S, and clearly by the def i ni tion of T it suf fices to
show that ∀n ∈ Z+ (Rn ⊆ S). We prove this by in duc tion on n.
We have as sumed R ⊆ S, so when n = 1 we have Rn = R1 = R ⊆ S.
For the in duc tion step, sup pose n is a pos i tive in te ger and Rn ⊆ S.
Now sup pose (x, y) ∈ Rn+1. Then by the def i ni tion of Rn+1 we can
choose some z ∈ A such that (x, z) ∈ R and (z, y) ∈ Rn. By as‐ 
sump tion R ⊆ S, and by the in duc tive hy poth e sis Rn ⊆ S. There‐ 
fore (x, z) ∈ S and (z, y) ∈ S, so since S is tran si tive, (x, y) ∈ S.
Since (x, y) was an ar bi trary el e ment of Rn+1, this shows that Rn+1

⊆ S.
16. (a) R∩S ⊆ R and R∩S ⊆ S. There fore by ex er cise 15, for ev ery

pos i tive in te ger n, (R ∩ S)n ⊆ Rn and (R ∩ S)n ⊆ Sn, so (R ∩
S)n ⊆ Rn ∩ Sn. How ever, the two need not be equal. For ex‐ 
am ple, if A = {1, 2, 3, 4}, R = {(1, 2), (2, 4)}, and S = {(1, 3),
(3, 4)}, then (R ∩ S)2 = ∅ but R2 ∩ S2 = {(1, 4)}.
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(b) Rn ∪ Sn ⊆ (R ∪ S)n, but they need not be equal. (You should be
able to prove the first state ment, and find a coun terex am ple to
jus tify the sec ond.)

18. (a) We use in duc tion.
Base case: n = 1. Sup pose (a, b) ∈ R1 = R. Let f = {(0, a), (1,

b)}. Then f is an R-path from a to b of length 1. For the other di‐ 
rec tion, sup pose f is an R-path from a to b of length 1. By the
def i ni tion of R-path, this means that f(0) = a, f(1) = b, and (f (0),
f(1)) ∈ R. There fore (a, b) ∈ R = R1.

In duc tion step: Sup pose n is a pos i tive in te ger and Rn = {(a, b)
∈ A × A | there is an R-path from a to b of length n}. Now sup‐ 
pose (a, b) ∈ Rn+1 = R1 ◦ Rn by ex er cise 11. Then there is some c
such that (a, c) ∈ Rn and (c, b) ∈ R. By the in duc tive hy poth e‐ 
sis, there is an R-path f from a to c of length n. Then f ∪ {(n + 1,
b)} is an R-path from a to b of length n + 1. For the other di rec‐ 
tion, sup pose f is an R-path from a to b of length n + 1. Let c =
f(n). Then f \{(n+1, b)} is an R-path from a to c of length n, so by
the in duc tive hy poth e sis (a, c) ∈ Rn. But also (c, b) = (f (n), f(n
+ 1)) ∈ R, so (a, b) ∈ R1 ◦ Rn = Rn+1.

(b) This fol lows from part (a) and ex er cise 14.
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Chap ter 7

Sec tion 7.1
2. (a) gcd(775, 682) = 31 = −7 · 775 + 8 · 682.

(b) gcd(562, 243) = 1 = 16 · 562 − 37 · 243.
5. Let n be an ar bi trary in te ger.

(→) Sup pose n is a lin ear com bi na tion of a and b. Then there
are in te gers s and t such that n = sa + tb. Since d = gcd(a, b), d | a
and d | b, so there are in te gers j and k such that a = jd and b = kd.
There fore n = sa + tb = sj d + tkd = (sj + tk)d, so d | n.

(←) Sup pose d | n. Then there is some in te ger k such that n =
kd. By The o rem 7.1.4, there are in te gers s and t such that d =
sa+tb. There fore n = kd = k(sa + tb) = ksa + ktb, so n is a lin ear
com bi na tion of a and b.

7. (a) No. Coun terex am ple: a = b = 2, a′ = 3, b′ = 4.
(b) Yes. Sup pose a | a′ and b | b′. Let d = gcd(a, b). Then d | a and d |

b. Since d | a and a | a′, by The o rem 3.3.7, d | a′. Sim i larly, d | b′.
There fore, by The o rem 7.1.6, d | gcd(a′, b′).

9. We use strong in duc tion on the max i mum of a and b. In other
words, we prove the fol low ing state ment by strong in duc tion:

where max(a, b) de notes the max i mum of a and b.
Let k ∈ Z+ be ar bi trary and as sume that for ev ery pos i tive in te‐ 

ger k′ < k,

Now let a and b be ar bi trary pos i tive in te gers and as sume that
max(a, b) = k. We may as sume that a ≥ b, since oth er wise we can
swap the val ues of a and b. We con sider two cases.

Case 1. a = b. Then
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Case 2. a > b. Let c = a−b > 0, so that a = c+b. Let k′ = max(c,
b). Since b < a and c < a, k′ < a = max(a, b) = k. There fore

12. (a) gcd(55, 34) = 1. The num bers ri are the Fi bonacci num bers.
There are 8 di vi sions.

(b) gcd(Fn+1, Fn) = 1. There are n − 1 di vi sion steps.

Sec tion 7.2
2. 14950.
5. Sup pose some prime num ber p ap pears in the prime fac tor iza tions

of both a and b. Then p | a and p | b, so gcd(a, b) ≥ p > 1, and
there fore a and b are not rel a tively prime.

Now sup pose a and b are not rel a tively prime. Let d = gcd(a, b)
> 1. Let p be any prime num ber in the prime fac tor iza tion of d.
Then since d | a and d | b, p must oc cur in the prime fac tor iza tions
of both a and b.

8. Let d = gcd(a, b) and x = ab/ gcd(a, b) = ab/d.
(a) Since d = gcd(a, b), d | b, so there is some in te ger k such that b =

kd. There fore x = akd/d = ak, so x is an in te ger and a | x. A sim i‐ 
lar ar gu ment shows that b | x, so x is a com mon mul ti ple of a and
b. Since m is the least com mon mul ti ple, m ≤ x.

(b) Sup pose r > 0. Since a | m, there is some in te ger t such that m =
ta. There fore r = ab − qm = ab − qta = (b − qt)a, so a | r. Sim i‐ 
larly, b | r. But r < m, so this con tra dicts the def i ni tion of m as the
least pos i tive in te ger that is di vis i ble by both a and b. There fore
r = 0.
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(c) With t de fined as in part (b), ab = qm = qta. Di vid ing both sides
by a, we get b = qt, so q | b. The proof that q | a is sim i lar.

(d) Since q | a and q | b, q ≤ gcd(a, b). There fore ab = qm ≤ gcd(a,
b)m, so m ≥ ab/gcd(a, b).

11. Hint: One ap proach is to let q and r be the quo tient and re main der
when m is di vided by lcm(a, b), and prove that r = 0.

13. Let the prime fac tor iza tion of b be  Then the
fac tor iza tion of b2 is  Since a2 | b2, ev ery
prime fac tor of a must be one of p1, p2, . . . , pk, so 

 for some nat u ral num bers f1, f2, . . . , fk. There‐ 
fore  Since a2 | b2, for ev ery i we must have
2fi ≤ 2ei, and there fore fi ≤ ei. Thus a | b.

16. Let p1, p2, . . . , pk be a list of all primes that oc cur in the prime
fac tor iza tion of ei ther a or b, so that

for some nat u ral num bers e1, e2, . . . , ek and f1, f2, . . . , fk. For i =
1, 2, . . . , k, let

Let

Then for all i, gi ≤ ei and hi ≤ fi, and there fore c | a and d | b. Also,
c and d have no prime fac tors in com mon, so by ex er cise 5, c and
d are rel a tively prime. Fi nally,

19. (a) Since x is a pos i tive ra tio nal num ber, there are pos i tive in te‐ 
gers m and n such that x = m/n. Let d = gcd(m, n). By ex er‐ 
cise 9, we can let a and b be pos i tive in te gers such that m =
da, n = db, and gcd(a, b) = 1. Then
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(b) Since a/b = c/d, ad = bc. There fore a | bc. Since gcd(a, b) = 1, by
The o rem 7.2.2, a | c. A sim i lar ar gu ment shows c | a, so a = c.
There fore ad = bc = ba, and di vid ing both sides by a we con clude
that b = d.

(c) By part (a), we have x = a/b, where a and b are rel a tively prime
pos i tive in te gers. Let the prime fac tor iza tions of a and b be

Note that by ex er cise 5, these fac tor iza tions have no primes in
com mon. Then

Re ar rang ing the primes r1, . . . , rj, s1, . . . , sl into in creas ing or‐ 
der gives the re quired prod uct 

(d) We be gin by re vers ing the steps of part (c). Let r1, r2, . . . , rj be
those primes in the prod uct  whose ex po nents are
pos i tive, listed in in creas ing or der, and s1, s2, . . . , sl those whose
ex po nents are neg a tive. Rewrit ing each prime raised to a neg a‐ 
tive power as the prime to a pos i tive power in the de nom i na tor,
we get

where all the ex po nents gi and hi are pos i tive in te gers. The nu‐ 
mer a tor and de nom i na tor have no prime fac tors in com mon, so
they are rel a tively prime. Sim i larly, the prod uct  can
be rewrit ten as a frac tion with all ex po nents pos i tive:

By part (b),  and  By
the unique ness of prime fac tor iza tions, j = t and for all i ∈ {1, . .
. , j}, ri = vi and gi = yi, and also l = u and for all i ∈ {1, . . . , l},
si = wi and hi = zi. Rewrit ing the primes in the de nom i na tor as
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primes raised to neg a tive pow ers, we find that the orig i nal two
prod ucts  are the same.

Sec tion 7.3
4. (a) Since Z1 is an ad di tive iden tity el e ment, Z1 + Z2 = Z2. And

since Z2 is an ad di tive iden tity el e ment, Z1 + Z2 = Z1. There‐ 
fore Z1 = Z1 + Z2 = Z2.

(b) Since  is an ad di tive in verse for 
Sim i larly, since  is an ad di tive in verse for 

 There fore 
(c) Sup pose O1 and O2 are mul ti plica tive iden tity el e ments. Then O1

= O1 · O2 = O2.
(d) Sup pose  and  are mul ti plica tive in verses of X. Then 

 
8. Let a and b be ar bi trary in te gers. Then

10. (a) x ∈ [95]237.

(b) x ∈ [12]59.

13. Let a and b be ar bi trary in te gers. Sup pose first that a ≡ b (mod
m). Then [a]m = [b]m, so [na]m = [n]m·[a]m = [n]m·[b]m = [nb]m,
and there fore na ≡ nb (mod m).

Now sup pose that na ≡ nb (mod m), so [n]m · [a]m = [na]m =
[nb]m = [n]m · [b]m. Since m and n are rel a tively prime, [n]m has
a mul ti plica tive in verse. Mul ti ply ing both sides of the equa tion 

  we get [a]m = [b]m, so a ≡ b (mod
m).

15. Hint: Prove that if a ≡ b (mod m) then D(m) ∩ D(a) = D(m) ∩
D(b).

17. (a) First note that 10 ≡ 1 (mod 3), so [10]3 = [1]3. There fore
[102]3 = [10]3·[10]3 = [1]3·[1]3 = [1]3, [103]3 = [102]3·[10]3
= [1]3·[1]3 = [1]3, and, in gen eral, for ev ery i ∈ N, [10i]3 =
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[1]3. (A more care ful proof could be done by in duc tion.)
Thus

In other words, n ≡ (d0 + d1 +· · · +dk) (mod 3).
(b) 3 | n iff [n]3 = [0]3 iff [d0 +· · · +dk]3 = [0]3 iff 3 | (d0 +· · · +dk).

19. (a) Sup pose n ≥ 10. First note that

There fore 3f(n)−n = 49d0 −7f(n) = 7(7d0 −f(n)), so n ≡ 3f(n) (mod
7), or equiv a lently [n]7 = [3]7 · [f(n)]7. Since [3]−1

7 = [5]7, it fol‐ 
lows that [f(n)]7 = [5]7 · [n]7, so f(n) ≡ 5n (mod 7).

(b) Sup pose n ≥ 10. If 7 | n then [n]7 = [0]7, so [f(n)]7 = [5n]7 = [5]7 ·
[0]7 = [0]7, and there fore 7 | f(n). Sim i larly, if 7 | f(n) then [f(n)]7
= [0]7, so [n]7 = [3f(n)]7 = [3]7 · [0]7 = [0]7 and 7 | n.

(c) f(627334) = 62733 + 5 · 4 = 62753; f(62753) = 6275 + 5 · 3 =
6290; f(6290) = 629 + 5 · 0 = 629; f(629) = 62 + 5 · 9 = 107;
f(107) = 10 + 5 · 7 = 45; f(45) = 4 + 5 · 5 = 29. Since 7 � 29, 7 �
627334.

Sec tion 7.4
2. (a) φ(539) = 420.

(b) φ(540) = 144.
(c) φ(541) = 540.
6. Sup pose a ≡ b (mod mn). Then mn | (b − a), so for some in te ger k,

b − a = kmn. There fore m | (b − a) and n | (b − a), so a ≡ b (mod m)
and a ≡ b (mod n).

Now sup pose a ≡ b (mod m) and a ≡ b (mod n). Since a ≡ b
(mod n), n | (b − a), so there is some in te ger j such that b − a = jn.
Since a ≡ b (mod m), m | (b − a), so m | jn. But gcd(m, n) = 1, so
by The o rem 7.2.2 it fol lows that m | j. Let k be an in te ger such
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that j = km. Then b − a = jn = kmn. There fore mn | (b − a), so a ≡ b
(mod mn).

8. The first half of the so lu tion to ex er cise 6 does not use the hy‐ 
poth e sis that m and n are rel a tively prime, so the left-to-right di‐ 
rec tion of the “iff” state ment is cor rect even if this hy poth e sis is
dropped. Here is a coun terex am ple for the other di rec tion: a = 0, b
= 12, m = 4, n = 6.

10. Sup pose p is prime and a is a pos i tive in te ger. We con sider two
cases.

Case 1.  Then p and a are rel a tively prime, so by The o rem
7.4.2,  There fore 

 so ap ≡ a (mod p).
Case 2. p | a. Then [a]p = [0]p, so  and

there fore ap ≡ a (mod p).
13. Hint: Use Lemma 7.4.6 and in duc tion on k.
15. (a) We pro ceed by in duc tion on k.

Base case: When k = 1, the state ment to be proven is that for
ev ery pos i tive in te ger m1 and ev ery in te ger a1, there is an in te ger
r such that 1 ≤ r ≤ m1 and r ≡ a1 (mod m1). This is true be cause
{1, 2, . . . , m1} is a com plete residue sys tem mod ulo m1.

In duc tion step: Sup pose that the state ment holds for lists of k
pair wise rel a tively prime pos i tive in te gers, and let m1, m2, . . . ,
mk+1 be a list of k + 1 pair wise rel a tively prime pos i tive in te gers.
Let M′ = m1 m2 · · · mk and M = m1 m2 · · · mk+1 = M′ mk+1. Let
a1, a2, . . . , ak+1 be ar bi trary in te gers. By the in duc tive hy poth e‐ 
sis, there is an in te ger r′ such that for all i ∈ {1, 2, . . . , k}, r′ ≡
ai (mod mi). By ex er cise 13, gcd(M′, mk+1) = 1, so by Lemma
7.4.7 there is some in te ger r such that 1 ≤ r ≤ M, r ≡ r′ (mod M′),
and r ≡ ak+1 (mod mk+1). By ex er cise 14, for ev ery i ∈ {1, 2, . . .
, k}, r ≡ r′ (mod mi), and there fore r ≡ ai (mod mi).

(b) Sup pose that 1 ≤ r1, r2 ≤ M and for all i ∈ {1, 2, . . . , k}, r1 ≡ ai
(mod mi) and r2 ≡ ai (mod mi). Then for all i ∈ {1, 2, . . . , k}, r1
≡ r2 (mod mi), so by ex er cise 14, r1 ≡ r2 (mod M). There fore r1 =
r2.



520

17. Sup pose m and n are rel a tively prime. Let the el e ments of D(m)
be a1, a2, . . . , as, and let the el e ments of D(n) be b1, b2, . . . , bt.
Then σ(m) = a1 + a2 + · · · + as and σ(n) = b1 + b2 + · · · + bt. Us‐ 
ing the func tion f from part (b) of ex er cise 16, we see that the el e‐ 
ments of D(mn) are all prod ucts of the form ai bj, where 1 ≤ i ≤ s
and 1 ≤ j ≤ t. Thus we can ar range the el e ments of D(mn) in a ta‐ 
ble with s rows and t col umns, where the en try in row i, col umn j
of the ta ble is ai bj; ev ery el e ment of D(mn) ap pears ex actly once
in this ta ble. To com pute σ(mn), we must add up all en tries in this
ta ble. We will do this by first adding up each row of the ta ble, and
then adding these row sums.

For 1 ≤ i ≤ s, let ri be the sum of row i of the ta ble. Then

There fore

Sec tion 7.5
2. (a) n = 5893, φ(n) = 5740, d = 2109.

(b) c = 3421.
5. (a) n = 17 · 29.

(b) d = 257.
(c) m = 183.
7. (a) c = 72.

(b) d = 63.
(c) 288.
(d) φ(n) = 144, d = 47, 18.
9. We use strong in duc tion. Sup pose that a is a pos i tive in te ger, and

for ev ery pos i tive in te ger k < a, the com pu ta tion of Xk uses at
most 2 log2 k mul ti pli ca tions.

Case 1. a = 1. Then Xa = X1 = X, so no mul ti pli ca tions are
needed, and 2 log2 a = 2log2 1 = 0.

Case 2. a is even. Then a = 2k for some pos i tive in te ger k < a,
and to com pute Xa we use the for mula Xa = Xk · Xk. Let m be the
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num ber of mul ti pli ca tions used to com pute Xk. By the in duc tive
hy poth e sis, m ≤ 2log2 k. To com pute Xa we use one ad di tional
mul ti pli ca tion (to mul ti ply Xk by it self), so the num ber of mul ti‐ 
pli ca tions is

Case 3. a > 1 and a is odd. Then a = 2k + 1 for some pos i tive in‐ 
te ger k < a, and to com pute Xa we use the for mula Xa = Xk · Xk ·
X. As in case 2, if we let m be the num ber of mul ti pli ca tions used
to com pute Xk then we have m ≤ 2log2 k. To com pute Xa we use
two ad di tional mul ti pli ca tions, so the num ber of mul ti pli ca tions
is

12. Since  And since gcd(n, a) = 1, [a]n has a
mul ti plica tive in verse.

(a) Sup pose x ∈ R1. Then 2 ≤ x ≤ n − 1 and  Since {0,
1, . . . , n − 1} is a com plete residue sys tem mod ulo n, there is a
unique y such that 0 ≤ y ≤ n − 1 and ax ≡ y (mod n), so [a]n · [x]n
= [y]n. We must prove that y ∈ R2. If y = 0 then 

 which con tra dicts the fact that 2 ≤
x ≤ n − 1. There fore 1 ≤ y ≤ n − 1. And 

 There fore yn−1 ≢ 1 (mod n). It fol‐ 
lows that y ≠ 1, so 2 ≤ y ≤ n − 1.

(b) Sup pose f(x1) = f(x2) = y. Then [a]n · [x1]n = [y]n = [a]n · [x2]n, so 
 and there fore x1 = x2.

(c) By part (b), R1 has the same num ber of el e ments as Ran(f). Since
Ran(f) ⊆ R2, R2 has at least as many el e ments as R1. So at least
half the el e ments of R are in R2.
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Chap ter 8

Sec tion 8.1

1. (a) De fine f: Z+ → N by the for mula f(n) = n − 1. It is easy to
check that f is one-to-one and onto.

(b) Let E = {n ∈ Z | n is even}, and de fine f: Z → E by the for mula
f(n) = 2n. It is easy to check that f is one-to-one and onto, so Z ∼
E. But we al ready know that Z+ ∼ Z, so by The o rem 8.1.3, Z+ ∼
E, and there fore E is de nu mer able.

4. (a) No. Coun terex am ple: Let A = B = C = Z+ and D = {1}.

(b) No. Coun terex am ple: Let A = B = N, C = Z−, and D = ∅.

6. (a) We prove that ∀n ∈ N∀m ∈ N(In ∼ Im → n = m) by in duc‐ 
tion on n.

Base case: n = 0. Sup pose that m ∈ N and there is a one-to-
one, onto func tion f: In → Im. Since n = 0, In = ∅. But then since
f is onto, we must also have Im = ∅, so m = 0 = n.

In duc tion step: Sup pose that n ∈ N, and for all m ∈ N, if In

∼ Im then n = m. Now sup pose that m ∈ N and In+1 ∼ Im. Let f:
In+1 → Im be a one-to-one, onto func tion. Let k = f(n + 1), and
no tice that 1 ≤ k ≤ m, so m is pos i tive. Us ing the fact that f is
onto, choose some j ≤ n + 1 such that f(j) = m.

We now de fine g: In → Im−1 as fol lows:

We leave it to the reader to ver ify that g is one-to-one and onto.
By the in duc tive hy poth e sis, it fol lows that n = m − 1, so n + 1 =
m.

(b) Sup pose A is fi nite. Then by the def i ni tion of “fi nite,” we know
that there is at least one n ∈ N such that In ∼ A. To see that it is
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unique, sup pose that n and m are nat u ral num bers, In ∼ A, and Im

∼ A. Then by The o rem 8.1.3, In ∼ Im, so by part (a), n = m.

8. (a) We use in duc tion on n.
Base case: n = 0. Sup pose A ⊆ In = ∅. Then A = ∅, so |A| = 0.
In duc tion step: Sup pose that n ∈ N, and for all A ⊆ In, A is fi‐ 

nite, |A| ≤ n, and if A ≠ In then |A| < n. Now sup pose that A ⊆
In+1. If A = In+1 then clearly A ∼ In+1, so A is fi nite and |A| = n +
1. Now sup pose that A ≠ In+1. If n+1 ∉ A, then A ⊆ In, so by the
in duc tive hy poth e sis, A is fi nite and |A| ≤ n. If n + 1 ∈ A, then
there must be some k ∈ In such that k ∉ A. Let A′ = (A ∪ {k}) \
{n + 1}. Then by match ing up k with n + 1 it is not hard to show
that A′ ∼ A. Also, A′ ⊆ In, so by the in duc tive hy poth e sis, A′ is
fi nite and |A′ | ≤ n. There fore by ex er cise 7, A is fi nite and |A| ≤ n.

(b) Sup pose A is fi nite and B ⊆ A. Let n = |A|, and let f: A → In be
one-to-one and onto. Then f(B) ⊆ In, so by part (a), f(B) is fi nite,
|f(B)| ≤ n, and if B ≠ A then f(B) ≠ In, so |f(B)| < n. Since B ∼ f(B),
the de sired con clu sion fol lows.

10. Hint: De fine g: B → In by the for mula

and show that g is one-to-one.
12. No tice first that ei ther i + j − 2 or i + j − 1 is even, so f(i, j) is a

pos i tive in te ger, and there fore f is a func tion from Z+ × Z+ to Z+,
as claimed. It will be help ful to ver ify two facts about the func‐ 
tion f. Both of the facts be low can be checked by straight for ward
al ge bra:

(a) For all j ∈ Z+, f(1, j + 1) − f(1, j) = j.
(b) For all i ∈ Z+ and j ∈ Z+, f(1, i +j − 1) ≤ f(i, j) < f(1, i + j). It fol‐ 

lows that i + j is the small est k ∈ Z+ such that f(i, j) < f(1, k).

To see that f is one-to-one, sup pose that f(i1, j1) = f(i2, j2). Then
by fact (b) above,
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Us ing the def i ni tion of f, it fol lows that

But then since i1 = i2 and i1 + j1 = i2 + j2, we must also have j1 =
j2, so (i1, j1) = (i2, j2). This shows that f is one-to-one.

To see that f is onto, sup pose n ∈ Z+. It is easy to ver ify that
f(1, n + 1) > n, so we can let k be the small est pos i tive in te ger
such that f(1, k) > n. No tice that f(1, 1) = 1 ≤ n, so k ≥ 2. Since k
is small est, f(1, k − 1) ≤ n, and there fore by fact (a),

Adding 1 to all terms, we get

Thus, if we let i = n − f(1, k − 1) + 1 then 1 ≤ i < k. Let j = k − i,
and no tice that i ∈ Z+ and j ∈ Z+. With this choice for i and j we
have

15. (a) If B\{f(m) | m ∈ Z+, m < n} = ∅ then B ⊆ {f(m) | m ∈ Z+,
m < n}, so by ex er cises 8 and 10, B is fi nite. But we as sumed
that B was in fi nite, so this is im pos si ble.

(b) We use strong in duc tion. Sup pose that ∀m < n, f(m) ≥ m. Now
sup pose that f(n) < n. Let m = f(n). Then by the in duc tive hy poth‐ 



525

e sis, f(m) ≥ m. Also, by the def i ni tion of f(n), m = f(n) ∈ B \ {f(k)
| k ∈ Z+, k < n} ⊆ B \ {f(k) | k ∈ Z+, k < m}. But since f(m) is
the small est el e ment of this last set, it fol lows that f(m) ≤ m.
Since we have f(m) ≥ m and f(m) ≤ m, we can con clude that f(m) =
m. But then m ∉ B \ {f(k) | k ∈ Z+, k < n}, so we have a con tra‐ 
dic tion.

(c) Sup pose that i ∈ Z+, j ∈ Z+, and i ≠ j. Then ei ther i < j or j < i.
Sup pose first that i < j. Then ac cord ing to the def i ni tion of f(j),
f(j) ∈ B \ {f(m) | m ∈ Z+, m < j}, and clearly f(i) ∈ {f(m) | m ∈
Z

+, m < j}. It fol lows that f(i) ≠ f(j). A sim i lar ar gu ment shows
that if j < i then f(i) ≠ f(j). This shows that f is one-to-one.

To see that f is onto, sup pose that n ∈ B. By part (b), f(n + 1) ≥
n + 1 > n. But ac cord ing to the def i ni tion of f, f(n + 1) is the
small est el e ment of B \ {f(m) | m ∈ Z+, m < n + 1}. It fol lows
that n ∉ B \ {f(m) | m ∈ Z+, m < n + 1}. But n ∈ B, so it must
be the case that also n ∈ {f(m) | m ∈ Z+, m < n + 1}. In other
words, for some pos i tive in te ger m < n + 1, f(m) = n.

17. Sup pose B ⊆ A and A is count able. Then by The o rem 8.1.5, there
is a one-to-one func tion f: A → Z+. By ex er cise 13 of Sec tion 5.2,
f ↾ B is a one-to-one func tion from B to Z+, so B is count able.
(See ex er cise 7 of Sec tion 5.1 for the def i ni tion of the no ta tion
used here.)

19. Fol low ing the hint, we re cur sively de fine par tial or ders Rn, for n
∈ N, so that R = R0 ⊆ R1 ⊆ R2 ⊆ · · · and

 (∗)

Let R0 = R. Given Rn, to de fine Rn+1 we ap ply ex er cise 2 of Sec‐ 
tion 6.2, with B = {ai | i ∈ In+1}. Fi nally, let 
Clearly T is re flex ive, be cause ev ery Rn is. To see that T is tran si‐ 
tive, sup pose that (a, b) ∈ T and (b, c) ∈ T. Then for some nat u‐ 
ral num bers m and n, (a, b) ∈ Rm and (b, c) ∈ Rn. If m ≤ n then
Rm ⊆ Rn, and there fore (a, b) ∈ Rn and (b, c) ∈ Rn. Since Rn is
tran si tive, it fol lows that (a, c) ∈ Rn ⊆ T. A sim i lar ar gu ment
shows that if n < mthen (a, c) ∈ T, so T is tran si tive. The proof
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that T is an ti sym met ric is sim i lar. Fi nally, to see that T is a to tal
or der, sup pose x ∈ A and y ∈ A. Since we have num bered the el‐ 
e ments of A, we know that for some pos i tive in te gers m and n, x =
am and y = an. But then by (∗) we know that ei ther (am, an) or
(an, am) is an el e ment of Rn, and there fore also an el e ment of T.

22. (a) We fol low the hint.
Base case: n = 0. Sup pose A and B are fi nite sets and |B| = 0.

Then B = ∅, so A × B = ∅ and |A × B| = 0 = |A| · 0.
In duc tion step: Let n be an ar bi trary nat u ral num ber, and sup‐ 

pose that for all fi nite sets A and B, if |B| = n then A × B is fi nite
and |A × B| = |A| · n. Now sup pose A and B are fi nite sets and |B| =
n + 1. Choose an el e ment b ∈ B, and let B′ = B \ {b}, a set with n
el e ments. Then A × B = A × (B′ ∪ {b}) = (A × B′)∪(A × {b}), and
since b ∉ B′, A × B′ and A × {b} are dis joint. By the in duc tive
hy poth e sis, A × B′ is fi nite and |A × B′ | = |A|·n. Also, it is not
hard to see that A ∼ A × {b} – just match up each x ∈ A with (x,
b) ∈ A × {b} – so A × {b} is fi nite and |A × {b}| = |A|. By The o‐ 
rem 8.1.7, it fol lows that A × B is fi nite and |A × B| = |A × B′| + |A
× {b}| = |A| · n +|A| = |A| · (n + 1).

(b) To or der a meal, you name an el e ment of A × B, where A =
{steak, chicken, pork chops, shrimp, spaghetti} and B = {ice
cream, cake, pie}. So the num ber of meals is |A × B| = |A| · |B| = 5
· 3 = 15.

24. (a) Base case: n = 0. If |A| = 0 then A = ∅, so F = {∅}, and |F |
= 1 = 0!.

In duc tion step: Sup pose n is a nat u ral num ber, and the de sired
con clu sion holds for n. Now let A be a set with n + 1 el e ments,
and let F = {f | f is a one-to-one, onto func tion from In+1 to A}.
Let g: In+1 → A be a one-to-one, onto func tion. For each i ∈
In+1, let Ai = A\{g(i)}, a set with n el e ments, and let Fi = {f | f is a
one-to-one, onto func tion from In to Ai}. By the in duc tive hy‐ 
poth e sis, Fi is fi nite and |Fi | = n!. Now let 

 De fine a func tion  by
the for mula h(f) = f ∪ {(n + 1, g(i))}. It is not hard to check that
h is one-to-one and onto, so  is fi nite and  Fi‐ 
nally, no tice that  and 
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 It fol lows, by ex er cise
21, that F is fi nite and 

(b) Hint: De fine h: F → L by the for mula h(f) = {(a, b) ∈ A × A | f−1

(a) ≤ f−1 (b)}. (You should check that this set is a to tal or der on
A.) To see that h is one-to-one, sup pose that f ∈ F, g ∈ F, and f
≠ g. Let i be the small est el e ment of In for which f(i) ≠ g(i). Now
show that (f (i), g(i)) ∈ h(f) but (f (i), g(i)) ∉ h(g), so h(f) ≠
h(g). To see that h is onto, sup pose R is a to tal or der on A. De fine
g: A → In by the for mula g(a) = |{x ∈ A | xRa}|. Show that ∀a ∈
A∀b ∈ A(aRb ↔ g(a) ≤ g(b)), and use this fact to show that g−1

∈ F and h(g−1) = R.
(c) 5! = 120.
27. Base case: n = 1. Then In = {1}, P = {{1}}, and A{1} = A1. There‐ 

fore  and 
In duc tion step: Sup pose the in clu sion-ex clu sion prin ci ple holds

for n sets, and sup pose A1, A2, . . . , An+1 are fi nite sets. Let Pn =
P(In) \ {∅} and Pn+1 = P(In+1) \ {∅}. By ex er cise 26(a), ex er‐ 
cise 23(a) of Sec tion 3.4, and the in duc tive hy poth e sis,

Now no tice that for ev ery S ∈ Pn,

There fore, by an other ap pli ca tion of the in duc tive hy poth e sis,

Thus
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Fi nally, no tice that there are three kinds of el e ments of Pn+1:
those that are el e ments of Pn, the set {n + 1}, and sets of the form
S ∪{n + 1}, where S ∈ Pn. It fol lows that the last for mula above
is just  as re quired.

Sec tion 8.2
1. (a) By The o rem 8.1.6, Q is count able. If R \ Q were count able

then, by The o rem 8.2.1, Q ∪ (R \ Q) = R would be count‐ 
able, con tra dict ing The o rem 8.2.6. Thus, R \ Q must be un‐ 
count able.

(b) Let  It is not hard to see that A and Q are
dis joint, since  is ir ra tional, and A is de nu mer able. Now ap ply
The o rems 8.1.6 and 8.2.1 to con clude that A ∪ Q is de nu mer able,
and there fore A∪Q ∼ A. Fi nally, ob serve that R = (R\
(A∪Q))∪(A∪Q) and R \ Q = (R \ (A ∪ Q)) ∪ A, and ap ply part 2
of The o rem 8.1.2.

5. Sup pose that A ∼ P(A). Then there is a func tion f: A → P(A)
that is one-to-one and onto. Let X = {a ∈ A | a ∉ f(a)} ∈ P(A).
Since f is onto, there must be some a ∈ A such that f(a) = X. But
then ac cord ing to the def i ni tion of X, a ∈ X iff a ∉ f(a), so X ≠
f(a), which is a con tra dic tion.

8. Hint: De fine f: P(A)×P(B) → P(A∪B) by the for mula f(X, Y) =
X ∪ Y, and prove that f is one-to-one and onto.

10. For each pos i tive in te ger n, let An = {x ∈ A | x ≥ 1/n}. Clearly 
 Now sup pose x ∈ A. Then x ∈ R+, so x > 0. Let n

be a pos i tive in te ger large enough that n ≥ 1/x. Then x ≥ 1/n, so x
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∈ An. We con clude that  and there fore 

Sup pose a1, a2, . . . , ak are dis tinct el e ments of An. Then

so k ≤ bn. There fore An is fi nite, and in fact |An | ≤ bn. By The o‐ 
rem 8.2.2, it fol lows that  is count able.

13. Hint: First note that if F = ∅ then g can be any func tion. If F ≠

∅, then since F is count able, we can write its el e ments in a list:

F = {f1, f2, . . .}. Now de fine g: Z+ → R by the for mula g(n) =

max{|f1 (n)|, |f2 (n)|, . . . , |fn (n)|}.
15. (a) If Q is count able, then by part 2 of The o rem 8.2.1, P ∪ Q is

count able. But P ∪ Q = P(Z+), which is un count able by
Can tor’s the o rem. There fore Q is un count able.

(b) Sup pose A ∈ Q. For ev ery n ∈ Z+, A ∩ In ⊆ In, so by ex er cise
8(a) in Sec tion 8.1, A ∩ In is fi nite. There fore SA ⊆ P. Now sup‐ 
pose SA is fi nite. Then there is some pos i tive in te ger n such that
SA = {A ∩ I1, A ∩ I2, . . . , A ∩ In}. We claim now that A ⊆ In;
this will com plete the proof, be cause it im plies that A is fi nite,
con tra dict ing our as sump tion that A ∈ Q. To prove this claim,
sup pose that m ∈ A. Then A∩Im ∈ SA, so there is some k ≤ n
such that A∩Im = A∩Ik ⊆ Ik ⊆ In. But m ∈ A ∩ Im, so we con‐ 
clude that m ∈ In, as re quired.

(c) Sup pose A ∈ Q, B ∈ Q, and A ≠ B. Then there is some pos i tive
in te ger n such that ei ther n ∈ A and n ∉ B or n ∈ B and n ∉ A.
We will as sume n ∈ A and n ∉ B; the proof for the other case is
sim i lar. We claim now that SA ∩SB ⊆ {A∩I1, A∩I2, . . . ,
A∩In−1}; this will com plete the proof, be cause it im plies that SA
∩ SB is fi nite. To prove the claim, sup pose that X ∈ SA ∩ SB.
Then there are pos i tive in te gers nA and nB such that 
and  If nA ≥ n then
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which is a con tra dic tion. There fore nA < n, so X = A ∩ InA ∈ {A
∩ I1, . . . , A ∩ In−1}, as re quired.

(d) If A ∈ Q then SA ⊆ P, so since g: P → Z+, g(SA) ⊆ Z+. Also,
since SA is in fi nite and g is one-to-one, g(SA) is also in fi nite. This
proves that F ⊆ P(Z+) and ev ery el e ment of F is in fi nite. To

see that F is pair wise al most dis joint, sup pose X, Y ∈ F and X ≠

Y. Then there are sets A, B ∈ Q such that X = g(SA) and Y =
g(SB). Since X ≠ Y, A ≠ B, so by part (c), SA ∩ SB is fi nite, and
there fore g(SA ∩SB) is fi nite. By The o rem 5.5.2, g(SA ∩SB) =
g(SA)∩g(SB) = X ∩ Y, so X and Y are al most dis joint. Fi nally, de‐ 
fine h: Q → F by the for mula h(A) = g(SA). It is easy to check

that h is one-to-one and onto, so F ∼ Q and there fore, by part

(a), F is un count able.

Sec tion 8.3
1. (a) The func tion iA: A → A is one-to-one.

(b) Sup pose A ≾ B and B ≾ C. Then there are one-to-one func tions f:
A → B and g: B → C. By part 1 of The o rem 5.2.5, g ◦ f: A → C is
one-to-one, so A ≾ C.

5. Let g: A → B and h: C → D be one-to-one func tions.
(a) Since A ≠ ∅, we can choose some a0 ∈ A. No tice that g−1:

Ran(g) → A. De fine j: B → A as fol lows:

We let you ver ify that j is onto.
Now de fine F: AC → BD by the for mula F(f) = h ◦ f ◦ j. To see

that F is one-to-one, sup pose that f1 ∈ AC, f2 ∈ AC, and F(f1) =
F(f2), which means h ◦ f1 ◦ j = h ◦ f2 ◦ j. Let a ∈ A be ar bi trary.
Since j is onto, there is some b ∈ B such that j(b) = a. There fore
h(f1 (a)) = (h ◦ f1 ◦ j)(b) = (h ◦ f2 ◦ j)(b) = h(f2 (a)), and since h is
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one-to-one, it fol lows that f1 (a) = f2 (a). Since a was ar bi trary,
this shows that f1 = f2.

(b) Yes. (You should be able to jus tify this an swer with a counter-ex‐ 
am ple.)

8. (a) Let n be ar bi trary, and then pro ceed by in duc tion on m. The
base case is m = n + 1, and it is taken care of by ex er cise 7.
For the in duc tion step, ap ply ex er cise 2(b).

(b)  is an in fi nite set that is not equinu mer ous with An for
any n ∈ Z+. In fact, for ev ery pos i tive in te ger 
Can you find even larger in fi nite sets?

10. (a) Note that E ⊆ P(Z+ × Z+). It fol lows, us ing ex er cise 5 of

Sec tion 8.1, that E ≾ P(Z+ × Z+) ∼ P(Z+).

(b) Sup pose f(X) = f(Y). Then X ∪ {1} ∈ f(X) = f(Y) = {Y ∪ {1}, (A \
Y) ∪{2}}, so ei ther X ∪{1} = Y ∪{1} or X ∪{1} = (A \ Y) ∪{2}.
But clearly 2 ∉ X ∪ {1}, so the sec ond pos si bil ity can be ruled
out. There fore X ∪ {1} = Y ∪ {1}. Since nei ther X nor Y con tains
1, it fol lows that X = Y.

(c) Clearly A is de nu mer able, and we showed at the end of Sec tion
5.3 that P ∼ E. It fol lows that P(Z+) ∼ P(A) ≾ P ∼ E. Com‐ 

bin ing this with part (a) and ap ply ing the Can tor-Schröder-Bern‐ 
stein the o rem gives the de sired con clu sion.

14. (a) Ac cord ing to the def i ni tion of func tion, 
and there fore by ex er cise 12(b) and ex er cise 5 of Sec tion
8.1,  

Clearly {yes, no} ≾ R, so by ex er cise 6(c) of Sec tion 8.2 and
ex er cise 5, P(R) ∼ R{yes, no} ≾ RR. Since we have both RR ≾
P(R) and P(R) ≾ R

R, by the Can tor-Schröder-Bern stein the o‐ 
rem, RR ∼ P(R).

(b) By The o rems 8.1.6 and 8.3.3, ex er cise 23(a) of Sec tion 8.1, and
ex er cise 6(d) of Sec tion 8.2, 

(c) De fine F: C → QR by the for mula F(f) = f ↾ Q. (See ex er cise 7 of

Sec tion 5.1 for the mean ing of the no ta tion used here.) Sup pose f
∈ C, g ∈ C, and F(f) = F(g). Then f ↾ Q = g ↾ Q, which means
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that for all x ∈ Q, f(x) = g(x). Now let x be an ar bi trary real
num ber. Use Lemma 8.3.4 to con struct a se quence x1, x2, . . . of
ra tio nal num bers such that limn→∞ xn = x. Then since f and g are
con tin u ous, f(x) = limn→∞ f(xn) = limn→∞ g(xn) = g(x). Since x
was ar bi trary, this shows that f = g. There fore F is one-to-one, so
C ≾ QR. Com bin ing this with part (b), we can con clude that C ≾

R.
Now de fine G: R → C by the for mula G(x) = R ×{x}. In other

words, G(x) is the con stant func tion whose value at ev ery real
num ber is x. Clearly G is one-to-one, so R ≾ C. By the Can tor-

Schröder-Bern stein the o rem, it fol lows that C ∼ R.
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Sum mary of Proof Tech niques

To prove a goal of the form:
1. ¬P:

(a) Re ex press as a pos i tive state ment.
(b) Use proof by con tra dic tion; that is, as sume that P is true and try to

reach a con tra dic tion.
2. P → Q:

(a) As sume P is true and prove Q.
(b) Prove the con tra pos i tive; that is, as sume that Q is false and prove

that P is false.
3. P ∧ Q:

Prove P and Q sep a rately. In other words, treat this as two sep a rate
goals: P, and Q.

4. P ∨ Q:
(a) As sume P is false and prove Q, or as sume Q is false and prove P.
(b) Use proof by cases. In each case, ei ther prove P or prove Q.
5. P ↔ Q:

Prove P → Q and Q → P, us ing the meth ods listed un der part 2.
6. ∀xP(x):

Let x stand for an ar bi trary ob ject, and prove P(x). (If the let ter x al‐ 
ready stands for some thing in the proof, you will have to use a dif‐ 
fer ent let ter for the ar bi trary ob ject.)

7. ∃xP(x): Find a value of x that makes P(x) true. Prove P(x) for this
value of x.

8. ∃! xP(x):
(a) Prove ∃xP(x) (ex is tence) and ∀y∀z((P (y) ∧ P(z)) → y = z)

(unique ness).
(b) Prove the equiv a lent state ment ∃x(P(x) ∧∀y(P(y) → y = x)).
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9. ∀n ∈ N P(n):

(a) Math e mat i cal in duc tion: Prove P(0) (base case) and ∀n ∈ N(P (n)
→ P(n + 1)) (in duc tion step).

(b) Strong in duc tion: Prove ∀n ∈ N[(∀k < n P (k)) → P(n)].

To use a given of the form:
1. ¬P:

(a) Re ex press as a pos i tive state ment.
(b) In a proof by con tra dic tion, you can reach a con tra dic tion by prov‐ 

ing P.
2. P → Q:

(a) If you are also given P, or you can prove that P is true, then you can
con clude that Q is true.

(b) Use the con tra pos i tive: If you are given or can prove that Q is false,
then you can con clude that P is false.

3. P ∧ Q:
Treat this as two givens: P, and Q.

4. P ∨ Q:
(a) Use proof by cases. In case 1 as sume that P is true, and in case 2

as sume that Q is true.
(b) If you are also given that P is false, or you can prove that P is false,

then you can con clude that Q is true. Sim i larly, if you know that Q
is false then you can con clude that P is true.

5. P ↔ Q:
Treat this as two givens: P → Q, and Q → P.

6. ∀xP(x):
You can plug in any value, say a, for x, and con clude that P(a) is
true.

7. ∃xP(x):
In tro duce a new vari able, say x0, into the proof, to stand for a par‐ 
tic u lar ob ject for which P(x0) is true.

8. ∃! xP(x):
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In tro duce a new vari able, say x0, into the proof, to stand for a par‐ 
tic u lar ob ject for which P(x0) is true. You may also as sume that
∀y(P(y) → y = x0).

Tech niques that can be used in any proof:
1. Proof by con tra dic tion: As sume the goal is false and de rive a con‐ 

tra dic tion.
2. Proof by cases: Con sider sev eral cases that are ex haus tive, that is,

that in clude all the pos si bil i ties. Prove the goal in each case.
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